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Preface

This book grew out of lectures given since 1964 at Yale University, the Uni-
versity of Illinois at Chicago, and Bar Ilan University. The material covers the
usual topics of Measure Theory and Functional Analysis, with applications to
Probability Theory and to the theory of linear partial differential equations.
Some relatively advanced topics are included in each chapter (excluding the first
two): the Riesz–Markov representation theorem and differentiability in Euclidean
spaces (Chapter 3); Haar measure (Chapter 4); Marcinkiewicz’s interpola-
tion theorem (Chapter 5); the Gelfand–Naimark–Segal representation theorem
(Chapter 7); the Von Neumann double commutant theorem (Chapter 8); the
spectral representation theorem for normal operators (Chapter 9); the extension
theory for unbounded symmetric operators (Chapter 10); the Lyapounov Central
Limit theorem and the Kolmogoroff ‘Three Series theorem’ (Application I); the
Hormander–Malgrange theorem, fundamental solutions of linear partial differen-
tial equations with variable coefficients, and Hormander’s theory of convolution
operators, with an application to integration of pure imaginary order (Applica-
tion II). Some important complementary material is included in the ‘Exercises’
sections, with detailed hints leading step-by-step to the wanted results. Solutions
to the end of chapter exercises may be found on the companion website for this
text: http://www.oup.co.uk/academic/companion/mathematics/kantorovitz.

Ramat Gan S. K.
July 2002
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1

Measures

1.1 Measurable sets and functions

The setting of abstract measure theory is a family A of so-called measurable
subsets of a given set X, and a function

µ : A → [0,∞],
so that the measure µ(E) of the set E ∈ A has some ‘intuitively desirable’
property, such as ‘countable additivity’:

µ

( ∞⋃
i=1

Ei

)
=

∞∑
i=1

µ(Ei),

for mutually disjoint sets Ei ∈ A. In order to make sense, this setting has to
deal with a family A that is closed under countable unions. We then arrive to
the concept of a measurable space.

Definition 1.1. Let X be a (non-empty) set. A σ-algebra of subsets of X
(briefly, a σ-algebra on X) is a subfamily A of the family P(X) of all subsets
of X, with the following properties:

(1) X ∈ A;
(2) if E ∈ A, then the complement Ec of E belongs to A;
(3) if {Ei} is a sequence of sets in A, then its union belongs to A.
The ordered pair (X,A), with A a σ-algebra on X, is called a measurable

space. The sets of the family A are called measurable sets (or A-measurable sets)
in X.
Observe that by (1) and (2), the empty set ∅ belongs to the σ-algebra A.

Taking then Ei = 0 for all i > n in (3), we see that A is closed under finite
unions; if this weaker condition replaces (3), A is called an algebra of subsets
of X (briefly, an algebra on X).
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By (2) and (3), and DeMorgan’s Law, A is closed under countable intersec-
tions (finite intersections, in the case of an algebra). In particular, any algebra
on X is closed under differences E − F := E ∩ F c.
The intersection of an arbitrary family of σ-algebras on X is a σ-algebra

on X. If all the σ-algebras in the family contain some fixed collection E ⊂ P(X),
the said intersection is the smallest σ-algebra onX (with respect to set inclusion)
that contains E ; it is called the σ-algebra generated by E , and is denoted by [E ].
An important case comes up naturally when X is a topological space (for

some topology τ). The σ-algebra [τ ] generated by the topology is called the
Borel (σ)-algebra [denoted B(X)], and the sets in B(X) are the Borel sets in X.
For example, the countable intersection of τ -open sets (a so-called Gδ-set) and
the countable union of τ -closed sets (a so-called Fσ-set) are Borel sets.

Definition 1.2. Let (X,A) and (Y,B) be measurable spaces. A map f : X → Y
is measurable if for each B ∈ B, the set

f−1(B) := {x ∈ X; f(x) ∈ B} := [f ∈ B]

belongs to A.
A constant map f(x) = p ∈ Y is trivially measurable, since [f ∈ B] is either

∅ or X (when p ∈ Bc and p ∈ B, respectively), and so belongs to A.
When Y is a topological space, we shall usually take B = B(Y ), the Borel

algebra on Y . In particular, for Y = R (the real line), Y = [−∞,∞] (the
‘extended real line’), or Y = C (the complex plane), with their usual topologies,
we shall call the measurable map a measurable function (more precisely, an
A-measurable function). If X is a topological space, a B(X)-measurable map
(function) is called a Borel map (function).
Given a measurable space (X,A) and a map f : X → Y , for an arbitrary set

Y , the family
Bf := {F ∈ P(Y ); f−1(F ) ∈ A}

is a σ-algebra on Y (because the inverse image operation preserves the set
theoretical operations: f−1(

⋃
α Fα) =

⋃
α f−1(Fα), etc.), and it is the largest

σ-algebra on Y for which f is measurable.
If Y is a topological space, and f−1(V ) ∈ A for every open V , then Bf

contains the topology τ , and so contains B(Y ); that is, f is measurable. Since
τ ⊂ B(Y ), the converse is trivially true.
Lemma 1.3. A map f from a measurable space (X,A) to a topological space Y
is measurable if and only if f−1(V ) ∈ A for every open V ⊂ Y .

In particular, if X is also a topological space, and A = B(X), it follows that
every continuous map f : X → Y is a Borel map.

Lemma 1.4. A map f from a measurable space (X,A) to [−∞,∞] is measurable
if and only if

[f > c] ∈ A
for all real c.
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The non-trivial direction in the lemma follows from the fact that (c,∞] ∈ Bf

by hypothesis for all real c; therefore, the σ-algebra Bf contains the sets

∞⋃
n=1

(b − 1/n,∞]c =
∞⋃
n=1

[−∞, b − 1/n] = [−∞, b)

and (a, b) = [−∞, b) ∩ (a,∞] for every real a < b, and so contains all countable
unions of ‘segments’ of the above type, that is, all open subsets of [−∞,∞].
The sets [f > c] in the condition of Lemma 1.4 can be replaced by any of

the sets [f ≥ c], [f < c], or [f ≤ c] (for all real c), respectively. The proofs are
analogous.
For f : X → [−∞,∞] measurable and α real, the function αf (defined

pointwise, with the usual arithmetics α · ∞ = ∞ for α > 0,= 0 for α = 0,
and = −∞ for α < 0, and similarly for −∞) is measurable, because for all real
c, [αf > c] = [f > c/α] for α > 0,= [f < c/α] for α < 0, and αf is constant for
α = 0.
If {an} ⊂ [−∞,∞], one denotes the superior (inferior) limit, that is,

the ‘largest’ (‘smallest’) limit point, of the sequence by lim sup an (lim inf an,
respectively).
Let bn := supk≥n ak. Then {bn} is a decreasing sequence, and therefore

∃ lim
n

bn = inf
n

bn.

Let α := lim sup an and β = lim bn. For any given n ∈ N, ak ≤ bn for all k ≥ n,
and therefore α ≤ bn. Hence α ≤ β.
On the other hand, for any t > α, ak > t for at most finitely many indices k.

Therefore, there exists n0 such that ak ≤ t for all k ≥ n0, hence bn0 ≤ t. But
then bn ≤ t for all n ≥ n0 (because {bn} is decreasing), and so β ≤ t. Since
t > α was arbitrary, it follows that β ≤ α, and the conclusion α = β follows. We
showed

lim sup an = lim
n

(
sup
k≥n

ak

)
= inf

n∈N

(
sup
k≥n

ak

)
. (1)

Similarly

lim inf an = lim
n

(
inf
k≥n

ak

)
= sup

n∈N

(
inf
k≥n

ak

)
. (2)

Lemma 1.5. Let {fn} be a sequence of measurable [−∞,∞]-valued functions
on the measurable space (X,A). Then the functions sup fn, inf fn, lim sup fn, lim
inf fn, and lim fn (when it exists), all defined pointwise, are measurable.

Proof. Let h = sup fn. Then for all real c,

[h > c] =
⋃
n

[fn > c] ∈ A,

so that h is measurable by Lemma 1.4.
As remarked above, −fn = (−1)fn are measurable, and therefore inf fn =

− sup(−fn) is measurable.
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The proof is completed by the relations (1), (2), and

lim fn = lim sup fn = lim inf fn,

when the second equality holds (i.e. if and only if lim fn exists).

In particular, taking a sequence with fk = fn for all k > n, we see
that max{f1, . . . , fn} and min{f1, . . . , fn} are measurable, when f1, . . . , fn are
measurable functions into [−∞,∞]. For example, the positive (negative) parts
f+ := max{f, 0} (f− := −min{f, 0}) of a measurable function f : X → [−∞,∞]
are (non-negative) measurable functions. Note the decompositions

f = f+ − f−; |f | = f+ + f−.

Lemma 1.6. Let g : Y → Z be a continuous function from the topological space
Y to the topological space Z. If f : X → Y is measurable on the measurable
space (X,A), then the composite function h(x) = g(f(x)) is measurable.

Indeed, for every open subset V of Z, g−1(V ) is open in Y (by continuity
of g), and therefore

[h ∈ V ] = [f ∈ g−1(V )] ∈ A,

by measurability of f .
If

Y =
n∏

k=1

Yk

is the product space of topological spaces Yk, the projections pk : Y → Yk
are continuous. Therefore, if f : X → Y is measurable, so are the ‘component
functions’ fk(x) := pk(f(x)) : X → Yk (k = 1, . . . , n), by Lemma 1.6. Conversely,
if the topologies on Yk have countable bases (for all k), a countable base for the
topology of Y consists of sets of the form V =

∏n
k=1 Vk with Vk varying in a

countable base for the topology of Yk (for each k). Now,

[f ∈ V ] =
n⋂

k=1

[fk ∈ Vk] ∈ A

if all fk are measurable. Since every open W ⊂ Y is a countable union of sets of
the above type, [f ∈ W ] ∈ A, and f is measurable. We proved:

Lemma 1.7. Let Y be the cartesian product of topological spaces Y1, . . . , Yn
with countable bases to their topologies. Let (X,A) be a measurable space. Then
f : X → Y is measurable iff the components fk are measurable for all k.

For example, if fk : X → C are measurable for k = 1, . . . , n, then f :=
(f1, . . . , fn) : X → C

n is measurable, and since g(z1, . . . , zn) := Σαkzk(αk ∈ C)
and h(z1, . . . , zn) = z1 . . . zn are continuous from C

n to C, it follows from
Lemma 1.6 that (finite) linear combinations and products of complex meas-
urable functions are measurable. Thus, the complex measurable functions form
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an algebra over the complex field (similarly, the real measurable functions form
an algebra over the real field), for the usual pointwise operations.

If f has values in R, [−∞,∞], or C, its measurability implies that of |f |, by
Lemma 1.6.

By Lemma 1.7, a complex function is measurable iff its real part �f and
imaginary part �f are both measurable.

If f, g are measurable with values in [0,∞], the functions f+g and fg are well-
defined pointwise (with values in [0,∞]) and measurable, by the continuity of
the functions (s, t) → s+ t and (s, t) → st from [0,∞]2 to [0,∞] and Lemma 1.7.

The function f : X → C is simple if its range is a finite set {c1, . . . , cn} ⊂ C.
Let Ek := [f = ck], k = 1, . . . , n. Then X is the disjoint union of the sets
Ek, and

f =
n∑

k=1

ckIEk
,

where IE denotes the indicator of E (also called the characteristic function of
E by non-probabilists, while probabilists reserve the later name to a different
concept):

IE(x) = 1 for x ∈ E and = 0 for x ∈ Ec.

Since a singleton {c} ⊂ C is closed, it is a Borel set. Suppose now that the
simple (complex) function f is defined on a measurable space (X,A). If f is
measurable, then Ek := [f = ck] is measurable for all k = 1, . . . , n. Conversely,
if all Ek are measurable, then for each open V ⊂ C,

[f ∈ V ] =
⋃

{k;ck∈V }
Ek ∈ A,

so that f is measurable. In particular, an indicator IE is measurable iff E ∈ A.
Let B(X,A) denote the complex algebra of all bounded complex

A-measurable functions on X (for the pointwise operations), and denote

‖f‖ = sup
X

|f | (f ∈ B(X,A)).

The map f → ‖f‖ of B(X,A) into [0,∞) has the following properties:

(1) ‖f‖ = 0 iff f = 0 (the zero function);

(2) ‖αf‖ = |α| ‖f‖ for all α ∈ C and f ∈ B(X,A);
(3) ‖f + g‖ ≤ ‖f‖+ ‖g‖ for all f, g ∈ B(X,A);
(4) ‖fg‖ ≤ ‖f‖ ‖g‖ for all f, g ∈ B(X,A).
For example, (3) is verified by observing that for all x ∈ X,

|f(x) + g(x)| ≤ |f(x)|+ |g(x)| ≤ sup
X

|f |+ sup
X

|g|.

A map ‖ · ‖ from any (complex) vector space Z to [0,∞) with Properties (1)–(3)
is called a norm on Z. The above example is the supremum norm or uniform
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norm on the vector space Z = B(X,A). Property (1) is the definiteness of the
norm; Property (2) is its homogeneity; Property (3) is the triangle inequality. A
vector space with a specified norm is a normed space. If Z is an algebra, and the
specified norm satisfies Property (4) also, Z is called a normed algebra. Thus,
B(X,A) is a normed algebra with respect to the supremum norm. Any normed
space Z is a metric space for the metric induced by the norm

d(u, v) := ‖u− v‖ u, v ∈ Z.

Convergence in Z is convergence with respect to this metric (unless stated
otherwise). Thus, convergence in the normed space B(X,A) is precisely uniform
convergence on X (this explains the name ‘uniform norm’).

If x, y ∈ Z, the triangle inequality implies ‖x‖ = ‖(x−y)+y‖ ≤ ‖x−y‖+‖y‖,
so that ‖x‖ − ‖y‖ ≤ ‖x− y‖. Since we may interchange x and y, we have

|‖x‖ − ‖y‖ | ≤ ‖x− y‖.
In particular, the norm function is continuous on Z.

The simple functions in B(X,A) form a subalgebra B0(X,A); it is dense in
B(X,A):
Theorem 1.8 (Approximation theorem). Let (X,A) be a measurable space.
Then:

(1) B0(X,A) is dense in B(X,A) (i.e. every bounded complex measurable
function is the uniform limit of a sequence of simple measurable complex
functions).

(2) If f : X → [0,∞] is measurable, then there exists a sequence of measurable
simple functions

0 ≤ φ1 ≤ φ2 ≤ · · · ≤ f,

such that f = limφn.

Proof. (1) Since any f ∈ B(X,A) can be written as
f = u+ − u− + iv+ − iv−

with u = �f and v = �f , it suffices to prove (1) for f with range in [0,∞). Let
N be the first integer such that N > sup f . For n = 1, 2, . . . , set

φn :=
N2n∑
k=1

k − 1
2n

IEn,k
,

where

En,k := f−1
([

k − 1
2n

,
k

2n

))
.

The simple functions φn are measurable,

0 ≤ φ1 ≤ φ2 ≤ · · · ≤ f,
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and

0 ≤ f − φn <
1
2n

,

so that indeed ‖f − φn‖ ≤ (1/2n), as wanted.
If f has range in [0,∞], set

φn :=
n2n∑
k=1

k − 1
2n

IEn,k
+ nIFn

,

where Fn := [f ≥ n]. Again {φn} is a non-decreasing sequence of non-negative
measurable simple functions ≤ f . If f(x) = ∞ for some x ∈ X, then x ∈ Fn for
all n, and therefore φn(x) = n for all n; hence limn φn(x) =∞ = f(x). If f(x) <
∞ for some x, let n > f(x). Then there exists a unique k, 1 ≤ k ≤ n2n, such
that x ∈ En,k. Then φn(x) = ((k − 1)/2n) while ((k − 1)/2n) ≤ f(x) < (k/2n),
so that

0 ≤ f(x)− φn(x) < 1/2n (n > f(x)).

Hence f(x) = limn φn(x) for all x ∈ X.

1.2 Positive measures

Definition 1.9. Let (X,A) be a measurable space. A (positive) measure on A
is a function

µ : A → [0,∞]
such that µ(∅) = 0 and

µ

( ∞⋃
k=1

Ek

)
=

∞∑
k=1

µ(Ek) (1)

for any sequence of mutually disjoint sets Ek ∈ A. Property (1) is called
σ-additivity of the function µ. The ordered triple (X,A, µ) will be called a
(positive) measure space.

Taking in particular Ek = ∅ for all k > n, it follows that

µ

( n⋃
k=1

Ek

)
=

n∑
k=1

µ(Ek) (2)

for any finite collection of mutually disjoint sets Ek ∈ A, k = 1, . . . , n. We refer
to Property (2) by saying that µ is (finitely) additive.
Any finitely additive function µ ≥ 0 on an algebra A is necessarily monotonic,

that is, µ(E) ≤ µ(F ) when E ⊂ F (E,F ∈ A); indeed

µ(F ) = µ(E ∪ (F − E)) = µ(E) + µ(F − E) ≥ µ(E).
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If µ(E) < ∞, we get

µ(F − E) = µ(F )− µ(E).

Lemma 1.10. Let (X,A, µ) be a positive measure space, and let

E1 ⊂ E2 ⊂ E3 ⊂ · · ·

be measurable sets with union E. Then

µ(E) = lim
n

µ(En).

Proof. The sets En and E can be written as disjoint unions

En = E1 ∪ (E2 − E1) ∪ (E3 − E2) ∪ · · · ∪ (En − En−1),

E = E1 ∪ (E2 − E1) ∪ (E3 − E2) ∪ · · · ,

where all differences belong to A. Set E0 = ∅. By σ-additivity,

µ(E) =
∞∑
k=1

µ(Ek − Ek−1)

= lim
n

n∑
k=1

µ(Ek − Ek−1) = lim
n

µ(En).

In general, if Ej belong to an algebra A of subsets of X, set A0 = ∅ and
An =

⋃n
j=1 Ej , n = 1, 2, . . . . The sets Aj − Aj−1, 1 ≤ j ≤ n, are disjoint A-

measurable subsets of Ej with union An. If µ is a non-negative additive set
function on A, then

µ

( n⋃
j=1

Ej

)
= µ(An) =

n∑
j=1

µ(Aj − Aj−1) ≤
n∑

j=1

µ(Ej). (∗)

This is the subadditivity property of non-negative additive set functions (on
algebras).
If A is a σ-algebra and µ is a positive measure on A, then since A1 ⊂ A2 ⊂ · · ·

and
⋃∞

n=1 An =
⋃∞

j=1 Ej , letting n → ∞ in (*), it follows from Lemma 1.10 that

µ


 ∞⋃

j=1

Ej


 ≤

∞∑
j=1

µ(Ej).

This property of positive measures is called σ-subadditivity.
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For decreasing sequences of measurable sets, the ‘dual’ of Lemma 1.10 is false
in general, unless we assume that the sets have finite measure:

Lemma 1.11. Let {Ek} ⊂ A be a decreasing sequence (with respect to set-
inclusion) such that µ(E1) < ∞. Let E =

⋂
k Ek. Then

µ(E) = lim
n

µ(En).

Proof. The sequence {E1−Ek} is increasing, with union E1−E. By Lemma 1.10
and the finiteness of the measures of E and Ek (subsets of E1!),

µ(E1)− µ(E) = µ

(⋃
k

(E1 − Ek)

)

= limµ(E1 − En) = µ(E1)− limµ(En),

and the result follows by cancelling the finite number µ(E1).

If {Ek} is an arbitrary sequence of subsets of X, set Fn =
⋂

k≥n Ek and
Gn =

⋃
k≥n Ek. Then {Fn} ({Gn}) is increasing (decreasing, respectively), and

Fn ⊂ En ⊂ Gn for all n.
One defines

lim inf
n

En :=
⋃
n

Fn; lim sup
n

En :=
⋂
n

Gn.

These sets belong to A if Ek ∈ A for all k. The set lim inf En consists of all x
that belong to En for all but finitely many n; the set lim supEn consists of all x
that belong to En for infinitely many n. By Lemma 1.10,

µ(lim inf En) = lim
n

µ(Fn) ≤ lim inf µ(En). (3)

If the measure of G1 is finite, we also have by Lemma 1.11

µ(lim supEn) = lim
n

µ(Gn) ≥ lim supµ(En). (4)

1.3 Integration of non-negative
measurable functions

Definition 1.12. Let (X,A, µ) be a positive measure space, and φ : X → [0,∞)
a measurable simple function. The integral over X of φ with respect to µ, denoted∫

X

φdµ

or briefly ∫
φdµ,
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is the finite sum ∑
k

ckµ(Ek) ∈ [0,∞],

where
φ =

∑
k

ckIEk
, Ek = [φ = ck],

and ck are the distinct values of φ.

Note that ∫
IE dµ = µ(E) E ∈ A

and

0 ≤
∫

φdµ ≤ ‖φ‖µ([φ �= 0]). (1)

For an arbitrary measurable function f : X → [0,∞], consider the (non-empty)
set Sf of measurable simple functions φ such that 0 ≤ φ ≤ f , and define∫

f dµ := sup
φ∈Sf

∫
φdµ. (2)

For any E ∈ A, the integral over E of f is defined by∫
E

f dµ :=
∫

fIE dµ. (3)

Let φ, ψ be measurable simple functions; let ck, dj be the distinct values of φ
and ψ, taken on the (mutually disjoint) sets Ek and Fj , respectively. Denote
Q := {(k, j) ∈ N

2;Ek ∩ Fj �= ∅}.
If φ ≤ ψ, then ck ≤ dj for (k, j) ∈ Q. Hence∫

φdµ =
∑
k

ckµ(Ek) =
∑

(k,j)∈Q
ckµ(Ek ∩ Fj)

≤
∑

(k,j)∈Q
djµ(Ek ∩ Fj) =

∑
j

djµ(Fj) =
∫

ψ dµ.

Thus, the integral is monotonic on simple functions.
If f is simple, then

∫
φdµ ≤ ∫

f dµ for all φ ∈ Sf (by monotonicity of the
integral on simple functions), and therefore the supremum in (2) is less than
or equal to the integral of f as a simple function; since f ∈ Sf , the reverse
inequality is trivial, so that the two definitions of the integral of f coincide for
f simple.
Since Scf = cSf := {cφ;φ ∈ Sf} for 0 ≤ c < ∞, we have (for f as above)∫

cf dµ = c

∫
f dµ (0 ≤ c < ∞). (4)
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If f ≤ g (f, g as above), Sf ⊂ Sg, and therefore
∫
f dµ ≤ ∫

g dµ (monotonicity
of the integral with respect to the ‘integrand’).

In particular, if E ⊂ F (both measurable), then fIE ≤ fIF , and there-
fore

∫
E
f dµ ≤ ∫

F
f dµ (monotonicity of the integral with respect to the set of

integration).
If µ(E) = 0, then any φ ∈ SfIE

assumes its non-zero values ck on the
sets Ek ∩ E, that have measure 0 (as measurable subsets of E), and therefore∫
φdµ = 0 for all such φ, hence

∫
E
f dµ = 0.

If f = 0 on E (for some E ∈ A), then fIE is the zero function, hence has
zero integral (by definition of the integral of simple functions!); this means that∫

E
f dµ = 0 when f = 0 on E.
Consider now the set function

ν(E) :=
∫

E

φdµ E ∈ A, (5)

for a fixed simple measurable function φ ≥ 0. As a special case of the preceding
remark, ν(∅) = 0. Write φ =

∑
ckIEk

, and let Aj ∈ A be mutually disjoint
(j = 1, 2, . . .) with union A. Then

φIA =
∑

ckIEk∩A,

so that, by the σ-additivity of µ and the possibility of interchanging summation
order when the summands are non-negative,

ν(A) : =
∑

k

ckµ(Ek ∩A) =
∑

k

ck
∑

j

µ(Ek ∩Aj)

=
∑

j

∑
k

ckµ(Ek ∩Aj) =
∑

j

ν(Aj).

Thus ν is a positive measure. This is actually true for any measurable φ ≥ 0
(not necessarily simple), but this will be proved later.

If ψ, χ are simple functions as above (the distinct values of ψ and χ
being a1, . . . , ap and b1, . . . , bq, assumed on the measurable sets F1, . . . , Fp and
G1, . . . , Gq, respectively), then the simple measurable function φ := ψ + χ
assumes the constant value ai + bj on the set Fi ∩ Gj , and therefore, defining
the measure ν as above, we have

ν(Fi ∩Gj) = (ai + bj)µ(Fi ∩Gj). (6)

But ai and bj are the constant values of ψ and χ on the set Fi∩Gj (respectively),
so that the right-hand side of (6) equals ν′(Fi ∩Gj)+ ν′′(Fi ∩Gj), where ν′ and
ν′′ are the measures defined as ν, with the integrands ψ and χ instead of φ.
Summing over all i, j, since X is the disjoint union of the sets Fi ∩ Gj , the
additivity of the measures ν, ν′, and ν′′ implies that ν(X) = ν′(X) + ν′′(X),
that is, ∫

(ψ + χ) dµ =
∫
ψ dµ+

∫
χdµ (7)
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Property (7) is the additivity of the integral over non-negative measurable simple
functions. This property too will be extended later to arbitrary non-negative
measurable functions.

Theorem 1.13. Let (X,A, µ) be a positive measure space. Let

f1 ≤ f2 ≤ f3 ≤ · · · : X → [0,∞]

be measurable, and denote f = lim fn (defined pointwise). Then∫
f dµ = lim

∫
fn dµ. (8)

This is the Monotone Convergence theorem of Lebesgue.

Proof. By Lemma 1.5, f is measurable (with range in [0,∞]). The monotonicity
of the integral (and the fact that fn ≤ fn+1 ≤ f) implies that∫

fn dµ ≤
∫

fn+1 dµ ≤
∫

f dµ,

and therefore the limit in (8) exists (:= c ∈ [0,∞]) and the inequality ≥ holds
in (8). It remains to show the inequality ≤ in (8). Let 0 < t < 1. Given φ ∈ Sf ,
denote

An = [tφ ≤ fn] = [fn − tφ ≥ 0] (n = 1, 2, . . .).

Then An ∈ A and A1 ⊂ A2 ⊂ · · · (because f1 ≤ f2 ≤ · · · ). If x ∈ X is such
that φ(x) = 0, then x ∈ An (for all n). If x ∈ X is such that φ(x) > 0, then
f(x) ≥ φ(x) > tφ(x), and there exists therefore n for which fn(x) ≥ tφ(x), that
is, x ∈ An (for that n). This shows that

⋃
n An = X. Consider the measure ν

defined by (5) (for the simple function tφ). By Lemma 1.10,

t

∫
φdµ = ν(X) = lim

n
ν(An) = lim

n

∫
An

tφ dµ.

However tφ ≤ fn on An, so the integrals on the right are ≤ ∫
An

fn dµ ≤ ∫
X
fn dµ

(by the monotonicity property of integrals with respect to the set of integration).
Therefore t

∫
φdµ ≤ c, and so

∫
φdµ ≤ c by the arbitrariness of t ∈ (0, 1). Taking

the supremum over all φ ∈ Sf , we conclude that
∫
f dµ ≤ c as wanted.

For arbitrary sequences of non-negative measurable functions we have the
following inequality:

Theorem 1.14 (Fatou’s lemma). Let fn : X → [0,∞], n = 1, 2, . . . , be
measurable. Then ∫

lim inf
n

fn dµ ≤ lim inf
n

∫
fn dµ.

Proof. We have
lim inf

n
fn := lim

n
( inf
k≥n

fk).
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Denote the infimum on the right by gn. Then gn, n = 1, 2, . . . , are measurable,
gn ≤ fn,

0 ≤ g1 ≤ g2 ≤ · · · ,
and limn gn = lim infn fn. By Theorem 1.13,∫

lim inf
n

fn dµ =
∫
lim gn dµ = lim

∫
gn dµ.

But the integrals on the right are ≤ ∫
fn dµ, therefore their limit is

≤ lim inf ∫ fn dµ.

Another consequence of Theorem 1.13 is the additivity of the integral of
non-negative measurable functions.

Theorem 1.15. Let f, g : X → [0,∞] be measurable. Then∫
(f + g) dµ =

∫
f dµ+

∫
g dµ.

Proof. By the Approximation theorem (Theorem 1.8), there exist simple
measurable functions φn, ψn such that

0 ≤ φ1 ≤ φ2 ≤ . . . , limφn = f,

0 ≤ ψ1 ≤ ψ2 ≤ . . . , limψn = g.

Then the measurable simple functions χn = φn + ψn satisfy

0 ≤ χ1 ≤ χ2 ≤ . . . , limχn = f + g.

By Theorem 1.13 and the additivity of the integral of (non-negative measurable)
simple functions (cf. (7)), we have∫

(f + g) dµ = lim
∫

χn dµ = lim
∫
(φn + ψn) dµ

= lim
∫

φn dµ+ lim
∫

ψn dµ =
∫

f dµ+
∫

g dµ.

The additivity property of the integral is also true for infinite sums of non-
negative measurable functions:

Theorem 1.16 (Beppo Levi). Let fn : X → [0,∞], n = 1, 2, . . . , be meas-
urable. Then ∫ ∞∑

n=1

fn dµ =
∞∑
n=1

∫
fn dµ.

Proof. Let

gk =
k∑

n=1

fn; g =
∞∑
n=1

fn.
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The measurable functions gk satisfy

0 ≤ g1 ≤ g2 ≤ . . . , lim gk = g,

and by Theorem 1.15 (and induction)∫
gk dµ =

k∑
n=1

∫
fn dµ.

Therefore, by Theorem 1.13∫
g dµ = lim

k

∫
gk dµ = lim

k

k∑
n=1

∫
fn dµ =

∞∑
n=1

∫
fn dµ.

We may extend now the measure property of ν, defined earlier with a simple
integrand, to the general case of a non-negative measurable integrand:

Theorem 1.17. Let f : X → [0,∞] be measurable, and set

ν(E) :=
∫
E

f dµ, E ∈ A.

Then ν is a (positive) measure on A, and for any measurable g : X → [0,∞],∫
g dν =

∫
gf dµ. (∗)

Proof. Let Ej ∈ A, j = 1, 2, . . . be mutually disjoint, with union E. Then

fIE =
∞∑
j=1

fIEj ,

and therefore, by Theorem 1.16,

ν(E) :=
∫

fIE dµ =
∑
j

∫
fIEj dµ =

∑
j

ν(Ej).

Thus ν is a measure.
If g = IE for some E ∈ A, then∫

g dν = ν(E) =
∫

IEf dµ =
∫

gf dµ.

By (4) and Theorem 1.15 (for the measures µ and ν), (∗) is valid for g simple.
Finally, for general g, the Approximation theorem (Theorem 1.8) provides a
sequence of simple measurable functions

0 ≤ φ1 ≤ φ2 ≤ · · · ; limφn = g.

Then the measurable functions φnf satisfy

0 ≤ φ1f ≤ φ2f ≤ · · · ; limφnf = gf,
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and Theorem 1.13 implies that∫
g dν = lim

n

∫
φn dν = lim

n

∫
φnf dµ =

∫
gf dµ.

Relation (*) is conveniently abbreviated as

dν = f dµ.

Observe that if f1 and f2 coincide almost everywhere (briefly, ‘a.e.’ or µ-a.e.,
if the measure needs to be specified), that is, if they coincide except on a null
set A ∈ A (more precisely, a µ-null set, that is, a measurable set A such that
µ(A) = 0), then the corresponding measures νi are equal, and in particular∫
f1 dµ =

∫
f2 dµ. Indeed, for all E ∈ A, µ(E ∩ A) = 0, and therefore

νi(E ∩ A) =
∫
E∩A

fi dµ = 0, i = 1, 2

by one of the observations following Definition 1.12. Hence

ν1(E) = ν1(E ∩ A) + ν1(E ∩ Ac) = ν1(E ∩ Ac)

= ν2(E ∩ Ac) = ν2(E).

1.4 Integrable functions

Let (X,A, µ) be a positive measure space, and let f be a measurable function
with range in [−∞,∞] or C := C ∪ {∞} (the Riemann sphere). Then |f | :
X → [0,∞] is measurable, and has therefore an integral (∈ [0,∞]). In case this
integral is finite, we shall say that f is integrable. In that case, the measurable
set [|f | = ∞] has measure zero. Indeed, it is contained in [|f | > n] for all
n = 1, 2, . . . , and

nµ([|f | > n]) =
∫

[|f |>n]
ndµ ≤

∫
|f |>n]

|f | dµ ≤
∫

|f | dµ.

Hence for all n
0 ≤ µ([|f | =∞]) ≤ 1

n

∫
|f | dµ,

and since the integral on the right is finite, we must have µ([|f | =∞]) = 0.
In other words, an integrable function is finite a.e.
We observed above that non-negative measurable functions that coincide a.e.

have equal integrals. This property is desirable in the general case now con-
sidered. If f is measurable, and if we redefine it as the finite arbitrary constant
c on a set A ∈ A of measure zero, then the new function g is also measurable.
Indeed, for any open set V in the range space,

[g ∈ V ] = {[g ∈ V ] ∩ Ac} ∪ {[g ∈ V ] ∩ A}.
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The second set on the right is empty if c ∈ V c, and is A if c ∈ V , thus belongs
to A in any case. The first set on the right is equal to [f ∈ V ] ∩ Ac ∈ A, by the
measurability of f . Thus [g ∈ V ] ∈ A.
If f is integrable, we can redefine it as an arbitrary finite constant on the

set [|f | =∞] (that has measure zero) and obtain a new finite-valued measurable
function, whose integral should be the same as the integral of f (by the ‘desirable’
property mentioned before). This discussion shows that we may restrict ourselves
to complex (or, as a special case, to real) valued measurable functions.

Definition 1.18. Let (X,A, µ) be a positive measure space. The function f :
X → C is integrable if it is measurable and

‖f‖1 :=
∫

|f | dµ < ∞.

The set of all (complex) integrable functions will be denoted by

L1(X,A, µ),

or briefly by L1(µ) or L1(X) or L1, when the unmentioned ‘objects’ of the
measure space are understood.
Defining the operations pointwise, L1 is a complex vector space, since the

inequality
|αf + βg| ≤ |α| |f |+ |β| |g|

implies, by monotonicity, additivity, and homogeneity of the integral of non-
negative measurable functions:

‖αf + βg‖1 ≤ |α| ‖f‖1 + |β| ‖g‖1 < ∞,

for all f, g ∈ L1 and α, β ∈ C.
In particular, ‖ · ‖1 satisfies the triangle inequality (take α = β = 1), and is

trivially homogeneous.
Suppose ‖f‖1 = 0. For any n = 1, 2, . . . ,

0 ≤ µ([|f | > 1/n]) =
∫

[|f |>1/n]
dµ = n

∫
[|f |>1/n]

(1/n) dµ

≤ n

∫
|f |>1/n]

|f | dµ ≤ n ‖f‖1 = 0,

so µ([|f | > 1/n]) = 0. Now the set where f is not zero is

[|f | > 0] =
∞⋃
n=1

[|f | > 1/n],

and by the σ-subadditivity property of positive measures, it follows that this
set has measure zero. Thus, the vanishing of ‖f‖1 implies that f = 0 a.e. (the
converse is trivially true). One verifies easily that the relation ‘f = g a.e.’ is
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an equivalence relation for complex measurable functions (transitivity follows
from the fact that the union of two sets of measure zero has measure zero, by
subadditivity of positive measures). All the functions f in the same equivalence
class have the same value of ‖f‖1 (cf. discussion following Theorem 1.17).
We use the same notation L1 for the space of all equivalence classes of integ-

rable functions, with operations performed as usual on representatives of the
classes, and with the ‖ · ‖1-norm of a class equal to the norm of any of its repres-
entatives; L1 is a normed space (for the norm ‖ · ‖1). It is customary, however,
to think of the elements of L1 as functions (rather than equivalence classes of
functions!).
If f ∈ L1, then f = u + iv with u := �f and v := �f real measurable

functions (cf. discussion following Lemma 1.7), and since |u|, |v| ≤ |f |, we have
‖u‖1, ‖v‖1 ≤ ‖f‖1 < ∞, that is, u, v are real elements of L1 (conversely, if u, v
are real elements of L1, then f = u + iv ∈ L1, since L1 is a complex vector
space).
Writing u = u+ − u− (and similarly for v), we obtain four non-negative

(finite) measurable functions (cf. remarks following Lemma 1.5), and since u+ ≤
|u| ≤ |f | (and similarly for u−, etc.), they have finite integrals. It makes sense
therefore to define ∫

u dµ :=
∫

u+ dµ −
∫

u− dµ

(on the right, one has the difference of two finite non-negative real numbers!).
Doing the same with v, we then let∫

f dµ :=
∫

u dµ+ i
∫

v dµ.

Note that according to this definition,

�
∫

f dµ =
∫

�f dµ,

and similarly for the imaginary part.

Theorem 1.19. The map f → ∫
f dµ ∈ C is a continuous linear functional on

the normed space L1(µ).

Proof. Consider first real-valued functions f, g ∈ L1. Let h = f + g. Then

h+ − h− = (f+ − f−) + (g+ − g−),

and since all functions above have finite values,

h+ + f− + g− = h− + f+ + g+.

By Theorem 1.15,∫
h+ dµ+

∫
f− dµ+

∫
g− dµ =

∫
h− dµ+

∫
f+ dµ+

∫
g+ dµ.
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All integrals above are finite, so we may subtract
∫
h−+

∫
f−+

∫
g− from both

sides of the equation. This yields:∫
h dµ =

∫
f dµ+

∫
g dµ.

The additivity of the integral extends trivially to complex functions in L1.
If f ∈ L1 is real and c ∈ [0,∞), (cf)+ = cf+ and similarly for f−. Therefore,

by (4) (following Definition 1.12),∫
cf dµ =

∫
cf+ dµ −

∫
cf− dµ = c

∫
f+ dµ − c

∫
f− dµ = c

∫
f dµ.

If c ∈ (−∞, 0), (cf)+ = −cf− and (cf)− = −cf+, and a similar calculation
shows again that

∫
(cf) = c

∫
f . For f ∈ L1 complex and c real, write f = u+iv.

Then∫
cf =

∫
(cu+ icv) :=

∫
(cu) + i

∫
(cv) = c

(∫
u+ i

∫
v

)
:= c

∫
f.

Note next that ∫
(if) =

∫
(−v + iu) = −

∫
v + i

∫
u = i

∫
f.

Finally, if c = a+ib (a, b real), then by additivity of the integral and the previous
remarks,∫

(cf) =
∫
(af + ibf) =

∫
(af) +

∫
ibf = a

∫
f + ib

∫
f = c

∫
f.

Thus ∫
(αf + βg) dµ = α

∫
f dµ+ β

∫
g dµ

for all f, g ∈ L1 and α, β ∈ C.
For f ∈ L1, let λ :=

∫
f dµ(∈ C). Then, since the left-hand side of the

following equation is real,

|λ| = eiθλ = eiθ
∫

f dµ =
∫
(eiθf) dµ = �

∫
(eiθf) dµ =

∫
�(eiθf) dµ

≤
∫

|eiθf | dµ =
∫

|f | dµ.

We thus obtained the important inequality∣∣∣∣
∫

f dµ

∣∣∣∣ ≤
∫

|f | dµ. (1)

If f, g ∈ L1, it follows from the linearity of the integral and (1) that∣∣∣∣
∫

f dµ −
∫

g dµ

∣∣∣∣ =
∣∣∣∣
∫
(f − g) dµ

∣∣∣∣ ≤ ‖f − g‖1. (2)
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In particular, if f and g represent the same equivalence class, then ‖f − g‖1 = 0,
and therefore

∫
f dµ =

∫
g dµ. This means that the functional f → ∫

f dµ is
well-defined as a functional on the normed space L1(µ) (of equivalence classes!),
and its continuity follows trivially from (2).

In term of sequences, continuity of the integral on the normed space L1 means
that if {fn} ⊂ L1 converges to f in the L1-metric, then∫

fn dµ →
∫

f dµ. (3)

A useful sufficient condition for convergence in the L1-metric, and therefore,
for the validity of (3), is contained in the Dominated Convergence theorem of
Lebesgue:

Theorem 1.20. Let (X,A, µ) be a measure space. Let {fn} be a sequence of
complex measurable functions on X that converge pointwise to the function f .
Suppose there exists g ∈ L1(µ) (with values in [0,∞)) such that

|fn| ≤ g (n = 1, 2, . . .). (4)

Then f, fn ∈ L1(µ) for all n, and fn → f in the L1(µ)-metric.

In particular, (3) is valid.

Proof. By Lemma 1.5, f is measurable. By (4) and monotonicity

‖f‖1, ‖fn‖1 ≤ ‖g‖1 < ∞,

so that f, fn ∈ L1.
Since |fn − f | ≤ 2g, the measurable functions 2g − |fn − f | are non-negative.

By Fatou’s Lemma (Theorem 1.14),∫
lim inf

n
(2g − |fn − f |) dµ ≤ lim inf

n

∫
(2g − |fn − f |) dµ. (5)

The left-hand side of (5) is
∫
2g dµ. The integral on the right-hand side is∫

2g dµ+ (−‖fn − f‖1), and its lim inf is

=
∫
2g dµ+ lim inf

n
(−‖fn − f‖1) =

∫
2g dµ − lim sup

n
‖fn − f‖1.

Subtracting the finite number
∫
2g dµ from both sides of the inequality, we obtain

lim sup
n

‖fn − f‖1 ≤ 0.

However if a non-negative sequence {an} satisfies lim sup an ≤ 0, then it con-
verges to 0 (because 0 ≤ lim inf an ≤ lim sup an ≤ 0 implies lim inf an =
lim sup an = 0). Thus ‖fn − f‖1 → 0.
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Rather than assuming pointwise convergence of the sequence {fn} at every
point of X, we may assume that the sequence converges almost everywhere, that
is, fn → f on a set E ∈ A and µ(Ec) = 0. The functions fn could be defined
only a.e., and we could include the countable union of all the sets where these
functions are not defined (which is a set of measure zero, by the σ-subadditivity
of measures) in the ‘exceptional’ set Ec. The limit function f is defined a.e., in
any case. For such a function, measurability means that [f ∈ V ] ∩ E ∈ A for
each open set V .
If fn (defined a.e.) converge pointwise a.e. to f , then with E as above, the

restrictions fn|E are AE-measurable, where AE is the σ-algebra A ∩E, because

[fn|E ∈ V ] = [fn ∈ V ] ∩ E ∈ AE .

By Lemma 1.5, f |E := lim fn|E is AE-measurable, and therefore the a.e.-defined
function f is ‘measurable’ in the above sense. We may define f as an arbitrary
constant c ∈ C on Ec; the function thus extended to X is A-measurable, as seen
by the argument preceding Definition 1.18.
Now fnIE are A-measurable, converge pointwise everywhere to fIE , and if

|fn| ≤ g ∈ L1 for all n (wherever the functions are defined), then |fnIE | ≤ g ∈ L1

(everywhere!). By Theorem 1.20,

‖fn − f‖1 = ‖fnIE − fIE‖1 → 0.

We then have the following a.e. version of the Lebesgue Dominated Convergence
theorem:

Theorem 1.21. Let {fn} be a sequence of a.e.-defined measurable complex func-
tions on X, converging a.e. to the function f . Let g ∈ L1 be such that |fn| ≤ g
for all n (at all points where fn is defined). Then f and fn are in L1, and fn → f
in the L1-metric (in particular,

∫
fn dµ → ∫

f dµ).

A useful ‘almost everywhere’ proposition is the following:

Proposition 1.22. If f ∈ L1(µ) satifies
∫
E
f dµ = 0 for every E ∈ A, then

f = 0 a.e.

Proof. Let E = [u := �f ≥ 0]. Then E ∈ A, so

‖u+‖1 =
∫
E

u dµ = �
∫
E

f dµ = 0,

and therefore u+ = 0 a.e. Similarly u− = v+ = v− = 0 a.e. (where v := �f), so
that f = 0 a.e.

We should remark that, in general, a measurable a.e.-defined function f can
be extended as a measurable function on X only by defining it as constant on
the exceptional null set Ec. Indeed, the null set Ec could have a non-measurable
subset A. Suppose f : E → C is not onto, and let a ∈ f(E)c. If we assign on
A the (constant complex) value a, and any value b ∈ f(E) on Ec − A, then the
extended function is not measurable, because [f = a] = A /∈ A.
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In order to be able to extend f in an arbitrary fashion and always get a meas-
urable function, it is sufficient that subsets of null sets should be measurable
(recall that a ‘null set’ is measurable by definition!). A measure space with this
property is called a complete measure space. Indeed, let f ′ be an arbitrary exten-
sion to X of an a.e.-defined measurable function f , defined on E ∈ A, with Ec

null. Then for any open V ⊂ C,

[f ′ ∈ V ] = ([f ′ ∈ V ] ∩ E) ∪ ([f ′ ∈ V ] ∩ Ec).

The first set in the union is in A, by measurability of the a.e.-defined function
f ; the second set is in A as a subset of the null set Ec (by completeness of the
measure space). Hence [f ′ ∈ V ] ∈ A, and f ′ is measurable.

We say that the measure space (X,M, ν) is an extension of the measure
space (X,A, µ) (both on X!) if A ⊂ M and ν = µ on A. It is important to know
that any measure space (X,A, µ) has a (unique) ‘minimal’ complete extension
(X,M, ν), where minimality means that if (X,N , σ) is any complete extension
of (X,A, µ), then it is an extension of (X,M, ν). Uniqueness is of course trivial.
The existence is proved below by a ‘canonical’ construction.

Theorem 1.23. Any measure space (X,A, µ) has a unique minimal complete
extension (X,M, ν) (called the completion of the given measure space).

Proof. We let M be the collection of all subsets E of X for which there exist
A,B ∈ A such that

A ⊂ E ⊂ B, µ(B −A) = 0. (6)

If E ∈ A, we may take A = B = E in (6), so A ⊂ M. In particular X ∈ M.
If E ∈ M and A,B are as in (6), then Ac, Bc ∈ A,

Bc ⊂ Ec ⊂ Ac

and µ(Ac −Bc) = µ(B −A) = 0, so that Ec ∈ M.
If Ej ∈ M, j = 1, 2, . . . and Aj , Bj are as in (6) (for Ej), then if E,A,B are

the respective unions of Ej , Aj , Bj , we have A,B ∈ A, A ⊂ E ⊂ B, and

B −A =
⋃
j

(Bj −A) ⊂
⋃
j

(Bj −Aj).

The union on the right is a null set (as a countable union of null sets, by
σ-subadditivity of measures), and therefore B − A is a null set (by monoton-
icity of measures). This shows that E ∈ M, and we conclude that M is a
σ-algebra.

For E ∈ M and A,B as in (6), we let ν(E) = µ(A). The function ν is well
defined on M, that is, the above definition does not depend on the choice of
A,B as in (6). Indeed, if A′, B′ satisfy (6) with E, then

A−A′ ⊂ E −A′ ⊂ B′ −A′,

so that A − A′ is a null set. Hence by additivity of µ, µ(A) = µ(A ∩ A′) +
µ(A − A′) = µ(A ∩ A′). Interchanging the roles of A and A′, we also have
µ(A′) = µ(A ∩A′), and therefore µ(A) = µ(A′), as wanted.
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If E ∈ A, we could choose A = B = E, and so ν(E) = µ(E). In particular,
ν(∅) = 0. If {Ej} is a sequence of mutually disjoint sets in M with union E,
and Aj , Bj are as in (6) (for Ej), we observed above that we could choose A for
E (for (6)) as the union of the sets Aj . Since Aj ⊂ Ej , j = 1, 2, . . . and Ej are
mutually disjoint, so are the sets Aj . Hence

ν(E) := µ(A) =
∑
j

µ(Aj) :=
∑
j

ν(Ej),

and we conclude that (X,M, ν) is a measure space extending (X,A, µ). It is
complete, because if E ∈ M is ν-null and A,B are as in (6), then for any
F ⊂ E, we have

∅ ⊂ F ⊂ B,

and since µ(B − A) = 0,

µ(B − ∅) = µ(B) = µ(A) := ν(E) = 0,

so that F ∈ M.
Finally, suppose (X,N , σ) is any complete extension of (X,A, µ), let E ∈ M,

and let A,B be as in (6). Write E = A∪(E−A). The set B−A ∈ A ⊂ N is σ-null
(σ(B − A) = µ(B − A) = 0). By completeness of (X,N , σ), the subset E − A of
B − A belongs to N (and is of course σ-null). Since A ∈ A ⊂ N , we conclude
that E ∈ N and M ⊂ N . Also since σ = µ on A, σ(E) = σ(A) + σ(E − A) =
µ(A) := ν(E), so that σ = ν on M.

1.5 Lp-spaces

Let (X,A, µ) be a (positive) measure space, and let p ∈ [1,∞). If f : X → [0,∞]
is measurable, so is fp by Lemma 1.6, and therefore

∫
fp dµ ∈ [0,∞] is well

defined. We denote

‖f‖p :=
(∫

fp dµ

)1/p

.

Theorem 1.24 (Holder’s inequality). Let p, q ∈ (1,∞) be conjugate
exponents, that is,

1
p
+
1
q
= 1. (1)

Then for all measurable functions f, g : X → [0,∞],∫
fg dµ ≤ ‖f‖p ‖g‖q. (2)

Proof. If ‖f‖p = 0, then ‖fp‖1 = 0, and therefore f = 0 a.e.; hence fg = 0
a.e., and the left-hand side of (2) vanishes (as well as the right-hand side). By
symmetry, the same holds true if ‖g‖q = 0. So we may consider only the case
where ‖f‖p and ‖g‖q are both positive. Now if one of these quantities is infinite,
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the right-hand side of (2) is infinite, and (2) is trivially true. So we may assume
that both quantities belong to (0,∞) (positive and finite). Denote

u = f/‖f‖p, v = g/‖g‖q. (3)

Then
‖u‖p = ‖v‖q = 1. (4)

It suffices to prove that ∫
uv dµ ≤ 1, (5)

because (2) would follow by substituting (3) in (5).
The logarithmic function is concave ((log t)′′ = −(1/t2) < 0). Therefore

by (1)
1
p
log s+

1
q
log t ≤ log

(
s

p
+

t

q

)

for all s, t ∈ (0,∞). Equivalently,

s1/pt1/q ≤ s

p
+

t

q
, s, t ∈ (0,∞). (6)

When x ∈ X is such that u(x), v(x) ∈ (0,∞), we substitute s = u(x)p and
t = v(x)q in (6) and obtain

u(x)v(x) ≤ u(x)p

p
+

v(x)q

q
, (7)

and this inequality is trivially true when u(x), v(x) ∈ {0,∞}. Thus (7) is valid
on X, and integrating the inequality over X, we obtain by (4) and (1)

∫
uv dµ ≤ ‖u‖pp

p
+

‖v‖qq
q

=
1
p
+
1
q
= 1.

Theorem 1.25 (Minkowski’s inequality). For any measurable functions
f, g : X → [0,∞],

‖f + g‖p ≤ ‖f‖p + ‖g‖p (1 ≤ p < ∞). (8)

Proof. Since (8) is trivial for p = 1 (by the additivity of the integral of non-
negative measurable functions, we get even an equality), we consider p ∈ (1,∞).
The case ‖f + g‖p = 0 is trivial. By convexity of the function tp (for p > 1),
((s + t)/2)p ≤ (sp + tp)/2 for s, t ∈ (0,∞). Therefore, if x ∈ X is such that
f(x), g(x) ∈ (0,∞),

(f(x) + g(x))p ≤ 2p−1[f(x)p + g(x)p], (9)
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and (9) is trivially true if f(x), g(x) ∈ {0,∞}, and holds therefore on X.
Integrating, we obtain

‖f + g‖pp ≤ 2p−1[‖f‖pp + ‖g‖pp]. (10)

If ‖f+g‖p =∞, it follows from (10) that at least one of the quantities ‖f‖p, ‖g‖p
is infinite, and (8) is then valid (as the trivial equality ∞ =∞). This discussion
shows that we may restrict our attention to the case

0 < ‖f + g‖p < ∞. (11)

We write
(f + g)p = f(f + g)p−1 + g(f + g)p−1. (12)

By Holder’s inequality,∫
f(f + g)p−1 dµ ≤ ‖f‖p‖(f + g)p−1‖q = ‖f‖p‖f + g‖p/qp ,

since (p − 1)q = p for conjugate exponents p, q. A similar estimate holds for the
integral of the second summand on the right-hand side of (12). Adding these
estimates, we obtain

‖f + g‖pp ≤ (‖f‖p + ‖g‖p)‖f + g‖p/qp .

By (11), we may divide this inequality by ‖f + g‖p/qp , and (8) follows since
p − p/q = 1.

In a manner analogous to that used for L1, if p ∈ [1,∞), we consider the set

Lp(X,A, µ)

(or briefly, Lp(µ), or Lp(X), or Lp, when the unmentioned parameters are
understood) of all (equivalence classes) of measurable complex functions f on
X, with

‖f‖p := ‖ |f | ‖p < ∞.

Since ‖ · ‖p is trivially homogeneous, it follows from (8) that Lp is a normed
space (over C) for the pointwise operations and the norm ‖ · ‖p. We can restate
Holder’s inequality in the form:

Theorem 1.26. Let p, q ∈ (1,∞) be conjugate exponents. If f ∈ Lp and g ∈ Lq,
then fg ∈ L1, and

‖fg‖1 ≤ ‖f‖p ‖g‖q.
A sufficient condition for convergence in the Lp-metric follows at once from

Theorem 1.21:

Proposition. Let {fn} be a sequence of a.e.-defined measurable complex func-
tions on X, converging a.e. to the function f . For some p ∈ [1,∞), suppose



“chap01” — 2002/11/21 — page 25 — #25

1.5. Lp-spaces 25

there exists g ∈ Lp such that |fn| ≤ g for all n (with the usual equivalence class
ambiguity). Then f, fn ∈ Lp, and fn → f in the Lp-metric.

Proof. The first statement follows from the inequalities |f |p, |fn|p ≤ gp ∈ L1.
Since |f −fn|p → 0 a.e. and |f −fn|p ≤ (2g)p ∈ L1, the second statement follows
from Theorem 1.21.

The positive measure space (X,A, µ) is said to be finite if µ(X) < ∞. When
this is the case, the Holder inequality implies that Lp(µ) ⊂ Lr(µ) topologically
(i.e. the inclusion map is continuous) when 1 ≤ r < p < ∞. Indeed, if f ∈ Lp(µ),
then by Holder’s inequality with the conjugate exponents p/r and s := p/(p−r),

‖f‖rr =
∫

|f |r.1 dµ

≤
[ ∫

(|f |r)p/r dµ
]r/p[ ∫

1s dµ
]1/s

= µ(X)1/s‖f‖rp.

Since 1/rs = (1/r)− (1/p), we obtain
‖f‖r ≤ µ(X)1/r−1/p‖f‖p. (13)

Hence f ∈ Lr(µ), and (13) (with f − g replacing f) shows the continuity of the
inclusion map of Lp(µ) into Lr(µ).
Taking in particular r = 1, we get that Lp(µ) ⊂ L1(µ) (topologically) for all

p ≥ 1, and
‖f‖1 ≤ µ(X)1/q‖f‖p, (14)

where q is the conjugate exponent of p.
We formalize the above discussion for future reference.

Proposition. Let (X,A, µ) be a finite positive measure space. Then Lp(µ) ⊂
Lr(µ) (topologically) for 1 ≤ r < p < ∞, and the norms inequality (13) holds.

Let (X,A) and (Y,B) be measurable spaces, and let h : X → Y be a measur-
able map (cf. Definition 1.2). If µ is a measure on A, the function ν : B → [0,∞]
given by

ν(E) = µ(h−1(E)), E ∈ B (15)

is well-defined, and is clearly a measure on B. Since Ih−1(E) = IE ◦ h, we can
write (15) in the form ∫

Y

IE dν =
∫
X

IE ◦ h dµ.

By linearity of the integral, it follows that∫
Y

f dν =
∫
X

f ◦ h dµ (16)

for every B-measurable simple function f on Y . If f : Y → [0,∞] is
B-measurable, use the Approximation Theorem 1.8 to obtain a non-decreasing
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sequence {fn} of B-measurable non-negative simple functions converging point-
wise to f ; then {fn ◦ h} is a similar sequence converging to f ◦ h, and the
Monotone Convergence Theorem shows that (16) is true for all such f .
If f : Y → C is B-measurable, then f◦h is a (complex) A-measurable function

on X, and for any 1 ≤ p < ∞,∫
Y

|f |p dν =
∫
X

|f |p ◦ h dµ =
∫
X

|f ◦ h|p dµ.

Thus, f ∈ Lp(ν) for some p ∈ [1,∞) if and only if f ◦ h ∈ Lp(µ), and

‖f‖Lp(ν) = ‖f ◦ h‖Lp(µ).

In particular (case p = 1), f is ν-integrable on Y if and only if f ◦h is µ-integrable
on X. When this is the case, writing f as a linear combination of four non-
negative ν-integrable functions, we see that (16) is valid for all such f . Formally

Proposition. Let (X,A) and (Y,B) be measurable spaces, and let h : X → Y be
a measurable map. For any (positive) measure µ on A, define ν(E) := µ(h−1(E))
for E ∈ B. Then:
(1) ν is a (positive) measure on B;
(2) if f : Y → [0,∞] is B-measurable, then f ◦ h is A-measurable and (16) is

valid;

(3) if f : Y → C is B-measurable, then f ◦ h is A-measurable; f ∈ Lp(ν) for
some p ∈ [1,∞) if and only if f ◦ h ∈ Lp(µ), and in that case, the map
f → f ◦h is norm-preserving; in the special case p = 1, the map is integral
preserving (i.e. (16) is valid).

If φ is a simple complex measurable function with distinct non-zero values cj
assumed on Ej , then

‖φ‖pp =
∑
j

|cj |pµ(Ej)

is finite if and only if µ(Ej) < ∞ for all j, that is, equivalently, if and only if

µ([|φ| > 0]) < ∞.

Thus, the simple functions in Lp (for any p ∈ [1,∞)) are the (measurable) simple
functions vanishing outside a measurable set of finite measure (depending on the
function). These functions are dense in Lp. Indeed, if 0 ≤ f ∈ Lp (without
loss of generality, we assume that f is everywhere defined!), the Approximation
Theorem provides a sequence of simple measurable functions

0 ≤ φ1 ≤ φ2 ≤ · · · ≤ f

such that φn → f pointwise. By the proposition following Theorem 1.26, φn → f
in the Lp-metric.
For f ∈ Lp complex, we may write f =

∑3
k=0 i

kgk with 0 ≤ gk ∈ Lp

(g0 := u+, etc., where u = �f). We then obtain four sequences {φn,k} of simple
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functions in Lp converging, respectively, to gk, k = 0, . . . , 3, in the Lp-metric;
if φn :=

∑3
k=0 i

kφn,k, then φn are simple Lp-functions, and φn → f in the
Lp-metric. We proved:

Theorem 1.27. For any p ∈ [1,∞), the simple functions in Lp are dense in Lp.

Actually, Lp is the completion of the normed space of all measurable simple
functions vanishing outside a set of finite measure, with respect to the Lp-metric
(induced by the Lp-norm). The meaning of this statement is made clear by the
following definition.

Definition 1.28. Let Z be a metric space, with metric d. A Cauchy sequence
in Z is a sequence {zn} ⊂ Z such that d(zn, zm) → 0 when n,m → ∞. The
space Z is complete if every Cauchy sequence in Z converges in Z. If Y ⊂ Z is
dense in Z, and Z is complete, we also say that Z is the completion of Y (for the
metric d). The completion of Y (for the metric d) is unique in a suitable sense.

A complete normed space is called a Banach space.
In order to get the conclusion preceding Definition 1.28, we still have to prove

that Lp is complete:

Theorem 1.29. Lp is a Banach space for each p ∈ [1,∞).

We first prove the following

Lemma 1.30. Let {fn} be a Cauchy sequence in Lp(µ). Then it has a
subsequence converging pointwise µ-a.e.

Proof of Lemma. Since {fn} is Cauchy, there exists mk ∈ N such that
‖fn − fm‖p < 1/2k for all n > m > mk. Set

nk = k +max(m1, . . . ,mk).

Then nk+1 > nk > mk, and therefore {fnk
} is a subsequence of {fn} satisfying

‖fnk+1 − fnk
‖p < 1/2k k = 1, 2, . . . (17)

Consider the series

g =
∞∑

k=1

|fnk+1 − fnk
|, (18)

and its partial sums gm. By Theorem 1.25 and (17),

‖gm‖p ≤
m∑

k=1

‖fnk+1 − fnk
‖p <

∞∑
k=1

1/2k = 1

for all m. By Fatou’s lemma,∫
gp dµ ≤ lim inf

m

∫
gp

m dµ = lim inf
m

‖gm‖p
p ≤ 1.
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Therefore g < ∞ a.e., that is, the series (18) converges a.e., that is, the series

fn1 +
∞∑
k=1

(fnk+1 − fnk
) (19)

converges absolutely pointwise a.e. to its sum f (extended as 0 on the null set
where the series does not converge). Since the partial sums of (19) are precisely
fnm , the lemma is proved.

Proof of Theorem 1.29. Let {fn} ⊂ Lp be Cauchy. Thus for any ε > 0, there
exists nε ∈ N such that

‖fn − fm‖p < ε (20)

for all n,m > nε. By the lemma, let then {fnk
} be a subsequence converging

pointwise a.e. to the (measurable) complex function f . Applying Fatou’s lemma
to the non-negative measurable functions |fnk

− fm|, we obtain

‖f − fm‖pp =
∫
lim
k

|fnk
− fm|p dµ ≤ lim inf

k
‖fnk

− fm‖pp ≤ εp (21)

for all m > nε. In particular, f −fm ∈ Lp, and therefore f = (f −fm)+fm ∈ Lp,
and (21) means that fm → f in the Lp-metric.

Definition 1.31. Let (X,A, µ) be a positive measure space, and let f : X → C

be a measurable function. We say that M ∈ [0,∞] is an a.e. upper bound for
|f | if |f | ≤ M a.e. The infimum of all the a.e. upper bounds for |f | is called
the essential supremum of |f |, and is denoted ‖f‖∞. The set of all (equivalence
classes of ) measurable complex functions f onX with ‖f‖∞ < ∞ will be denoted
by L∞(µ) (or L∞(X), or L∞(X,A, µ), or L∞, depending on which ‘parameter’
we wish to stress, if at all).

By definition of the essential supremum, we have

|f | ≤ ‖f‖∞ a.e. (22)

In particular, ‖f‖∞ = 0 implies that f = 0 a.e. (that is, f is the zero class).
If f, g ∈ L∞, then by (22), |f + g| ≤ |f | + |g| ≤ ‖f‖∞ + ‖g‖∞ a.e., and so

‖f + g‖∞ ≤ ‖f‖∞ + ‖g‖∞.
The homogeneity ‖αf‖∞ = |α| ‖f‖∞ is trivial if either α = 0 or ‖f‖∞ =

0. Assume then |α|, ‖f‖∞ > 0. For any t ∈ (0, 1), t‖f‖∞ < ‖f‖∞, hence it
is not an a.e. upper bound for |f |, so that µ([|f | > t‖f‖∞]) > 0, that is,
µ([|αf | > t|α| ‖f‖∞]) > 0. Therefore ‖αf‖∞ ≥ t|α| ‖f‖∞ for all t ∈ (0, 1),
hence ‖αf‖∞ ≥ |α| ‖f‖∞. The reversed inequality follows trivially from (22),
and the homogeneity of ‖ · ‖∞ follows. We conclude that L∞ is a normed space
(over C) for the pointwise operations and the L∞-norm ‖ · ‖∞.
We verify its completeness as follows. Let {fn} be a Cauchy sequence in L∞.

In particular, it is a bounded set in L∞. Let then K = supn ‖fn‖∞. By (22), the
sets Fk := [|fk| > K] (k ∈ N) and

En,m := [|fn − fm| > ‖fn − fm‖∞] (n,m ∈ N)
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are µ-null, so their (countable) union E is null. For all x ∈ Ec,

|fn(x)− fm(x)| ≤ ‖fn − fm‖∞ → 0

as n,m → ∞ and |fn(x)| ≤ K. By completeness of C, the limit f(x) :=
limn fn(x) exists for all x ∈ Ec and |f(x)| ≤ K. Defining f(x) = 0 for all x ∈ E,
we obtain a measurable function on X such that |f | ≤ K, that is, f ∈ L∞. Given
ε > 0, let nε ∈ N be such that

‖fn − fm‖∞ < ε (n,m > nε).

Since |fn(x) − fm(x)| < ε for all x ∈ Ec and n,m > nε, letting m → ∞, we
obtain |fn(x)− f(x)| ≤ ε for all x ∈ Ec and n > nε, and since µ(E) = 0,

‖fn − f‖∞ ≤ ε (n > nε),

that is, fn → f in the L∞-metric. We proved

Theorem 1.32. L∞ is a Banach space.

Defining the conjugate exponent of p = 1 to be q = ∞ (so that
(1/p) + (1/q) = 1 is formally valid in the usual sense), Holder’s inequality
remains true for this pair of conjugate exponents. Indeed, if f ∈ L1 and g ∈ L∞,
then |fg| ≤ ‖g‖∞ |f | a.e., and therefore fg ∈ L1 and

‖fg‖1 ≤ ‖g‖∞‖f‖1.

Formally

Theorem 1.33. Holder’s inequality (Theorem 1.26) is valid for conjugate
exponents p, q ∈ [1,∞].

1.6 Inner product

For the conjugate pair (p, q) = (2, 2), Theorem 1.26 asserts that if f, g ∈ L2,
then the product fḡ is integrable, so we may define

(f, g) :=
∫
fḡ dµ. (1)

(ḡ denotes here the complex conjugate of g). The function (or form) (· , ·) has
obviously the following properties on L2 × L2:

(i) (f, f) ≥ 0, and (f, f) = 0 if and only if f = 0 (the zero element);

(ii) (· , g) is linear for each given g ∈ L2;

(iii) (g, f) = (f, g).
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Property (i) is called positive definiteness of the form (· , ·); Properties (ii)
and (iii) (together) are referred to as sesquilinearity or hermitianity of the form.
We may also consider the weaker condition

(i’) (f, f) ≥ 0 for all f ,
called (positive) semi-definiteness of the form.

Definition 1.34. Let X be a complex vector space (with elements x, y, . . .).
A (semi)-inner product on X is a (semi)-definite sesquilinear form (· , ·) on X.
The space X with a given (semi)-inner product is called a (semi)-inner product
space.

If X is a semi-inner product space, the non-negative square root of (x, x) is
denoted ‖x‖.
Thus L2 is an inner product space for the inner product (1) and ‖f‖ :=

(f, f)1/2 = ‖f‖2. By Theorem 1.26 with p = q = 2,

|(f, g)| ≤ ‖f‖2 ‖g‖2 (2)

for all f, g ∈ L2. This special case of the Holder inequality is called the Cauchy–
Schwarz inequality. We shall see below that it is valid in any semi-inner product
space.
Observe that any sesquilinear form (· , ·) is conjugate linear with respect to

its second variable, that is, for each given x ∈ X,

(x, αu+ βv) = ᾱ(x, u) + β̄(x, v) (3)

for all α, β ∈ C and u, v ∈ X.
In particular

(x, 0) = (0, y) = 0 (4)

for all x, y ∈ X.
By (ii) and (3), for all λ ∈ C and x, y ∈ X,

(x+ λy, x+ λy) = (x, x) + λ̄(x, y) + λ(y, x) + |λ|2(y, y).
Since λ(y, x) is the conjugate of λ̄(x, y) by (iii), we obtain the identity (for all
λ ∈ C and x, y ∈ X)

‖x+ λy‖2 = ‖x‖2 + 2�[λ̄(x, y)] + |λ|2‖y‖2. (5)

In particular, for λ = 1 and λ = −1, we have the identities
‖x+ y‖2 = ‖x‖2 + 2�(x, y) + ‖y‖2 (6)

and
‖x − y‖2 = ‖x‖2 − 2�(x, y) + ‖y‖2. (7)

Adding, we obtain the so-called parallelogram identity for any s.i.p. (semi-inner
product):

‖x+ y‖2 + ‖x − y‖2 = 2‖x‖2 + 2‖y‖2. (8)
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Subtracting (7) from (6), we obtain

4�(x, y) = ‖x+ y‖2 − ‖x − y‖2. (9)

If we replace y by iy in (9), we obtain

4�(x, y) = 4�[−i(x, y)] = 4�(x, iy) = ‖x+ iy‖2 − ‖x − iy‖2. (10)

By (9) and (10),

(x, y) =
1
4

3∑
k=0

ik‖x+ iky‖2, (11)

where i =
√−1. This is the so-called polarization identity (which expresses the

s.i.p. in terms of ‘induced norms’).
By (5),

0 ≤ ‖x‖2 + 2�[λ̄(x, y)] + |λ|2‖y‖2 (12)

for all λ ∈ C and x, y ∈ X. If ‖y‖ > 0, take λ = −(x, y)/‖y‖2; then
|(x, y)|2/‖y‖2 ≤ ‖x‖2, and therefore

|(x, y)| ≤ ‖x‖ ‖y‖. (13)

If ‖y‖ = 0 but ‖x‖ > 0, interchange the roles of x and y and use (iii) to reach the
same conclusion. If both ‖x‖ and ‖y‖ vanish, take λ = −(x, y) in (12): we get
0 ≤ −2|(x, y)|2, hence |(x, y)| = 0 = ‖x‖ ‖y‖, and we conclude that (13) is valid
for all x, y ∈ X. This is the general Cauchy–Schwarz inequality for semi-inner
products.
By (6) and (13),

‖x+ y‖2 ≤ ‖x‖2 + 2|(x, y)|+ ‖y‖2 ≤ ‖x‖2 + 2‖x‖ ‖y‖+ ‖y‖2 = (‖x‖+ ‖y‖)2,

hence

‖x+ y‖ ≤ ‖x‖+ ‖y‖

for all x, y ∈ X. Taking x = 0 in (5), we get ‖λy‖ = |λ| ‖y‖ for all λ ∈ C and
y ∈ X. We conclude that ‖ · ‖ is a semi-norm on X; it is a norm if and only if
the s.i.p. is an inner product, that is, if and only if it is definite. Thus, an inner
product space X is a normed space for the norm ‖x‖ := (x, x)1/2 induced by its
inner product (unless stated otherwise, this will be the standard norm for such
spaces). In case X is complete, it is called a Hilbert space. Thus Hilbert spaces
are special cases of Banach spaces.
The norm induced by the inner product (1) on L2 is the usual L2-norm ‖ ·‖2,

so that, by Theorem 1.29, L2 is a Hilbert space.
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1.7 Hilbert space: a first look

We consider some ‘geometric’ properties of Hilbert spaces.

Theorem 1.35 (Distance theorem). Let X be a Hilbert space, and let K ⊂ X
be non-empty, closed, and convex (i.e. (x+ y)/2 ∈ K whenever x, y ∈ K). Then
for each x ∈ X, there exists a unique k ∈ K such that

d(x, k) = d(x,K). (1)

The notation d(x, y) is used for the metric induced by the norm, d(x, y) :=
‖x − y‖. As in any metric space, d(x,K) denotes the distance from x to K,
that is,

d(x,K) := inf
y∈K

d(x, y). (2)

Proof. Let d = d(x,K). Since d2 = infy∈K ‖x − y‖2, there exist yn ∈ K such
that

(d2 ≤)‖x − yn‖2 < d2 + 1/n, n = 1, 2, . . . (3)

By the parallelogram identity,

‖yn − ym‖2 = ‖(x − ym)− (x − yn)‖2

= 2‖x − ym‖2 + 2‖x − yn‖2 − ‖(x − ym) + (x − yn)‖2.

Rewrite the last term on the right-hand side in the form

4‖x − (ym + yn)/2‖2 ≥ 4d2,

since (ym + yn)/2 ∈ K, by hypothesis. Hence by (3)

‖yn − ym‖2 ≤ 2/m+ 2/n → 0

as m,n → ∞. Thus the sequence {yn} is Cauchy. Since X is complete, the
sequence converges in X, and its limit k in necessarily in K because yn ∈ K for
all n and K is closed. By continuity of the norm on X, letting n → ∞ in (3), we
obtain ‖x − k‖ = d, as wanted.
To prove uniqueness, suppose k, k′ ∈ K satisfy

‖x − k‖ = ‖x − k′‖ = d.

Again by the parallelogram identity,

‖k − k′‖2 = ‖(x − k′)− (x − k)‖2

= 2‖x − k′‖2 + 2‖x − k‖2 − ‖(x − k′) + (x − k)‖2.



“chap01” — 2002/11/21 — page 33 — #33

1.7. Hilbert space: a first look 33

As before, write the last term as 4‖x− (k+ k′)/2‖2 ≥ 4d2 (since (k+ k′)/2 ∈ K
by hypothesis). Hence

‖k − k′‖2 ≤ 2d2 + 2d2 − 4d2 = 0,

and therefore k = k′.

We say that the vector y ∈ X is orthogonal to the vector x if (x, y) = 0. In
that case also (y, x) = (x, y) = 0, so that the orthogonality relation is symmetric.
For x given, let x⊥ denote the set of all vectors orthogonal to x. This is the kernel
of the linear functional φ = (· , x), that is, the set φ−1({0}). As such a kernel,
it is a subspace. Since |φ(y) − φ(z)| = |(y − z, x)| ≤ ‖y − z‖ ‖x‖ by Schwarz’
inequality, φ is continuous, and therefore x⊥ = φ−1({0}) is closed. Thus x⊥ is a
closed subspace. More generally, for any non-empty subset A of X, define

A⊥ :=
⋂
x∈A

x⊥ = {y ∈ Y ; (y, x) = 0 for all x ∈ A}.

As the intersection of closed subspaces, A⊥ is a closed subspace of X.

Theorem 1.36 (Orthogonal decomposition theorem). Let Y be a closed
subspace of the Hilbert space X. Then X is the direct sum of Y and Y ⊥, that is,
each x ∈ X has the unique orthogonal decomposition x = y + z with y ∈ Y and
z ∈ Y ⊥.

Note that the so-called components y and z of x (in Y and Y ⊥, respectively)
are orthogonal.

Proof. As a closed subspace of X, Y is a non-empty, closed, convex subset of
X. By the distance theorem, there exists a unique y ∈ Y such that

‖x − y‖ = d := d(x, Y ).

Letting z := x − y, the existence part of the theorem will follow if we show that
(z, u) = 0 for all u ∈ Y . Since Y is a subspace, and Y �= {0} without loss of
generality, every u ∈ Y is a scalar multiple of a unit vector in Y , so it suffices to
prove that (z, u) = 0 for unit vectors u ∈ Y . For all λ ∈ C, by the identity (5)
(following Definition 1.34),

‖z − λu‖2 = ‖z‖2 − 2�[λ̄(z, u)] + |λ|2.

The left-hand side is
‖x − (y + λu)‖2 ≥ d2,

since y + λu ∈ Y . Since ‖z‖ = d, we obtain

0 ≤ −2�[λ̄(z, u)] + |λ|2.

Choose λ = (z, u). Then 0 ≤ −|(z, u)|2, so that (z, u) = 0 as claimed.
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If x = y + z = y′ + z′ are two decompositions with y, y′ ∈ Y and z, z′ ∈ Y ⊥,
then y − y′ = z′ − z ∈ Y ∩ Y ⊥, so that in particular y − y′ is orthogonal to
itself (i.e. (y − y′, y − y′) = 0), which implies that y − y′ = 0, whence y = y′ and
z = z′.

We observed in passing that for each given y ∈ X, the function φ := (· , y) is
a continuous linear functional on the inner product space X. For Hilbert spaces,
this is the general form of continuous linear functionals:

Theorem 1.37 (‘Little’ Riesz representation theorem). Let φ : X → C be
a continuous linear functional on the Hilbert space X. Then there exists a unique
y ∈ X such that φ = (· , y).
Proof. If φ = 0 (the zero functional), take y = 0. Assume then that φ �=
0, so that its kernel Y is a closed subspace �= X. Therefore Y ⊥ �= {0}, by
Theorem 1.36. Let then z ∈ Y ⊥ be a unit vector. Since Y ∩ Y ⊥ = {0}, z /∈ Y ,
so that φ(z) �= 0. For any given x ∈ X, we may then define

u := x − φ(x)
φ(z)

z.

By linearity,

φ(u) = φ(x)− φ(x)
φ(z)

φ(z) = 0,

that is, u ∈ Y , and

x = u+
φ(x)
φ(z)

z (4)

is the (unique) orthogonal decomposition of x (corresponding to the particular
subspace Y , the kernel of φ). Define now y = φ(z)z(∈ Y ⊥). By (4),

(x, y) = (u, y) +
φ(x)
φ(z)

φ(z)(z, z) = φ(x)

since (u, y) = 0 and ‖z‖ = 1. This proves the existence part of the theorem.
Suppose now that y, y′ ∈ X are such that φ(x) = (x, y) = (x, y′) for all x ∈ X.
Then (x, y − y′) = 0 for all x, hence in particular (y − y′, y − y′) = 0, which
implies that y = y′.

1.8 The Lebesgue–Radon–Nikodym theorem

We shall apply the Riesz representation theorem to prove the Lebesgue decom-
position theorem and the Radon–Nikodym theorem for (positive) measures.
We start with a measure-theoretic lemma.
The positive measure space (X,A, µ) is σ-finite if there exists a sequence of

mutually disjoint measurable sets Xj with union X, such that µ(Xj) < ∞ for
all j.
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Lemma 1.38 (The averages lemma). Let (X,A, σ) be a σ-finite positive
measure space. Let g ∈ L1(σ) be such that, for all E ∈ A with 0 < σ(E) < ∞,
the ‘averages’

AE(g) :=
1

σ(E)

∫
E

g dσ

are contained in some given closed set F ⊂ C. Then g(x) ∈ F σ-a.e.

Proof. We need to prove that g−1(F c) is σ-null. Write the open set F c as the
countable union of the closed discs

∆n := {z ∈ C; |z − an| ≤ rn}, n = 1, 2, . . .

Then

g−1(F c) =
∞⋃

n=1

g−1(∆n),

and it suffices to prove that E∆ := g−1(∆) is σ-null whenever ∆ is a closed disc
(with centre a and radius r) contained in F c.

Write X as the countable union of mutually disjoint measurable sets Xk with
σ(Xk) < ∞. Set E∆,k := E∆∩Xk, and suppose σ(E∆,k) > 0 for some ∆ as above
and some k. Since |g(x)− a| ≤ r on E := E∆,k, and 0 < σ(E) < ∞, we have

|AE(g)− a| = |AE(g − a)| ≤ 1
σ(E)

∫
E

|g − a| dσ ≤ r,

so that AE(g) ∈ ∆ ⊂ F c, contradicting the hypothesis. Hence σ(E∆,k) = 0 for
all k and therefore σ(E∆) = 0 for all ∆ as above.

Lemma 1.39. Let 0 ≤ λ ≤ σ be finite measures on the measurable space (X,A).
Then there exists a measurable function g : X → [0, 1] such that∫

f dλ =
∫
fg dσ (1)

for all f ∈ L2(σ).

Proof. By Definition 1.12, the relation λ ≤ σ between positive measures implies
that

∫
f dλ ≤ ∫ f dσ for all non-negative measurable functions f . Hence L2(σ) ⊂

L2(λ)(⊂ L1(λ), by the second proposition following Theorem 1.26.)
For all f ∈ L2(σ), we have then by Schwarz’ inequality:∣∣∣∣

∫
f dλ

∣∣∣∣ ≤
∫

|f | dλ ≤
∫

|f | dσ ≤ σ(X)1/2‖f‖L2(σ).

Replacing f by f − h (with f, h ∈ L2(σ)), we get∣∣∣∣
∫
f dλ−

∫
h dλ

∣∣∣∣ =
∣∣∣∣
∫
(f − h)dλ

∣∣∣∣ ≤ σ(X)1/2‖f − h‖L2(σ),

so that the functional f → ∫
f dλ is a continuous linear functional on L2(σ).

By the Riesz representation theorem for the Hilbert space L2(σ), there exists an
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element g1 ∈ L2(σ) such that this functional is (· , g1). Letting g = g1 (∈ L2(σ)),
we get the wanted relation (1).

Since IE ∈ L2(σ) (because σ is a finite measure), we have in particular

λ(E) =
∫
IE dλ =

∫
E

g dσ

for all E ∈ A. If σ(E) > 0,

1
σ(E)

∫
E

g dσ =
λ(E)
σ(E)

∈ [0, 1].

By the Averages Lemma 1.38, g(x) ∈ [0, 1] σ-a.e., and we may then choose a
representative of the equivalence class g with range in [0, 1].

Terminology. Let (X,A, λ) be a positive measure space. We say that the set
A ∈ A carries the measure λ (or that λ is supported by E) if λ(E) = λ(E ∩ A)
for all E ∈ A.

This is of course equivalent to λ(E) = 0 for all measurable subsets E of Ac.
Two (positive) measures λ1, λ2 on (X,A) are mutually singular (notation

λ1 ⊥ λ2) if they are carried by disjoint measurable sets A1, A2. Equivalently,
each measure is carried by a null set relative to the other measure.

On the other hand, if λ2(E) = 0 whenever λ1(E) = 0 (for E ∈ A), we say
that λ2 is absolutely continuous with respect to λ1 (notation: λ2 � λ1).

Equivalently, λ2 � λ1 if and only if any (measurable) set that carries λ1 also
carries λ2.

Theorem 1.40 (Lebesgue–Radon–Nikodym). Let (X,A, µ) be a σ-finite
positive measure space, and let λ be a finite positive measure on (X,A). Then

(a) λ has the unique (so-called) Lebesgue decomposition

λ = λa + λs

with λa � µ and λs ⊥ µ;

(b) there exists a unique h ∈ L1(µ) such that

λa(E) =
∫

E

h dµ

for all E ∈ A.

(Part (a) is the Lebesgue decomposition theorem; Part (b) is the Radon–
Nikodym theorem.)

Proof. Case µ(X) < ∞.
Let σ := λ+ µ. Then the finite positive measures λ, σ satisfy λ ≤ σ, so that

by Lemma 1.39, there exists a measurable function g : X → [0, 1] such that (1)
holds, that is, after rearrangement,∫

f(1 − g) dλ =
∫
fg dµ (2)
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for all f ∈ L2(σ). Define

A := g−1([0, 1)); B := g−1({1}).
Then A,B are disjoint measurable sets with union X.
Taking f = IB (∈ L2(σ), since σ is a finite measure) in (2), we obtain

µ(B) = 0 (since g = 1 on B). Therefore the measure λs defined on A by

λs(E) := λ(E ∩ B)

satisfies λs ⊥ µ.
Define similarly λa(E) := λ(E∩A); this is a positive measure on A, mutually

singular with λs (since it is carried by A = Bc), and by additivity of measures,

λ(E) = λ(E ∩ A) + λ(E ∩ B) = λa(E) + λs(E),

so that the Lebesgue decomposition will follow if we show that λa � µ. This
follows trivially from the integral representation (b), which we proceed to prove.
For each n ∈ N and E ∈ A, take in (2)

f = fn := (1 + g + · · ·+ gn)IE .

(Since 0 ≤ g ≤ 1, f is a bounded measurable function, hence f ∈ L2(σ).) We
obtain ∫

E

(1− gn+1) dλ =
∫
E

(g + g2 + · · ·+ gn+1) dµ. (3)

Since g = 1 on B, the left-hand side equals
∫
E∩A(1−gn+1) dλ. However 0 ≤ g < 1

on A, so that the integrands form a non-decreasing sequence of non-negative
measurable functions converging pointwise to 1. By the monotone convergence
theorem, the left-hand side of (3) converges therefore to λ(E ∩ A) = λa(E).
The integrands on the right-hand side of (3) form a non-decreasing sequence
of non-negative measurable functions converging pointwise to the (measurable)
function

h :=
∞∑
n=1

gn.

Again, by monotone convergence, the right-hand side of (3) converges to
∫
E
h dµ,

and the representation (b) follows. Taking in particular E = X, we get

‖h‖L1(µ) =
∫
X

h dµ = λa(X) = λ(A) < ∞,

so that h ∈ L1(µ), and the existence part of the theorem is proved in case
µ(X) < ∞.

General case. Let Xj ∈ A be mutually disjoint, with union X, such that
0 < µ(Xj) < ∞. Define

w =
∑
j

1
2jµ(Xj)

IXj .
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This is a strictly positive µ-integrable function, with ‖w‖1 = 1. Consider the
positive measure

ν(E) =
∫

E

w dµ.

Then ν(X) = ‖w‖1 = 1, and ν � µ. On the other hand, if ν(E) = 0, then∑
j(1/2

jµ(Xj))µ(E ∩ Xj) = 0, hence µ(E ∩ Xj) = 0 for all j, and therefore
µ(E) = 0. This shows that µ � ν as well (one says that the measures µ and ν
are mutually absolutely continuous, or equivalent).

Since ν is a finite measure, the first part of the proof gives the decomposition
λ = λa +λs with λa � ν (hence λa � µ by the trivial transitivity of the relation
�), and λs ⊥ ν (hence λs ⊥ µ, because λs is supported by a ν-null set, which is
also µ-null, since µ � ν). The first part of the proof gives also the representation
(cf. Theorem 1.17)

λa(E) =
∫

E

h dν =
∫

E

hw dµ =
∫

E

h̃ dµ,

where h̃ := hw is non-negative, measurable, and

‖h̃‖1 =
∫

X

h̃ dµ = λa(X) ≤ λ(X) < ∞.

This completes the proof of the ‘existence part’ of the theorem in the general case.
To prove the uniqueness of the Lebesgue decomposition, suppose

λ = λa + λs = λ′
a + λ′

s,

with
λa, λ

′
a � µ and λs, λ

′
s ⊥ µ.

Let B be a µ-null set that carries both λs and λ′
s. Then

λa(B) = λ′
a(B) = 0 and λs(Bc) = λ′

s(B
c) = 0,

so that for all E ∈ A,

λa(E) = λa(E ∩Bc) = λ(E ∩Bc)

= λ′
a(E ∩Bc) = λ′

a(E),

hence also λs(E) = λ′
s(E).

In order to prove the uniqueness of h in (b), suppose h, h′ ∈ L1(µ) satisfy

λa(E) =
∫

E

h dµ =
∫

E

h′ dµ.

Then h−h′ ∈ L1(µ) satisfies
∫

E
(h−h′) dµ = 0 for all E ∈ A, and it follows from

Proposition 1.22 that h−h′ = 0 µ-a.e., that is, h = h′ as elements of L1(µ).

If the measure λ is absolutely continuous with respect to µ, it has the trivial
Lebesgue decomposition λ = λ + 0, with the zero measure as singular part. By
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uniqueness, it follows that λa = λ, and therefore Part 2 of the theorem gives
the representation λ(E) =

∫
E
h dµ for all E ∈ A. Conversely, such an integral

representation of λ implies trivially that λ � µ (if µ(E) = 0, the function
hIE = 0 µ-a.e., and therefore λ(E) =

∫
fIE dµ = 0). Thus

Theorem 1.41 (Radon–Nikodym). Let (X,A, µ) be a σ-finite positive meas-
ure space. A finite positive measure λ on A is absolutely continuous with respect
to µ if and only if there exists h ∈ L1(µ) such that

λ(E) =
∫
E

h dµ (E ∈ A). (∗)

By Theorem 1.17, Relation (∗) implies that∫
g dλ =

∫
gh dµ (∗∗)

for all non-negative measurable functions g on X. Since we may take g = IE
in (∗∗), this last relation implies (∗). As mentioned after Theorem 1.17, these
equivalent relations are symbolically written in the form dλ = h dµ. It follows
easily from Theorem 1.17 that in that case, if g ∈ L1(λ), then gh ∈ L1(µ)
and (∗∗) is valid for such (complex) functions g. The function h is called the
Radon–Nikodym derivative of λ with respect to µ, and is denoted dλ/dµ.

1.9 Complex measures

Definition 1.42. Let (X,A) be an arbitrary measurable space. A complex
measure on A is a σ-additive function µ : A → C, that is,

µ

(⋃
n

En

)
=
∑
n

µ(En) (1)

for any sequence of mutually disjoint sets En ∈ A.
Since the left-hand side of (1) is independent of the order of the sets En and

is a complex number, the right-hand side converges in C unconditionally, hence
absolutely. Taking En = ∅ for all n, the convergence of (1) shows that µ(∅) = 0.
It follows that µ is (finitely) additive, and since its values are complex numbers,
it is ‘subtractive’ as well (i.e. µ(E − F ) = µ(E) − µ(F ) whenever E,F ∈ A,
F ⊂ E).
A partition of E ∈ A is a sequence of mutually disjoint sets Ak ∈ A with

union equal to E. We set

|µ|(E) := sup
∑
k

|µ(Ak)|, (2)

where the supremum is taken over all partitions of E.
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Theorem 1.43. Let µ be a complex measure on A, and define |µ| by (2). Then
|µ| is a finite positive measure on A that dominates µ (i.e. |µ(E)| ≤ |µ|(E) for
all E ∈ A).

Proof. Let E =
⋃
En with En ∈ A mutually disjoint (n ∈ N). For any partition

{Ak} of E, {Ak ∩ En}k is a partition of En (n = 1, 2, . . .), so that∑
k

|µ(Ak ∩ En)| ≤ |µ|(En), n = 1, 2, . . .

We sum these inequalities over all n, interchange the order of summation in
the double sum (of non-negative terms!), and use the triangle inequality to
obtain: ∑

n

|µ|(En) ≥
∑

k

|
∑

n

µ(Ak ∩ En)| =
∑

k

|µ(Ak)|,

since {Ak ∩En}n is a partition of Ak, for each k ∈ N. Taking now the supremum
over all partitions {Ak} of E, it follows that∑

n

|µ|(En) ≥ |µ|(E). (3)

On the other hand, given ε > 0, there exists a partition {An,k}k of En such
that ∑

k

|µ(An,k)| > |µ|(En) − ε/2n, n = 1, 2, . . .

Since {An,k}n,k is a partition of E, we obtain

|µ|(E) ≥
∑
n,k

|µ(An,k)| >
∑

n

|µ|(En) − ε.

Letting ε → 0+ and using (3), we conclude that |µ| is σ-additive. Since |µ|(∅) = 0
is trivial, |µ| is indeed a positive measure on A.

In order to show that the measure |µ| is finite, we need the following:

Lemma. Let F ⊂ C be a finite set. Then it contains a subset E such that

|
∑
z∈E

z| ≥
∑
z∈F

|z|/4
√
2.

Proof of lemma. Let S be the sector

S = {z = reiθ; r ≥ 0, |θ| ≤ π/4}.

For z ∈ S, �z = |z| cos θ ≥ |z| cosπ/4 = |z|/√2. Similarly, if z ∈ −S, then
−z ∈ S, so that −�z = �(−z) ≥ | − z|/√2 = |z|/√2. If z ∈ iS, then −iz ∈ S,
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so that �z = �(−iz) ≥ | − iz|/√2 = |z|/√2. Similarly, if z ∈ −iS, one obtains
as before −�z ≥ |z|/√2. Denote

a :=
∑
z∈F

|z|; ak =
∑

z∈F∩(ikS)

|z|, k = 0, 1, 2, 3.

Since C =
⋃3

k=0 i
kS, we have

∑3
k=0 ak ≥ a, and therefore there exists k ∈

{0, 1, 2, 3} such that ak ≥ a/4. Fix such a k and define E = F ∩ (ikS).
In case k = 0, that is, in case a0 ≥ a/4, we have

|
∑
z∈E

z| ≥ �
∑
z∈E

z =
∑

z∈F∩S
�z

≥
∑

z∈F∩S
|z|/

√
2 = a0/

√
2 ≥ a/4

√
2.

Similarly, in case k = 2, replacing � by −� and S by −S, the same inequality
is obtained. In cases k = 1(k = 3), we replace � and S by � (−�) and iS (−iS)
respectively, in the above calculation. In all cases, we obtain |∑z∈E z| ≥ a/4

√
2,

as wanted.

Returning to the proof of the finiteness of the measure |µ|, suppose
|µ|(A) =∞ for some A ∈ A. Then there exists a partition {Ai} of A such
that

∑
i |µ(Ai)| > 4

√
2(1 + |µ(A)|), and therefore there exists n such that

n∑
i=1

|µ(Ai)| > 4
√
2(1 + |µ(A)|).

Take in the lemma
F = {µ(Ai); i = 1, . . . , n},

let the corresponding subset E be associated with the set of indices J ⊂
{1, . . . , n}, and define

B :=
⋃
i∈J

Ai (⊂ A).

Then

|µ(B)| =
∣∣∣∑
i∈J

µ(Ai)
∣∣∣ ≥ n∑

i=1

|µ(Ai)|/4
√
2 > 1 + |µ(A)|.

If C := A − B, then

|µ(C)| = |µ(A)− µ(B)| ≥ |µ(B)| − |µ(A)| > 1.

Also ∞ = |µ|(A) = |µ|(B) + |µ|(C) (since |µ| is a measure), so one of
the summands at least is infinite, and for both subsets, the µ-measure has
modulus >1.
Thus, we proved that any A ∈ A with |µ|(A) = ∞ is the disjoint union of

subsets B1, C1 ∈ A, with |µ|(B1) =∞ and |µ(C1)| > 1.
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Since |µ|(B1) = ∞, B1 is the disjoint union of subsets B2, C2 ∈ A,
with |µ|(B2) = ∞ and |µ(C2)| > 1. Continuing, we obtain two sequences
{Bn}, {Cn} ⊂ A with the following properties:

Bn = Bn+1 ∪ Cn+1 (disjoint union);

|µ|(Bn) = ∞; |µ(Cn)| > 1; n = 1, 2, . . .

For i > j ≥ 1, since Bn+1 ⊂ Bn for all n, we have Ci ∩ Cj ⊂ Bi−1 ∩ Cj ⊂ Bj ∩
Cj = ∅, so C :=

⋃
n Cn is a disjoint union. Hence the series

∑
n µ(Cn) = µ(C) ∈

C converges. In particular µ(Cn) → 0, contradicting the fact that |µ(Cn)| > 1
for all n = 1, 2, . . .

Finally, since {E, ∅, ∅, . . .} is a partition of E ∈ A, the inequality |µ(E)| ≤
|µ|(E) follows from (2).

Definition 1.44. The finite positive measure |µ| is called the total variation
measure of µ, and ‖µ‖ := |µ|(X) is called the total variation of µ.

Let M(X,A) denote the complex vector space of all complex measures on A
(with the ‘natural’ operations (µ+ ν)(E) = µ(E) + ν(E) and (cµ)(E) = cµ(E),
for µ, ν ∈ M(X,A) and c ∈ C). With the total variation norm, M(X,A) is a
normed space. We verify below its completeness:

Proposition. M(X,A) is a Banach space.

Proof. Let {µn} ⊂ M := M(X,A) be Cauchy. For all E ∈ A,

|µn(E) − µm(E)| ≤ ‖µn − µm‖ → 0

as n,m → ∞, so that

µ(E) := lim
n
µn(E)

exists. Clearly µ is additive. Let E be the union of the mutually disjoint sets
Ek ∈ A, k = 1, 2, . . . , let AN =

⋃N
k=1Ek, and let ε > 0. Let n0 ∈ R be such that

‖µn − µm‖ < ε (∗)

for all n,m > n0. We have

|µ(E) −
N∑

k=1

µ(Ek)| = |µ(E) − µ(AN )| = |µ(E −AN )|

≤ |(µ− µn)(E −AN )| + |µn(E −AN )|.

Since

|(µn − µm)(E −AN )| ≤ ‖µn − µm‖ < ε
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for all n,m > n0, letting m → ∞, we obtain |(µn − µ)(E − AN )| ≤ ε for all
n > n0 and all N ∈ N. Therefore,∣∣∣∣∣µ(E) −

N∑
k=1

µ(Ek)

∣∣∣∣∣ ≤ ε+

∣∣∣∣∣µn(E) −
N∑

k=1

µn(Ek)

∣∣∣∣∣
for all n > n0 and N ∈ N. Fix n > n0 and let N → ∞. Since µn ∈ M , we obtain

lim sup
N

∣∣∣∣∣µ(E) −
N∑

k=1

µ(Ek)

∣∣∣∣∣ ≤ ε,

so that µ(E) =
∑∞

k=1 µ(Ek). Thus µ ∈ M .
Finally, we show that ‖µ − µn‖ → 0. Let {Ek} be a partition of X. By (*),

for all N ∈ N and n,m > n0,

N∑
k=1

|(µm − µn)(Ek)| ≤ ‖µm − µn‖ < ε.

Letting m → ∞, we get
N∑

k=1

|(µ− µn)(Ek)| ≤ ε

for all N and n > n0. Letting N → ∞, we obtain
∑∞

k=1 |(µ − µn)(Ek)| ≤ ε for
all n > n0, and since the partition was arbitrary, it follows that ‖µ−µn‖ ≤ ε for
n > n0.

If µ ∈ M(X,A) has real range, it is called a real measure. For example,
�µ (defined by (�µ)(E) = �[µ(E)]) and �µ are real measures for any complex
measure µ, and µ = �µ+ i�µ.

If µ is a real measure, since |µ(E)| ≤ |µ|(E) for all E ∈ A, the measures

µ+ := (1/2)(|µ| + µ); µ− := (1/2)(|µ| − µ)

are finite positive measures, called the positive and negative variation measures,
respectively.

Clearly
µ = µ+ − µ− (4)

and
|µ| = µ+ + µ−.

Representation (4) of a real measure as the difference of two finite positive
measures is called the Jordan decomposition of the real measure µ.

For a complex measure λ, write first λ = ν + iσ with ν := �λ and σ = �λ;
then write the Jordan decompositions of ν and σ. It then follows that any
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complex measure λ can be written as the linear combination

λ =
3∑

k=0

ikλk (5)

of four finite positive measures λk.
If µ is a positive measure and λ is a complex measure (both on the

σ-algebra A), we say that λ is absolutely continuous with respect to µ (notation:
λ � µ) if λ(E) = 0 whenever µ(E) = 0, E ∈ A; λ is carried (or supported) by
the set A ∈ A if λ(E) = 0 for all measurable subsets E of Ac; λ is singular with
respect to µ if it is carried by a µ-null set. Two complex measures λ1, λ2 are
mutually singular (notation λ1 ⊥ λ2) if they are carried by disjoint measurable
sets.

It follows immediately from (5) that Theorems 1.40 and 1.41 extend verbatim
to the case of a complex measure λ. This is stated formally for future reference.

Theorem 1.45. Let (X,A, µ) be a σ-finite positive measure space, and let λ be
a complex measure on A. Then

(1) λ has a unique Lebesgue decomposition

λ = λa + λs

with λa � µ and λs ⊥ µ;

(2) there exists a unique h ∈ L1(µ) such that

λa(E) =
∫

E

h dµ (E ∈ A);

(3) λ � µ if and only if there exists h ∈ L1(µ) such that λ(E) =
∫

E
h dµ for

all E ∈ A.

Another useful representation of a complex measure in terms of a finite
positive measure is the following:

Theorem 1.46. Let µ be a complex measure on the measurable space (X,A).
Then there exists a measurable function h with |h| = 1 on X such that dµ =
h d|µ|.
Proof. Since |µ(E)| ≤ |µ|(E) for all E ∈ A, it follows that µ � |µ|, and
therefore, by Theorem 1.45 (since |µ| is a finite positive measure), there exists
h ∈ L1(|µ|) such that dµ = h d|µ|. For each E ∈ A with |µ|(E) > 0,∣∣∣∣ 1

|µ|(E)

∫
E

h d|µ|
∣∣∣∣ =

|µ(E)|
|µ|(E)

≤ 1.

By Lemma 1.38, it follows that |h| ≤ 1 |µ|-a.e.
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We wish to show that |µ|([|h| < 1]) = 0. Since [|h| < 1] = ⋃n[|h| < 1− 1/n],
it suffices to show that |µ|([|h| < r]) = 0 for each r < 1. Denote A = [|h| < r]
and let {Ek} be a partition of A. Then

∑
k

|µ(Ek)| =
∑
k

∣∣∣∣
∫
Ek

h d|µ|
∣∣∣∣ ≤ r

∑
k

|µ|(Ek) = r|µ|(A).

Hence
|µ|(A) ≤ r|µ|(A),

so that indeed |µ|(A) = 0.
We conclude that |h| = 1 |µ|-a.e., and since h is only determined a.e., we may

replace it by a |µ|-equivalent function which satisfies |h| = 1 everywhere.

If µ is a complex measure on A and f ∈ L1(|µ|), there are two natural ways
to define

∫
X
f dµ. One way uses decomposition (5) of µ as a linear combination

of four finite positive measures µk, which clearly satisfy µk ≤ |µ|. Therefore
f ∈ L1(µk) for all k = 0, . . . , 3, and we define

∫
X
f dµ =

∑3
k=0 i

k
∫
f dµk. A

second possible definition uses Theorem 1.46. Since |h| = 1, fh ∈ L1(|µ|), and
we may define

∫
X
f dµ =

∫
X
fh d|µ|. One verifies easily that the two definitions

above give the same value to the integral
∫
X
f dµ. The integral thus defined is a

linear functional on L1(|µ|). As usual, ∫
E
f dµ :=

∫
X
fIE dµ for E ∈ A.

By Theorem 1.46, every complex measure λ is of the form dλ = g dµ for some
(finite) positive measure µ (= |λ|) and a uniquely determined g ∈ L1(µ).
Conversely, given a positive measure µ and g ∈ L1(µ), we may define dλ :=

g dµ (as before, the meaning of this symbolic relation is that λ(E) =
∫
E
g dµ for

all E ∈ A). If {Ek} is a partition of E, and Fn =
⋃n

k=1 Ek, then

λ(Fn) =
∫

gIFn dµ =
∫ n∑

k=1

gIEk
dµ

=
n∑

k=1

λ(Ek).

Since gIFn
→ gIE pointwise as n → ∞ and |gIFn

| ≤ |g| ∈ L1(µ), the dom-
inated convergence theorem implies that the series

∑∞
k=1 λ(Ek) converges to∫

gIE dµ := λ(E). Thus λ is a complex measure. The following theorem gives its
total variation measure.

Theorem 1.47. Let (X,A, µ) be a σ-finite positive measure space, g ∈ L1(µ),
and let λ be the complex measure dλ := g dµ. Then d|λ| = |g| dµ.
Proof. By Theorem 1.46, dλ = h d|λ| with h measurable and |h| = 1 on X. For
all E ∈ A ∫

E

h̄g dµ =
∫
E

h̄ dλ =
∫
E

h̄h d|λ| = |λ|(E). (∗)
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Therefore, whenever 0 < µ(E) < ∞,
1

µ(E)

∫
E

h̄g dµ =
|λ|(E)
µ(E)

≥ 0.

By Lemma 1.38, h̄g ≥ 0 µ-a.e. Hence h̄g = |h̄g| = |g| µ-a.e., and therefore, by
(*),

|λ|(E) =
∫
E

|g| dµ (E ∈ A).

(The σ-finiteness hypothesis can be dropped: use Proposition 1.22 instead of
Lemma 1.38.)
If µ is a real measure and µ = µ+ − µ− is its Jordan decomposition, the

following theorem expresses the positive measures µ+ and µ− in terms of a
decomposition of the space X as the disjoint union of two measurable sets A and
B that carry them (respectively). In particular, µ+ ⊥ µ−.

Theorem 1.48 (Hahn decomposition). Let µ be a real measure on the
measurable space (X,A). Then there exist disjoint sets A,B ∈ A such that
X = A ∪ B and

µ+(E) = µ(E ∩ A), µ−(E) = −µ(E ∩ B)

for all E ∈ A.
Proof. By Theorem 1.46, dµ = h d|µ| with h measurable and |h| = 1 on X. For
all E ∈ A with |µ|(E) > 0,

1
|µ|(E)

∫
E

h d|µ| = µ(E)
|µ|(E) ∈ R.

By the averages lemma, it follows that h is real |µ|-a.e., and since it is only
determined a.e., we may assume that h is real everywhere on X. However |h| = 1;
hence h(X) = {−1, 1}. Let A := [h = 1] and B = [h = −1]. Then X is the
disjoint union of these measurable sets, and for all E ∈ A,

µ+(E) := (1/2)(|µ|(E) + µ(E))

= (1/2)
∫
E

(1 + h) d|µ|

=
∫
E∩A

h d|µ| = µ(E ∩ A).

An analogous calculation shows that µ−(E) = −µ(E ∩ B).

1.10 Convergence

We consider in this section some modes of convergence and relations between
them. In order to avoid repetitions, (X,A, µ) will denote throughout a positive
measure space; f, fn(n = 1, 2, . . .) are complex measurable functions on X.
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Definition 1.49.

(1) fn converge to f almost uniformly if for any ε > 0, there exists E ∈ A
with µ(E) < ε, such that fn → f uniformly on Ec.

(2) {fn} is almost uniformly Cauchy if for any ε > 0, there exists E ∈ A with
µ(E) < ε, such that {fn} is uniformly Cauchy on Ec.

Remark 1.50.

(1) Taking ε = 1/k with k = 1, 2, . . . , we see that if {fn} is almost uniformly
Cauchy, then there exist Ek ∈ A such that µ(Ek) < 1/k and {fn} is
uniformly Cauchy on Ec

k. Let E =
⋂

Ek; then E ∈ A and µ(E) < 1/k for
all k, so that µ(E) = 0. If x ∈ Ec =

⋃
Ec
k, then x ∈ Ec

k for some k, so
that {fn(x)} is Cauchy, and consequently ∃ limn fn(x) := f(x). We may
define f(x) = 0 on E. The function f is measurable, and fn → f almost
everywhere (since µ(E) = 0). For any ε, δ > 0, let F ∈ A, n0 ∈ N be
such that µ(F ) < ε and |fn(x)− fm(x)| < δ for all x ∈ F and n,m > n0.
Setting G = F ∩ Ec, we have µ(G) < ε, and letting m → ∞ in the last
inequality, we get |fn(x) − f(x)| ≤ δ for all x ∈ G and n > n0. Thus
fn → f uniformly on G, and consequently fn → f almost uniformly. This
shows that almost uniformly Cauchy sequences converge almost uniformly;
the converse follows trivially from the triangle inequality.

(2) A trivial modification of the first argument above shows that if fn → f
almost uniformly, then fn → f almost everywhere. In particular, the
almost uniform limit f is uniquely determined up to equivalence.

Definition 1.51.

(1) The sequence {fn} converges to f in measure if for any ε > 0,

lim
n

µ([|fn − f | ≥ ε]) = 0.

(2) The sequence {fn} is Cauchy in measure if for any ε > 0,

lim
n,m→∞µ([|fn − fm| ≥ ε]) = 0.

Remark 1.52.

(1) If fn → f and fn → f ′ in measure, then for any ε > 0, the triangle
inequality shows that

µ(|f − f ′| ≥ ε]) ≤ µ([|f − fn| ≥ ε/2]) + µ([|fn − f ′| ≥ ε/2])→ 0

as n → ∞, that is, [|f−f ′| ≥ ε] is µ-null. Therefore [f �= f ′] =
⋃

k[|f−f ′| ≥
1/k] is µ-null, and f = f ′ a.e. This shows that limits in measure are
uniquely determined (up to equivalence).

(2) A similar argument based on the triangle inequality shows that if {fn}
converges in measure, then it is Cauchy in measure.
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(3) If fn → f almost uniformly, then fn → f in measure. Indeed, for any
ε, δ > 0, there exists E ∈ A and n0 ∈ N, such that µ(E) < δ and
|fn − f | < ε on Ec for all n ≥ n0. Hence for all n ≥ n0, [|fn − f | ≥ ε] ⊂ E,
and therefore µ([|fn − f | ≥ ε]) < δ.

Theorem 1.53. The sequence {fn} converges in measure if and only if it is
Cauchy in measure.

Proof. By Remark 1.52.2, we need only to show the ‘if’ part of the theorem. Let
{fn} be Cauchy in measure. As in the proof of Lemma 1.30, we obtain integers
1 ≤ n1 < n2 < n3, . . . such that µ(Ek) < (1/2k), where

Ek :=
[
|fnk+1 − fnk

| ≥ 1
2k

]
.

The set Fm =
⋃

k≥mEk has measure <
∑

k≥m 2
−k = (1/2m−1), and on F c

m we
have for j > i ≥ m

|fnj
− fni

| ≤
j−1∑
k=i

|fnk+1 − fnk
| <

j−1∑
k=i

2−k <
1
2i−1 .

This shows that {fnk
} is almost uniformly Cauchy. By Remark 1.50, {fnk

} con-
verges almost uniformly to a measurable function f . Hence fnk

→ f in measure,
by Remark 1.52.3. For any ε > 0, we have

[|fn − f | ≥ ε] ⊂ [|fn − fnk
| ≥ ε/2] ∪ [|fnk

− f | ≥ ε/2]. (1)

The measure of the first set on the right-hand side tends to zero when n, k → ∞,
since {fn} is Cauchy in measure. The measure of the second set on the right-
hand side of (1) tends to zero when k → ∞, since fnk

→ f in measure. Hence
the measure of the set on the left-hand side of (1) tends to zero as n → ∞.
Theorem 1.54. If fn → f in Lp for some p ∈ [1,∞], then fn → f in measure.

Proof. For any ε > 0 and n ∈ N, set En = [|fn − f | ≥ ε].
Case p < ∞. We have

εpµ(En) ≤
∫
En

|fn − f |p dµ ≤ ‖fn − f‖pp,

and consequently fn → f in Lp implies µ(En)→ 0.
Case p = ∞. Let A =

⋃
n An, where An = [|fn − f | > ‖fn − f‖∞]. By

definition of the L∞-norm, each An is null, anf therefore A is null, and |fn−f | ≤
‖fn −f‖∞ on Ac for all n (hence fn → f uniformly on Ac and µ(A) = 0; in such
a situation, one says that fn → f uniformly almost everywhere). If fn → f in
L∞, there exists n0 such that ‖fn − f‖∞ < ε for all n ≥ n0. Thus |fn − f | < ε
on Ac for all n ≥ n0, hence En ⊂ A for all n ≥ n0, and consequently En is null
for all n ≥ n0.
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1.11 Convergence on finite measure space

On finite measure spaces, there exist some additional relations between the
various types of convergence. A sample of such relations is discussed in the
sequel.

Theorem 1.55. Let (X,A, µ) be a finite measure space, and let fn : X → C be
measurable functions converging almost everywhere to the (measurable) function
f . Then fn → f in measure.

Proof. Translating the definition of non-convergence into set theoretic opera-
tions, we have (on any measure space!)

[fn does not converge to f ] =
⋃
k∈N

lim sup
n

[|fn − f | ≥ 1/k].

This set is null (i.e. fn → f a.e.) if and only if lim supn[|fn − f | ≥ 1/k] is null
for all k. Since µ(X) < ∞, this is equivalent to

lim
n
µ

( ⋃
m≥n

[|fm − f | ≥ 1/k]
)

= 0

for all k, which clearly implies that limn µ([|fn − f | ≥ 1/k]) = 0 for all k (i.e.
fn → f in measure).

Remark 1.56.

(1) Conversely, if fn → f in measure (in an arbitrary measure space),
then there exists a subsequence fnk

converging a.e. to f (cf. proof of
Theorem 1.53).

(2) If the bounded sequence {fn} converges a.e. to f , then fn → f in Lp

for any 1 ≤ p < ∞ (by the proposition following Theorem 1.26; in
an arbitrary measure space, the boundedness condition on the sequence
must be replaced by its majoration by a fixed Lp-function, not necessarily
constant).

(3) If 1 ≤ r < p ≤ ∞, Lp-convergence implies Lr-convergence (by the second
proposition following Theorem 1.26).

Theorem 1.57 (Egoroff). Let (X,A, µ) be a finite positive measure space,
and let {fn} be measurable functions converging pointwise a.e. to the function
f . Then fn → f almost uniformly.

Proof. We first prove the following:

Lemma (Assumptions and notation as in theorem). Given ε, δ > 0, there exist
A ∈ A with µ(A) < δ and N ∈ N such that |fn − f | < ε on Ac for all
n ≥ N .
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Proof of lemma. Denote En := [|fn − f | ≥ ε] and AN :=
⋃

n≥N En. Then
{AN} is a decreasing sequence of measurable sets, and since µ is a finite meas-
ure, µ(

⋂
N AN ) = limN µ(AN ). Clearly fn(x) does not converge to f(x) when

x ∈ ⋂
N AN , and since fn → f a.e., it follows that µ(

⋂
N AN ) = 0, that is,

limN µ(AN ) = 0. Fix then N such that µ(AN ) < δ and choose A := AN . Since
Ac =

⋂
n≥N [|fn − f | < ε], the set A satisfies the lemma’s requirements.

Proof of theorem. Given ε, δ > 0, apply the lemma with εm = 1/m and δm =
(δ/2m), m = 1, 2, . . .We get measurable sets Am with µ(Am) < δm and integers
Nm, such that |fn − f | < 1/m on Ac

m for all n ≥ Nm (m = 1, 2, . . .). Let
A :=

⋃
mAm; then µ(A) < δ, and on Ac(=

⋂
mAc

m), we have |fn − f | < 1/m
for all n ≥ Nm, m = 1, 2, . . . Fix an integer m0 > 1/ε, and let N := Nm0 ; then
|fn − f | < ε on Ac for all n ≥ N .

1.12 Distribution function

Definition 1.58. Let (X,A, µ) be a positive measure space, and let f : X →
[0,∞] be measurable. The distribution function of f is defined by

m(y) = µ([f > y]) (y > 0). (1)

This is a non-negative non-increasing function on R
+, so that m(∞) :=

limy→∞ m(y) exists and is ≥0. We shall assume in the sequel that m is
finite-valued and m(∞) = 0. The finiteness of m implies that

m(a)− m(b) = µ([a < f ≤ b]) (0 < a < b < ∞).
Let {yn} be any positive sequence increasing to ∞. If En := [f > yn], then
En+1 ⊂ En and

⋂
En = [f = ∞]. Since m is finite-valued, we have by

Lemma 1.11

m(∞) = limm(yn) = limµ(En) = µ(
⋂

En) = µ([f =∞]).

Thus our second assumption above means that f is finite µ-a.e.

Both assumptions above are satisfied in particular when
∫
X
fp dµ < ∞ for

some p ∈ [1,∞). This follows from the inequality

m(y) ≤
(‖f‖p

y

)p

(y > 0) (2)

(cf. proof of Theorem 1.54).

Theorem 1.59. Suppose the distribution function m of the non-negative
measurable function f is finite and vanishes at infinity. Then:

(1) For all p ∈ [1,∞) ∫
X

fp dµ = −
∫ ∞

0
yp dm(y), (3)
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where the integral on the right-hand side is the improper Riemann–Stieltjes
integral

lim
a→0+;b→∞

∫ b

a

yp dm(y).

(2) If either one of the integrals − ∫∞
0 yp dm(y) and p

∫∞
0 yp−1m(y) dy is

finite, then
lim
y→0

ypm(y) = lim
y→∞ ypm(y) = 0, (4)

and the integrals coincide.

Proof. Let 0 < a < b < ∞ and n ∈ N. Denote

yj = a+ j
b − a

n2n
, j = 0, . . . , n2n;

Ej = [yj−1 < f ≤ yj ]; Ea,b = [a < f ≤ b];

sn =
n2n∑
j=1

yj−1IEj .

The sequence {spn} is a non-decreasing sequence of non-negative measurable func-
tions with limit fp (cf. proof of Theorem 1.8). By the Monotone Convergence
theorem,

∫
Ea,b

fp dµ = lim
n

∫
Ea,b

spn dµ = lim
n

n2n∑
j=1

ypj−1µ(Ej)

= − lim
n

n2n∑
j=1

ypj−1[m(yj)− m(yj−1)] = −
∫ b

a

yp dm(y).

The first integral above converges to the (finite or infinite) limit
∫
X
fp dµ when

a → 0 and b → ∞. It follows that the last integral above converges to the same
limit, that is, the improper Riemann–Stieltjes integral

∫∞
0 yp dm(y) exists and

(3) is valid.
Since −dm is a positive measure, we have

0 ≤ ap[m(a)− m(b)] = −
∫ b

a

ap dm(y) ≤ −
∫ b

a

yp dm(y), (5)

hence

0 ≤ apm(a) ≤ apm(b)−
∫ b

a

yp dm(y). (6)

Let b → ∞. Since m(∞) = 0,

0 ≤ apm(a) ≤ −
∫ ∞

a

yp dm(y). (7)
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In case
∫∞
0 yp dm(y) is finite, letting a → ∞ in (7) shows that

lima→∞ apm(a) = 0. Also letting a → 0 in (6) (with b fixed arbitrary) shows
that

0 ≤ lim sup
a→0

apm(a) ≤ −
∫ b

0
yp dm(y).

Letting b → 0, we conclude that ∃ lima→0 a
pm(a) = 0, and (4) is verified.

An integration by parts gives

−
∫ b

a

yp dm(y) = apm(a)− bpm(b) + p

∫ b

a

yp−1m(y) dy. (8)

Letting a → 0 and b → ∞, we obtain from (4) (in case
∫∞
0 yp dm(y) is finite)

−
∫ ∞

0
yp dm(y) = p

∫ ∞

0
yp−1m(y) dy. (9)

Consider finally the case when
∫∞
0 yp−1m(y) dy < ∞. We have

(1− 2−p)bpm(b) = [bp − (b/2)p]m(b) = m(b)
∫ b

b/2
pyp−1 dy

≤ p

∫ b

b/2
yp−1m(y) dy → 0

as b → ∞ or b → 0 (by Cauchy’s criterion). Thus (4) is verified, and (9) was
seen to follow from (4).

Corollary 1.60. Let f ∈ Lp(µ) for some p ∈ [1,∞), and let m be the
distribution function of |f |. Then

‖f‖p
p = −

∫ ∞

0
yp dm(y) = p

∫ ∞

0
yp−1m(y) dy.

1.13 Truncation

Technique 1.61. The technique of truncation of functions is useful in real
methods of analysis. Let (X,A, µ) be a positive measure space, and let
f : X → C. For each u > 0, we define the truncation at u of f by

fu := fI[|f |≤u] + u(f/|f |)I[|f |>u]. (1)

Denote

f ′
u := f − fu = (f − u(f/|f |))I[|f |>u] = (|f | − u)(f/|f |)I[|f |>u]. (2)

We have

|fu| = |f |I[|f |≤u] + uI[|f |>u] = min(|f |, u), (3)

|f ′
u| = (|f | − u)I[|f |>u], (4)

f = fu + f ′
u, |f | = |fu|+ |f ′

u|. (5)
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It follows in particular that f ∈ Lp(µ) for some p ∈ [1,∞] iff both fu and f ′
u are

in Lp(µ). In this case fu ∈ Lr(µ) for any r ≥ p, because |fu/u| ≤ 1, so that

u−r|fu|r = |fu/u|r ≤ |fu/u|p ≤ u−p|f |p.

Similarly (still when f ∈ Lp), f ′
u ∈ Lr(µ) for any r ≤ p. Indeed, write∫

X

|f ′
u|r dµ =

∫
[|f ′

u|>1]
+
∫

[0<|f ′
u|≤1]

.

For r ≤ p, the first integral on the right-hand side is

≤
∫

[|f ′
u|>1]

|f ′
u|p dµ ≤ ‖f ′

u‖pp;

the second integral on the right-hand side is

≤ µ([0 < |f ′
u| ≤ 1]) = µ([0 < |f | − u ≤ 1])

= µ([u < |f | ≤ u+ 1]) = m(u)− m(u+ 1).

Thus for any r ≤ p,

‖f ′
u‖rr ≤ ‖f ′

u‖pp +m(u)− m(u+ 1) < ∞,

as claimed.

Since |fu| = min(|f |, u), we have [|fu| > y] = [|f | > y] whenever 0 < y < u
and [|fu| > y] = ∅ whenever y ≥ u. Therefore, if mu and m are the distribution
functions of |fu| and |f |, respectively, we have

mu(y) = m(y) for 0 < y < u; mu(y) = 0 for y ≥ u. (6)

For the distribution function m′
u of |f ′

u|, we have the relation

m′
u(y) = m(y + u) (y > 0), (7)

since by (4)

m′
u(y) := µ([|f ′

u| > y]) = µ([|f | − u > y]) = µ([|f | > y + u]) = m(y + u).

By (6), (7), and Corollary 1.60, the following formulae are valid for any f ∈ Lp(µ)
(1 ≤ p < ∞) and u > 0:

‖fu‖rr = r

∫ u

0
vr−1m(v) dv (r ≥ p); (8)

‖f ′
u‖rr = r

∫ ∞

u

(v − u)r−1m(v) dv (r ≤ p). (9)

These formulae will be used in Section 5.40.
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Exercises

1. Let (X,A, µ) be a positive measure space, and let f be a non-negative
measurable function on X. Let E := [f < 1]. Prove

(a) µ(E) = limn

∫
E
exp(−fn) dµ.

(b)
∑∞

n=1

∫
E
fn dµ =

∫
E
(f/(1− f)) dµ.

2. Let (X,A, µ) be a positive measure space, and let p, q be conjugate expo-
nents. Prove that the map [f, g] ∈ Lp(µ) × Lq(µ) → fg ∈ L1(µ) is
continuous.

3. Let (X,A, µ) be a positive measure space, fn : X → C measurable func-
tions converging pointwise to f , and h : C → C continuous and bounded.
Prove that limn

∫
E
h(fn) dµ =

∫
E
h(f) dµ for each E ∈ A with finite

measure.

4. Let (X,A, µ) be a positive measure space, and let B ⊂ A be a σ-finite
σ-algebra. If f ∈ L1(A) := L1(X,A, µ), consider the complex measure on
B defined by

λf (E) :=
∫

E

f dµ (E ∈ B).

Prove:

(a) There exits a unique element Pf ∈ L1(B) := L1(X,B, µ) such that

λf (E) =
∫

E

(Pf) dµ (E ∈ B).

(b) The map P : f → Pf is a continuous linear map of L1(A) onto the
subspace L1(B), such that P 2 = P (P 2 denotes the composition of P
with itself). In particular, L1(B) is a closed subspace of L1(A).

5. Let (X,A, µ) be a finite positive measure space and fn ∈ Lp(µ) for all
n ∈ N (for some p ∈ [1,∞)). Suppose there exists a measurable function
f : X → C such that supn supX |fn − f | < ∞ and fn → f in measure.
Prove that f ∈ Lp(µ) and fn → f in Lp-norm.

6. Let λ and µ be positive σ-finite measures on the measurable space (X,A).
State and prove a version of the Lebesgue–Radon–Nikodym theorem for
this situation.

7. Let {λn} be a sequence of complex measures on the measurable space
(X,A) such that ∑n ‖λn‖ < ∞. Prove

(a) For each E ∈ A, the series ∑n λn(E) converges absolutely in C and
defines a complex measure λ; the series

∑
n |λn|(E) converges in R

+,
and defines a finite positive measure σ, and λ 
 σ.
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(b)
dλ

dσ
=
∑
n

dλn
dσ

.

8. Let (X,A, µ) be a positive measure space, and let M :=M(A) denote the
vector space (over C) of all complex measures on A. Set

Ma:={λ ∈ M ;λ � µ};
Ms:={λ ∈ M ;λ ⊥ µ}.

Prove:

(a) If λ ∈ M is supported by E ∈ A, then so is |λ|.
(b) Ma and Ms are subspaces of M and Ma ⊥ Ms (in particular, Ma ∩

Ms = {0}).
(c) If (X,A, µ) is σ-finite, then M =Ma ⊕ Ms.

(d) λ ∈ Ma iff |λ| ∈ Ma (and similarly for Ms).

(e) If λk ∈ M (k = 1, 2), then λ1 ⊥ λ2 iff |λ1| ⊥ |λ2|.
(f) λ � µ iff for each ε > 0, there exists δ > 0 such that |λ(E)| < ε for

all E ∈ A with µ(E) < δ.

(Hint: if the ε, δ condition fails, there exist En ∈ A with µ(En) < 1/2n

such that |λ(En)| ≥ ε (hence |λ|(En) ≥ ε), for some ε > 0; consider the
set E = lim supEn.)

9. Let (X,A, µ) be a probability space (i.e. a positive measure space such
that µ(X) = 1). Let f, g be (complex) measurable functions. Prove that
‖f‖1‖g‖1 ≥ infX |fg|.

10. Let (X,A, µ) be a positive measure space and f a complex measurable
function on X.

(a) If µ(X) < ∞, prove that

lim
p→∞ ‖f‖p = ‖f‖∞. (*)

(The cases ‖f‖∞ = 0 or ∞ are trivial; we may then assume that
‖f‖∞ = 1; given ε, there exists E ∈ A such that µ(E) > 0 and
(1− ε)µ(E)1/p ≤ ‖f‖p ≤ µ(X)1/p.)

(b) For an arbitrary positive measure space, if ‖f‖r < ∞ for some r ∈
[1,∞), then (*) is valid.
(Consider the finite positive measure ν(E) =

∫
E

|f |r dµ. We may
assume as in Part (a) that ‖f‖∞ = 1. Verify that ‖f‖L∞(ν) = 1 and
‖f‖p = ‖f‖1−r/p

Lp−r(ν) for all p ≥ r + 1.)
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11. Let (X,A, µ) be a positive measure space, 1 ≤ p < ∞, and ε > 0.

(a) Suppose fn, f are unit vectors in Lp(µ) such that fn → f a.e. Consider
the propability measure dν = |f |p dµ. Show that there exists E ∈ A
such that fn/f → 1 uniformly on E and ν(Ec) < ε. (Hint: Egoroff’s
theorem.)

(b) For E as in Part (a), show that lim supn

∫
Ec |fn|p dµ < ε.

(c) Deduce from Parts (a) and (b) that fn → f in Lp(µ)-norm.

(d) If gn, g ∈ Lp(µ) are such that gn → g a.e. and ‖gn‖p → ‖g‖p, then
gn → g in Lp(µ)-norm. (Consider fn = gn/‖gn‖p and f = g/‖g‖p.)

12. Let (X,A, µ) be a positive measure space and f ∈ Lp(µ) for some p ∈
[1,∞). Prove that the set [f �= 0] has σ-finite measure.

13. Let (X,A) be a measurable space, and let fn : X → C, n ∈ N, be
measurable functions. Prove that the set of all points x ∈ X for which the
complex sequence {fn(x)} converges in C is measurable.

14. Let (X,A) be a measurable space, and let E be a dense subset of R.
Suppose f : X → R is such that [f ≥ c] ∈ A for all c ∈ E. Prove that f is
measurable.

15. Let (X,A) be a measurable space, and let f : X → R
+ be meas-

urable. Prove that there exist ck > 0 and Ek ∈ A (k ∈ N) such
that f =

∑∞
k=1 ckIEk

. Conclude that for any positive measure µ on A,∫
f dµ =

∑∞
k=1 ckµ(Ek); in particular, if f ∈ L1(µ), the series converges

(in the strict sense) and µ(Ek) < ∞ for all k. (Hint: get sn as in the
approximation theorem, and observe that f =

∑
n(sn − sn−1).)

16. Let (X,A, µ) be a positive measure space, and let {Ek} ⊂ A be such
that

∑
k µ(Ek) < ∞. Prove that almost all x ∈ X lie in at most finitely

many of the sets Ek. (Hint: The set of x that lie in infinitely many Eks is
lim supEk.)

17. Let X be a (complex) normed space. Define

f(x, y) =
‖x+ y‖2 + ‖x− y‖2

2‖x‖2 + 2‖y‖2 (x, y ∈ X).

(We agree that the fraction is 1 when x = y = 0.) Prove:

(a) 1/2 ≤ f ≤ 2.

(b) X is an inner product space iff f = 1 (identically).
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Construction of measures

2.1 Semi-algebras

The purpose of this chapter is to construct measure spaces from more primitive
objects. We start with a semi-algebra C of subsets of a given set X and a semi-
measure µ defined on it.

Definition 2.1. Let X be a (non-empty) set. A semi-algebra of subsets of X
(briefly, a semi-algebra on X) is a subfamily C of P(X) with the following
properties:

(1) if A,B ∈ C, then A ∩ B ∈ C; ∅ ∈ C;

(2) if A ∈ C, then Ac is the union of finitely many mutually disjoint sets in C.

Any algebra is a semi-algebra, but not conversely. For example, the family

C = {(a, b]; a, b ∈ R} ∪ {(−∞, b]; b ∈ R} ∪ {(a,∞); a ∈ R} ∪ {∅}

is a semi-algebra on R, but is not an algebra. Similar semi-algebras of half-closed
cells arise naturally in the Euclidean space R

k.

Definition 2.2. Let C be a semi-algebra on X. A semi-measure on C is a function

µ : C → [0,∞]

with the following properties:

(1) µ(∅) = 0;

(2) if Ei ∈ C, i = 1, . . . , n are mutually disjoint with union E ∈ C, then
µ(E) =

∑
i µ(Ei);

(3) if Ei ∈ C, i = 1, 2, . . . are mutually disjoint with union E ∈ C, then
µ(E) ≤∑i µ(Ei).
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If C is a σ-algebra, any measure on C is a semi-measure. A simple ‘natural’
example of a semi-measure on the semi-algebra of half-closed intervals on R

mentioned above is given by

µ((a, b]) = b − a, a, b ∈ R, a < b;

µ(∅) =0; µ((−∞, b]) = µ((a,∞)) = ∞.

Let C be a semi-algebra on X, and let A be the family of all finite unions
of mutually disjoint sets from C. Then ∅ ∈ A; if A =

⋃
Ei, B =

⋃
Fj ∈ A,

with Ei ∈ C, i = 1, . . . ,m disjoint and Fj ∈ C, j = 1, . . . , n disjoint, then
A∩B =

⋃
i,j Ei∩Fj ∈ A as a finite union of disjoint sets from C by Condition (1)

in Definition 2.1. Also Ac =
⋂

Ec
i ∈ A, since Ec

i ∈ A by Condition (2) in
Definition 2.1, and we just saw that A is closed under finite intersections. We
conclude that A is an algebra on X that includes C, and it is obviously contained
in any algebra on X that contains C. Thus, A is the algebra generated by the
semi-algebra C (i.e. the algebra, minimal under inclusion, that contains C).

Definition 2.3. Let A be any algebra on the set X. A measure on the algebra
A is a function µ : A → [0,∞] such that µ(∅) = 0, and if E ∈ A is the countable
union of mutually disjoint sets Ei ∈ A, then µ(A) =

∑
µ(Ei) (i.e. µ is countably

additive whenever this makes sense).

Theorem 2.4. Let C be a semi-algebra on the set X, let µ be a semi-measure
on C, let A be the algebra generated by C, and extend µ to A by letting

µ

(⋃
Ei

)
=
∑

µ(Ei) (1)

for Ei ∈ C, i = 1, . . . , n, mutually disjoint. Then µ is a
measure on the algebra A.

Proof. First, µ is well-defined by (1) on A. Indeed, if Ei, Fj ∈ C are such that
A =

⋃
Ei =

⋃
Fj (finite disjoint unions), then each Fj ∈ C is the finite disjoint

union of the sets Ei ∩ Fj ∈ C; by Condition (2) in Definition 2.2,

µ(Fj) =
∑
i

µ(Ei ∩ Fj),

and therefore ∑
µ(Fj) =

∑
i,j

µ(Ei ∩ Fj).

The symmetry of the right-hand side in Ei and Fj implies that it is also equal
to
∑

µ(Ei), and the definition (1) is indeed independent of the representation
of A ∈ A as a finite disjoint union of sets in C.

It is now clear that µ is finitely additive on A, hence monotonic.
Let E ∈ A be the disjoint union of Ei ∈ A, i = 1, 2, . . . . For each n ∈ N,⋃n

i=1 Ei ⊂ E, hence

n∑
i=1

µ(Ei) = µ

(
n⋃
i=1

Ei

)
≤ µ(E),
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and therefore ∞∑
i=1

µ(Ei) ≤ µ(E). (2)

Next, write Ei =
⋃

j Fij , a finite disjoint union of Fij ∈ C, for each fixed i, and
similarly, since E ∈ A, E =

⋃
Gk, a finite disjoint union of sets Gk ∈ C. Then

Gk ∈ C is the (countable) disjoint union of the sets Fij∩Gk ∈ C (by Condition (1)
in Definition 2.1), over all i, j. By Condition (3) in Definition 2.2., it follows that
for all k,

µ(Gk) ≤
∑
i,j

µ(Fij ∩ Gk).

Hence

µ(E) :=
∑

µ(Gk) ≤
∑
i,j,k

µ(Fij ∩ Gk)

=
∑
i

∑
j,k

µ(Fij ∩ Gk) =
∑
i

µ(Ei),

by the definition (1) of µ on A, because Ei =
⋃

j,k Fij ∩ Gk, a finite disjoint
union of sets in C. Together with (2), this proves that µ is indeed a measure on
the algebra A.

2.2 Outer measures

A measure on an algebra can be extended to an outer measure on P(X):

Definition 2.5. An outer measure on the set X (in fact, on P(X)) is a function

µ∗ : P(X) → [0,∞]

with the following properties:

(1) µ∗(∅) = 0;

(2) µ∗ is monotonic (i.e. µ∗(E) ≤ µ∗(F ) whenever E ⊂ F ⊂ X);

(3) µ∗ is countably subadditive, that is

µ∗
(⋃

Ei

)
≤
∑

µ∗(Ei),

for any sequence {Ei} ⊂ P(X).

By (1) and (3), outer measures are finitely subadditive (i.e. (3) is valid for
finite sequences {Ei} as well).

Theorem 2.6. Let µ be a measure on the algebra A of subsets of X. For any
E ∈ P(X), let

µ∗(E) := inf
∑

µ(Ei),
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where the infimum is taken over all sequences {Ei} ⊂ A with E ⊂ ⋃Ei (briefly,
call such sequences ‘A-covers of E’). Then µ∗ is an outer measure on X, called
the outer measure generated by µ, and µ∗|A = µ.

Proof. We begin by showing that µ∗|A = µ. If E ∈ A, then {E, ∅, ∅, . . .} is an
A-cover of E, hence µ∗(E) ≤ µ(E). Next, if {Ei} is any A-cover of E, then for
all n ∈ N,

Fn := E ∩ En ∩ Ec
n−1 ∩ · · · ∩ Ec

1 ∈ A
(since A is an algebra), and E ∈ A is the disjoint union of the sets Fn ⊂ En.
Therefore, since µ is a measure on the algebra A,∑

n

µ(En) ≥
∑
n

µ(Fn) = µ(E).

Taking the infimum over all A-covers {En} of E, we obtain µ∗(E) ≥ µ(E), and
the wanted equality follows.

In particular, µ∗(∅) = µ(∅) = 0.
If E ⊂ F ⊂ X, then every A-cover of F is also an A-cover of E; this implies

that µ∗(E) ≤ µ∗(F ).
Let En ⊂ X,n ∈ N, and E =

⋃
nEn. For ε > 0 given, and for each n ∈ N,

there exists an A-cover {En,i}i of En such that∑
i

µ(En,i) < µ∗(En) + ε/2n.

Since {En,i;n, i ∈ N} is an A-cover of E, we have

µ∗(E) ≤
∑
n,i

µ(En,i) ≤
∑
n

µ∗(En) + ε,

and the arbitrariness of ε implies that µ∗ is countably sub-additive.

Definition 2.7 (The Caratheodory measurability condition). Let µ∗ be
an outer measure on X. A set E ⊂ X is µ∗-measurable if

µ∗(A) = µ∗(A ∩ E) + µ∗(A ∩ Ec) (1)

for every A ⊂ X.

We shall denote by M the family of all µ∗-measurable subsets of X.
By subadditivity of outer measures, (1) is equivalent to the inequality

µ∗(A) ≥ µ∗(A ∩ E) + µ∗(A ∩ Ec) (2)

(for every A ⊂ X). Since (2) is trivial when µ∗(A) = ∞, we can use only subsets
A of finite outer measure in the measurability test (2).

Theorem 2.8. Let µ∗ be an outer measure on X, let M be the family of all
µ∗-measurable subsets of X, and let µ̄ := µ∗|M. Then (X,M, µ̄) is a com-
plete positive measure space (called the measure space induced by the given outer
measure).
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Proof. If µ∗(E) = 0, also µ∗(A ∩ E) = 0 by monotonicity (for all A ⊂ X), and
(2) follows (again by monotonicity of µ∗). Hence E ∈ M whenever µ∗(E) = 0,
and in particular ∅ ∈ M. By monotonicity, this implies also that the measure
space of the theorem is automatically complete.

The symmetry of the Caratheodory condition in E and Ec implies that Ec ∈
M whenever E ∈ M.

Let E,F ∈ M. Then for all A ⊂ X, it follows from (2) (first for F with the
‘test set’ A, and then for E with the test set A∩F c) and the finite subadditivity
of µ∗, that

µ∗(A) ≥ µ∗(A ∩ F ) + µ∗(A ∩ F c)

≥ µ∗(A ∩ F ) + µ∗(A ∩ F c ∩ E) + µ∗(A ∩ F c ∩ Ec)

≥ µ∗([A ∩ F ] ∪ [A ∩ (E − F )]) + µ∗(A ∩ (E ∪ F )c)

= µ∗(A ∩ (E ∪ F )) + µ∗(A ∩ (E ∪ F )c),

and we conclude that E ∪ F ∈ M, and so M is an algebra on X. It follows
in particular that any countable union E of sets from M can be written as a
disjoint countable union of sets Ei ∈ M. Set Fn =

⋃n
i=1 Ei(⊂ E), n = 1, 2, . . . .

Then Fn ∈ M, and therefore, by (2) and monotonicity, we have for all A ⊂ X

µ∗(A) ≥ µ∗(A ∩ Fn) + µ∗(A ∩ F c
n)

≥ µ∗(A ∩ Fn) + µ∗(A ∩ Ec). (3)

By (1), since En ∈ M, we have

µ∗(A ∩ Fn) = µ∗(A ∩ Fn ∩ En) + µ∗(A ∩ Fn ∩ Ec
n)

= µ∗(A ∩ En) + µ∗(A ∩ Fn−1). (4)

The recursion (4) implies that for all n ∈ N,

µ∗(A ∩ Fn) =
n∑
i=1

µ∗(A ∩ Ei). (5)

Substitute (5) in (3), let n → ∞, and use the σ-subadditivity of µ∗; whence

µ∗(A) ≥
∞∑
i=1

µ∗(A ∩ Ei) + µ∗(A ∩ Ec)

≥ µ∗(A ∩ E) + µ∗(A ∩ Ec).

This shows that E ∈ M, and we conclude that M is a σ-algebra.
Choosing A = Fn in (5), we obtain (by monotonicity)

µ∗(E) ≥ µ∗(Fn) =
n∑
i=1

µ∗(Ei), n = 1, 2, . . . .



“chap02” — 2002/11/21 — page 62 — #6

62 2. Construction of measures

Letting n → ∞, we see that

µ∗(E) ≥
∞∑
i=1

µ∗(Ei).

Together with the σ-subadditivity of µ∗, this proves the σ-additivity of µ∗

restricted to M, as wanted.

2.3 Extension of measures on algebras

Combining Theorems 2.6 and 2.8, we obtain the Caratheodory extension theorem.

Theorem 2.9. Let µ be a measure on the algebra A, let µ∗ be the outer measure
induced by µ, and let (X,M, µ̄) be the (complete, positive) measure space induced
by µ∗. Then A ⊂ M, and µ̄ extends µ to a measure (on the σ-algebra M), which
is finite (σ-finite) if µ is finite (σ-finite, respectively).

The measure µ̄ is called the Caratheodory extension of µ.

Proof. By Theorems 2.6 and 2.8, we need only to prove the inclusion A ⊂ M,
for then

µ̄|A = (µ∗|M)|A = µ∗|A = µ.

Let then E ∈ A, and let A ⊂ X be such that µ∗(A) < ∞. For any given ε > 0,
there exists an A-cover {Ei} of A such that

µ∗(A) + ε >
∑
i

µ(Ei). (1)

Since E ∈ A, {Ei ∩ E} and {Ei ∩ Ec} are A-covers of A ∩ E and A ∩ Ec,
respectively, and therefore∑

i

µ(Ei ∩ E) ≥ µ∗(A ∩ E)

and ∑
i

µ(Ei ∩ Ec) ≥ µ∗(A ∩ Ec).

Adding these relations and using the additivity of the measure µ on the algebra
A, we obtain ∑

i

µ(Ei) ≥ µ∗(A ∩ E) + µ∗(A ∩ Ec). (2)

By (1), (2), and the arbitrariness of ε, we get

µ∗(A) ≥ µ∗(A ∩ E) + µ∗(A ∩ Ec)

for all A ⊂ X, so that E ∈ M, and A ⊂ M.
If µ is finite, then since X ∈ A and µ∗|A = µ, we have µ∗(X) = µ(X) < ∞.

The σ-finite case is analogous.

If we start from a semi-measure µ on a semi-algebra C, we first extend it to a
measure (same notation) on the algebra A generated by C (as in Theorem 2.4).
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We then apply the Caratheodory extension theorem to obtain the complete pos-
itive measure space (X,M, µ̄) with A ⊂ M and µ̄ extending µ. Note that if µ is
finite (σ-finite) on C, then its extension µ̄ is finite (σ-finite, respectively).

2.4 Structure of measurable sets

Let µ be a measure on the algebra A on X. Denote by µ∗ the outer measure
induced by µ, and let M be the σ-algebra of all µ∗-measurable subsets of X.
Consider the family Aσ ⊂ M of all countable unions of sets from A. Note that
if we start from a semi-algebra C and A is the algebra generated by it, then
Aσ = Cσ.

Lemma 2.10. For any E ⊂ X with µ∗(E) < ∞ and for any ε > 0, there exists
A ∈ Aσ such that E ⊂ A and

µ∗(A) ≤ µ∗(E) + ε.

Proof. By definition of µ∗(E), there exists an A-cover {Ei} of E such that∑
µ(Ei) ≤ µ∗(E) + ε. Then A :=

⋃
Ei ∈ Aσ, E ⊂ A, and

µ∗(A) ≤
∑

µ∗(Ei) =
∑

µ(Ei) ≤ µ∗(E) + ε,

as wanted.

If B is any family of subsets of X, denote by Bδ the family of all countable
intersections of sets from B. Let Aσδ := (Aσ)δ.

Proposition 2.11. Let µ,A, µ∗ be as before. Then for each E ⊂ X with
µ∗(E) < ∞, there exists A ∈ Aσδ such that E ⊂ A and µ∗(E) = µ∗(A)(= µ̄(A)).

Proof. Let E be a subset of X with finite outer measure. For each n ∈ N, there
exists An ∈ Aσ such that E ⊂ An and µ∗(An) < µ∗(E) + 1/n (by Lemma 2.10).
Therefore A :=

⋂
An ∈ Aσδ, E ⊂ A, and

µ∗(E) ≤ µ∗(A) ≤ µ∗(An) ≤ µ∗(E) + 1/n

for all n, so that µ∗(E) = µ∗(A).

The structure of µ∗-measurable sets is described in the next theorem.

Theorem 2.12. Let µ be a σ-finite measure on the algebra A on X, and let µ∗

be the outer measure induced by it. Then E ⊂ X is µ∗-measurable if and only if
there exists A ∈ Aσδ such that E ⊂ A and µ∗(A − E) = 0.

Proof. We observed in the proof of Theorem 2.8 that M contains every set of
µ∗-measure zero. Thus, if E ⊂ A ∈ Aσδ and µ∗(A − E) = 0, then A − E ∈ M
and A ∈ M (because Aσδ ⊂ M), and therefore E = A − (A − E) ∈ M.

Conversely, suppose E ∈ M. By the σ-finiteness hypothesis, we may write
X =

⋃
Xi with Xi ∈ A mutually disjoint and µ(Xi) < ∞. Let Ei := E ∩ Xi.
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By Lemma 2.10, there exist Ani ∈ Aσ such that Ei ⊂ Ani and µ∗(Ani) ≤
µ∗(Ei) + (1/n2i), for all n, i ∈ N. Set An :=

⋃
iAni. Then for all n, An ∈ Aσ,

E ⊂ An, and An − E ⊂ ⋃i(Ani − Ei), so that

µ∗(An − E) ≤
∑
i

µ∗(Ani − Ei) ≤
∑
i

1
n2i

= 1/n.

Let A :=
⋂

An. Then E ⊂ A, A ∈ Aσδ, and since A − E ⊂ An − E for all n,
µ∗(A − E) = 0.

We can use Lemma 2.10 to prove a uniqueness theorem for the extension of
measures on algebras.

Theorem 2.13 (Uniqueness of extension). Let µ be a measure on the algebra
A on X, and let µ̄ be the Caratheodory extension of µ (as a measure on the
σ-algebra M, cf. Theorem 2.9). Consider the σ-algebra B generated by A (of
course B ⊂ M). If µ1 is any measure that extends µ to B, then µ1(E) = µ̄(E)
for any set E ∈ B with µ̄(E) < ∞. If µ is σ-finite, then µ1 = µ̄ on B.

Proof. Since µ1 = µ = µ̄ on A, and each set in Aσ is a disjoint countable union
of sets Ai ∈ A, we have µ1 = µ̄ on Aσ.

Let E ∈ B with µ̄(E) < ∞, and let ε > 0. By Lemma 2.10, there exists
A ∈ Aσ such that E ⊂ A and µ̄(A) ≤ µ̄(E) + ε. Hence

µ1(E) ≤ µ1(A) = µ̄(A) ≤ µ̄(E) + ε,

and therefore, µ1(E) ≤ µ̄(E), by the arbitrariness of ε.
Note in passing that A−E ∈ B with µ̄(A−E) ≤ ε < ∞ (for any A as above).

Therefore, we have in particular µ1(A − E) ≤ µ̄(A − E) ≤ ε. Hence

µ̄(E) ≤ µ̄(A) = µ1(A) = µ1(E) + µ1(A − E) ≤ µ1(E) + ε,

and the reverse inequality µ̄(E) ≤ µ1(E) follows.
If µ is σ-finite, write X as the disjoint union of Xi ∈ A with µ(Xi) < ∞, i =

1, 2, . . . . Then, each E ∈ B is the disjoint union of Ei := E∩Xi with µ(Ei) < ∞;
since µ1(Ei) = µ̄(Ei) for all i, also µ1(E) = µ̄(E), by σ-additivity of both
measures.

2.5 Construction of Lebesgue–Stieltjes
measures

We shall apply the general method of construction of measures described
in the preceding sections to the special semi-algebra C in the example
following Definition 2.1, and to the semi-measure µ induced by a given
non-decreasing right-continuous function F : R → R. Denote F (∞) :=
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limx→∞ F (x)(∈ (−∞,∞]), and similarly F (−∞)(∈ [−∞,∞)) (both limits exist,
because F is non-decreasing). We define the semi-measure µ (induced by F ) by

µ(∅) = 0;µ((a, b]) = F (b) − F (a) (a, b ∈ R, a < b);

µ((−∞, b]) = F (b) − F (−∞); µ((a,∞)) = F (∞) − F (a), a, b ∈ R.

The example following Definition 2.2 is the special case with F (x) = x, x ∈ R.
We verify that the properties (2) and (3) of Definition 2.2 are satisfied.
Suppose (a, b] is the disjoint finite union of similar intervals. Then we may

index the subintervals so that

a = a1 < b1 = a2 < b2 = a3 < · · · < bn = b.

Therefore
n∑
i=1

µ((ai, bi]) =
n∑
i=1

[F (bi) − F (ai)] =
n−1∑
i=1

[F (ai+1) − F (ai)] + F (b) − F (an)

= F (b) − F (a) = µ((a, b])

for a, b ∈ R, a < b. A similar argument for the cases (−∞, b] and (a,∞) completes
the verification of Property (2). In order to verify Property (3), we show that
whenever (a, b] ⊂ ⋃∞

i=1(ai, bi], then

F (b) − F (a) ≤
∑
i

[F (bi) − F (ai)]. (1)

This surely implies Property (3) for a, b finite. If (−∞, b] is contained in such a
union, then (−n, b] is contained in it as well, for all n ∈ N, so that F (b)−F (−n)
is majorized by the sum on the right-hand side of (1) for all n; letting n → ∞,
we deduce that this sum majorizes µ((−∞, b]). A similar argument works for
µ((a,∞)).

Let ε > 0. By the right continuity of F , there exist ci, i = 0, 1, 2, . . . such that

a < c0; F (c0) < F (a) + ε;

bi < ci; F (ci) < F (bi) + ε/2i; i = 1, 2, . . . . (2)

We have [c0, b] ⊂ ⋃∞
i=1(ai, ci), so that, by compactness, a finite number n of

intervals (ai, ci) covers [c0, b]. Thus c0 is in one of these intervals, say (a1, c1) (to
simplify notation), that is,

a1 < c0 < c1.

Assuming we got (ai, ci), 1 ≤ i < k such that

ai < ci−1 < ci, (3)

and ck−1 ≤ b (that is ck−1 ∈ [c0, b]), there exists one of the n intervals above,
say (ak, ck) to simplify notation, that contains ck−1, so that (3) is valid for i = k
as well. This (finite) inductive process will end after at most n steps (this will
exhaust our finite cover), which means that for some k ≤ n, we must get

b < ck. (4)
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By (4), (3), and (2) (in this order),

µ((a, b]) : = F (b) − F (a) ≤ F (ck) +
k∑

i=2

[F (ci−1) − F (ai)] − F (c0) + ε

≤
k∑

i=1

[F (ci) − F (ai)] + ε ≤
∞∑
i=1

[F (ci) − F (ai)] + ε

≤
∞∑
i=1

[F (bi) − F (ai)] + 2ε =
∑
i

µ((ai, bi]) + 2ε,

as wanted (by the arbitrariness of ε). By Theorems 2.4 and 2.9, the semi-measure
µ has an extension as a complete measure (also denoted µ) on a σ-algebra
M containing the Borel algebra B (= the σ-algebra generated by C, or by
the algebra A). By Theorem 2.13, the extension is uniquely determined on B.
The (complete) measure space (R,M, µ) is called the Lebesgue–Stieltjes measure
space induced by the given function F (in the special case F (x) = x, this is the
Lebesgue measure space). By Theorem 2.13, the ‘Lebesgue–Stieltjes measure µ
induced by F ’ is the unique measure on B such that µ((a, b]) = F (b) − F (a).
It is customary to write the integral

∫
f dµ in the form

∫
f dF , and to call F

the ‘distribution of µ’. Accordingly, in the special case of Lebesgue measure, the
above integral is customarily written in the form

∫
f dx.

The Lebesgue measure µ is the unique measure on B such that µ((a, b]) =
b − a for all real a < b; in particular, it is translation invariant on C, hence
on A (if E ∈ A, write E as a finite disjoint union of intervals (ai, bi], then
µ(t + E) = µ(

⋃
i{t + (ai, bi]} =

∑
i µ((t + ai, t + bi]) =

∑
µ((ai, bi]) = µ(E) for

all real t). Let µ∗ be the outer measure induced by µ. Then for all E ⊂ R and
t ∈ R, {Ei} is an A-cover of E if and only if {t+Ei} is an A-cover of t+E, and
therefore

µ∗(t + E) := inf
∑

µ(t + Ei) = inf
∑

µ(Ei) = µ∗(E).

In particular, if µ∗(E) = 0, then µ∗(t + E) = 0 for all real t. By Theorem 2.12,
E ∈ M (that is, Lebesgue measurable on R) if and only if there exists A ∈ Aσδ

such that E ⊂ A and µ∗(A−E) = 0. However, translations of unions and inter-
sections of sets are unions and intersections of the translated sets (respectively).
Thus, the existence of A ∈ Aσδ as above implies that t+A ∈ Aσδ, t+E ⊂ t+A,
and µ∗((t + A) − (t + E)) = µ∗(t + (A − E)) = 0, that is t + E ∈ M (by The-
orem 2.12), for all t ∈ R. Since Lebesgue measure is the restriction of µ∗ to M,
we conclude from this discussion that the Lebesgue measure space (R,M, µ) is
translation invariant, which means that t + E ∈ M and µ(t + E) = µ(E) for all
t ∈ R and E ∈ M. In the terminology of Section 1.26, the map h(x) = x− t is a
measurable map of (R,M) onto itself (for each given t), and the corresponding
measure ν(E) := µ(h−1(E)) = µ(t + E) = µ(E). Therefore, by the Proposi-
tion there, for any non-negative measurable function and for any µ-integrable
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complex function f on R, ∫
f dµ =

∫
ft dµ,

where ft(x) := f(x − t). This is the translation invariance of the Lebesgue
integral.

Consider the quotient group R/Q of the additive group R by the subgroup
Q of rationals. Let A be an arbitrary bounded Lebesgue measurable subset of
R of positive measure. By the Axiom of Choice, there exists a set E ⊂ A that
contains precisely one point from each coset in R/Q that meets A. Since A is
bounded, A ⊂ (−a, a) for some a ∈ (0,∞). We claim that A is contained in the
disjoint union S :=

⋃
r∈Q∩(−2a,2a)(r+E). Indeed, if x ∈ A, there exists a unique

y ∈ E such that x, y are in the same coset of Q, that is, x − y = r ∈ Q, hence
x = r+y ∈ r+E, |r| ≤ |x|+|y| < 2a, so that indeed x ∈ S. If r, s ∈ Q∩(−2a, 2a)
are distinct and x ∈ (r + E) ∩ (s + E), then there exist y, z ∈ E such that
x = r + y = s + z. Hence, y − z = s − r ∈ Q − {0}, which means that y, z are
distinct points of E belonging to the same coset, contrary to the definition of
E. Thus, the union S is indeed a disjoint union. Write Q ∩ (−2a, 2a) = {rk}.
Suppose E is (Lebesgue) measurable. Since rk+E ⊂ rk+A ⊂ (−3a, 3a) for all k,
it follows that S is a measurable subset of (−3a, 3a). Therefore, by σ-additivity
and translation invariance of µ,

6a ≥ µ(S) =
∞∑
k=1

µ(rk + E) ≥
n∑

k=1

µ(E) = nµ(E)

for all n ∈ N, hence µ(E) = 0 and µ(S) = 0. Since A ⊂ S, also µ(A) = 0,
contradicting our hypothesis. This shows that E is not Lebesgue measurable.
Since any measurable set on R of positive measure contains a bounded measurable
subset of positive measure, we proved the following

Proposition. Every (Lebesgue-) measurable subset of R of positive measure
contains a non-measurable subset.

2.6 Riemann versus Lebesgue

Let −∞ < a < b < ∞, and let f : [a, b] → R be bounded. Denote

m = inf
[a,b]

f ; M = sup
[a,b]

f.

Given a ‘partition’ P = {xk; k = 0, . . . , n} of [a, b], where a = x0 < x1 < · · · <
xn = b, we denote

mk = inf
[xk−1,xk]

f ; Mk = sup
[xk−1,xk]

f ;

LP =
n∑

k=1

mk(xk − xk−1); UP =
n∑

k=1

Mk(xk − xk−1).
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Recall that the lower and upper Riemann integrals of f over [a, b] are defined as
the supremum and infimum of LP and UP (respectively) over all ‘partitions’ P ,
and f is Riemann integrable over [a, b] if these lower and upper integrals coincide
(their common value is the Riemann integral, denoted

∫ b
a
f(x) dx). For bounded

complex functions f = u+iv with u, v real, one says that f is Riemann integrable
iff both u and v are Riemann integrable, and

∫ b
a
f dx :=

∫ b
a
u dx + i

∫ b
a
v dx.

Proposition. If a bounded (complex) function on the real interval [a, b] is
Riemann integrable, then it is Lebesgue integrable on [a, b], and its Lebesgue
integral

∫
[a,b] f dx coincides with its Riemann integral

∫ b
a
f dx.

Proof. It suffices to consider bounded real functions f . Given a partition P ,
consider the simple Borel functions

lP = f(a)I{a} +
∑
k

mkI(xk−1,xk]; uP = f(a)I{a} +
∑
k

MkI(xk−1,xk].

Then lP ≤ f ≤ uP on [a, b], and∫
[a,b]

lP dx = LP ;
∫

[a,b]
uP dx = UP . (1)

If f is Riemann integrable, there exists a sequence of partitions Pj of [a, b] such
that Pj+1 is a refinement of Pj , ‖Pj‖ := maxxk∈Pj (xk−xk−1) → 0 as j → ∞, and

lim
j

LPj
= lim

j
UPj

=
∫ b

a

f dx. (2)

The sequences lj := lPj and uj := uPj are monotonic (non-decreasing and non-
increasing, respectively) and bounded. Let then l := limj lj and u := limj uj .
These are bounded Borel functions, and by (1), (2), and the Lebesgue dominated
convergence theorem,

∫
[a,b]

l dx = lim
j

∫
[a,b]

lj dx = lim
j

LPj
=
∫ b

a

f dx, (3)

and similarly
∫
[a,b] u dx =

∫ b
a
f dx. In particular,

∫
[a,b](u − l) dx = 0, and since

u − l ≥ 0, it follows that u = l a.e.; however l ≤ f ≤ u, hence f = u = l
a.e.; therefore f is Lebesgue measurable (hence Lebesgue integrable, since it is
bounded) and

∫
[a,b] f dx =

∫
[a,b] l dx =

∫ b
a
f dx by (3).

A similar proposition is valid for absolutely convergent improper Riemann
integrals (on finite or infinite intervals). The easy proofs are omitted.

Let Q =
⋃

j Pj (a countable set, hence a Lebesgue null set). If x ∈ [a, b] is
not in Q, f is continuous at x iff l(x) = u(x). It follows from the preceding proof
that if f is Riemann integrable, then it is continuous at almost all points not in
Q, that is, almost everywhere in [a, b]. Conversely, if f is continuous a.e., then
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l = f = u a.e., hence
∫
[a,b] l dx =

∫
[a,b] u dx. Therefore, given ε > 0, there exists

j such that
∫
[a,b] uj dx − ∫[a,b] lj dx < ε, that is, UPj − LPj < ε. This means that

f is Riemann integrable on [a, b]. Formally:

Proposition. Let f be a bounded complex function on [a, b]. Then f is Riemann
integrable on [a, b] if and only if it is continuous almost everywhere in [a, b].

2.7 Product measure

Let (X,A, µ) and (Y,B, ν) be measure spaces. A measurable rectangle is a
cartesian product A × B with A ∈ A and B ∈ B. The set C of all measurable
rectangles is a semi-algebra, since

(A × B) ∩ (C × D) = (A ∩ C) × (B ∩ D)

and
(A × B)c = (Ac × B) ∪ (A × Bc) ∪ (Ac × Bc),

where the union on the right is clearly disjoint. Define λ on C by

λ(A × B) = µ(A)ν(B).

We claim that λ is a semi-measure on C (cf. Definition 2.2). Indeed, Property (1)
is trivial, while Properties (2) and (3) follow from the stronger property:

If Ai × Bi ∈ C are mutually disjoint with union A × B ∈ C, then

λ(A × B) =
∞∑
i=1

µ(Ai)ν(Bi). (1)

Proof. Let x ∈ A. For each y ∈ B, there exists a unique i such that the pair
[x, y] belongs to Ai ×Bi (because the rectangles are mutually disjoint). Thus, B
decomposes as the disjoint union

B =
⋃

{i;x∈Ai}
Bi.

Therefore
ν(B) =

∑
{i;x∈Ai}

ν(Bi),

and so

ν(B)IA(x) =
∞∑
i=1

ν(Bi)IAi
(x).

By Beppo Levi’s theorem (1.16),

λ(A × B) := µ(A)ν(B) =
∫
X

ν(B)IA(x) dµ

=
∑
i

∫
ν(Bi)IAi

dµ =
∑
i

λ(Ai × Bi).
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By the Caratheodory extension theorem, there exists a complete measure
space, which we shall denote

(X × Y,A × B, µ × ν),

and call the product of the given measure spaces, such that C ⊂ A × B and

(µ × ν)(A × B) = λ(A × B) := µ(A)ν(B)

for A × B ∈ C.
The central theorem of this section is the Fubini–Tonelli theorem, that relates

the ‘double integral’ (relative to µ × ν) with the ‘iterated integrals’ (relative to
µ and ν in either order). We need first some technical lemmas.

Lemma 2.14. For each E ∈ Cσδ, the sections Ex := {y ∈ Y ; [x, y] ∈ E} (x ∈ X)
belong to B.

Proof. If E = A × B ∈ C, then Ex is either B (when x ∈ A) or ∅ (otherwise),
so clearly belongs to B. If E ∈ Cσ, then E =

⋃
iEi with Ei ∈ C; hence

Ex =
⋃
i

(Ei)x ∈ B.

Similarly, if E ∈ Cσδ, then E =
⋂

iEi with Ei ∈ Cσ, and therefore

Ex =
⋂
i

(Ei)x ∈ B

for all x ∈ X.

By the lemma, the function

gE(x) := ν(Ex) : X → [0,∞]

is well defined, for each E ∈ Cσδ.
Lemma 2.15. Suppose the measure space (X,A, µ) is complete. For each
E ∈ Cσδ with (µ × ν)(E) < ∞, the function gE(x) := ν(Ex) is A-measurable,
and ∫

X

gE dµ = (µ × ν)(E). (2)

Proof. For an arbitrary E = A × B ∈ C,

gE = ν(B)IA

is clearly A-measurable (since A ∈ A), and (2) is trivially true.
If E ∈ Cσ (arbitrary), we may represent it as a disjoint union of Ei ∈ C

(i ∈ N), and therefore gE =
∑

i gEi
is A-measurable, and by the Beppo Levi

theorem and the σ-additivity of µ × ν,∫
X

gE dµ =
∑
i

∫
X

gEi dµ =
∑
i

(µ × ν)(Ei) = (µ × ν)(E).
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Let now E ∈ Cσδ with (µ × ν)(E) < ∞. Thus E =
⋂

i Fi with
Fi ∈ Cσ. By Lemma 2.10, there exists G ∈ Cσ such that E ⊂ G and
(µ × ν)(G) < (µ × ν)(E) + 1 < ∞. Then

E = E ∩ G =
⋂
i

(Fi ∩ G) =
⋂
k

Ek,

where (for k = 1, 2, . . .)

Ek :=
k⋂

i=1

(Fi ∩ G).

Since Cσ is an algebra, Ek ∈ Cσ, Ek+1 ⊂ Ek, and E1 ⊂ G has finite product
measure. Therefore gEk

is A-measurable, and∫
X

gEk
dµ = (µ × ν)(Ek) < ∞

for all k. In particular gE1 < ∞ µ-a.e.
For x such that gE1(x)(= ν((E1)x)) < ∞, we have by Lemma 1.11:

gE(x) := ν(Ex) = ν

(⋂
k

(Ek)x

)
= lim

k
ν((Ek)x) = lim

k
gEk

(x).

Hence gEk
→ gE µ-a.e. Since the measure space (X,A, µ) is complete by hypo-

thesis, it follows that gE is A-measurable. Also 0 ≤ gEk
≤ gE1 for all k, and∫

X
gE1 dµ < ∞. Therefore, by Lebesgue’s dominated convergence theorem and

Lemma 1.11,∫
X

gE dµ = lim
k

∫
X

gEk
dµ = lim

k
(µ × ν)(Ek) = (µ × ν)(E).

We now extend the above lemma to all E ∈ A×B with finite product measure.

Lemma 2.16. Let (X,A, µ) and (Y,B, ν) be complete measure spaces. Let
E ∈ A × B have finite product measure. Then the sections Ex are B-measurable
for µ-almost all x; the (µ-a.e. defined and finite) function gE(x) := ν(Ex) is
A-measurable, and ∫

X

gE dµ = (µ × ν)(E).

Proof. By Proposition 2.11, since E has finite product measure, there exists
F ∈ Cσδ such that E ⊂ F and (µ × ν)(F ) = (µ × ν)(E) < ∞. Let G := F − E.
Then G ∈ A × B has zero product measure (since E and F have equal finite
product measure). Again by Proposition 2.11, there exists H ∈ Cσδ such that
G ⊂ H and (µ×ν)(H) = 0. By Lemma 2.15, gH is A-measurable and

∫
X
gH dµ =

(µ× ν)(H) = 0. Therefore, ν(Hx) := gH(x) = 0 µ-a.e. Since Gx ⊂ Hx, it follows
from the completeness of the measure space (Y,B, ν) that, for µ-almost all x, Gx
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is B-measurable and ν(Gx) = 0. Since E = F − G, it follows that for µ-almost
all x, Ex is B-measurable and ν(Ex) = ν(Fx), that is, gE = gF (µ-a.e.) is
A-measurable (by Lemma 2.15), and∫

X

gE dµ =
∫
X

gF dµ = (µ × ν)(F ) = (µ × ν)(E).

Note that for any E ⊂ X × Y and x ∈ X,

IEx = IE(x, ·).
Therefore, if E ∈ A × B has finite product measure, then for µ-almost all x,
the function IE(x, ·) is B-measurable, with integral (over Y ) equal to ν(Ex) :=
gE(x) < ∞, that is, for µ-almost all x,

IE(x, ·) ∈ L1(ν), (i)

and its integral (= gE) is A-measurable, with integral (over X) equal to (µ × ν)
(E) < ∞, that is, ∫

Y

IE(x, ·) dν ∈ L1(µ), (ii)

and ∫
X

[∫
Y

IE(x, ·) dν
]
dµ =

∫
X

gE dµ = (µ × ν)(E)

=
∫
X×Y

IE d(µ × ν). (iii)

If f is a simple non-negative function in L1(µ × ν), we may write f =
∑

ckIEk

(finite sum), with ck > 0 and (µ × ν)(Ek) < ∞. Then for µ-almost all x, f(x, ·)
is a linear combination of L1(ν)-functions (by (i)), hence belongs to L1(ν); its
integral (over Y ) is a linear combination of the gEk

∈ L1(µ), hence belongs to
L1(µ), and by (iii),∫

X

[∫
Y

f(x, ·) dν
]
dµ =

∑
k

ck

∫
X×Y

IEk
d(µ × ν) =

∫
X×Y

f d(µ × ν).

If f ∈ L1(µ × ν) is non-negative, by Theorem 1.8, we get simple measurable
functions

0 ≤ s1 ≤ s2 ≤ · · · ≤ f

such that lim sn = f . Necessarily, sn ∈ L1(µ×ν), so by the preceding conclusions,
for µ-almost all x, sn(x, ·) are B-measurable, and their integrals (over Y ) are
A-measurable; therefore, for µ-almost all x, f(x, ·) is B-measurable, and by the
monotone convergence theorem,∫

Y

f(x, ·) dν = lim
∫
Y

sn(x, ·) dν,
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so that the integrals on the left are A-measurable. Applying the monotone
convergence theorem to the sequence on the right, we have by (iii) for sn,∫

X

[∫
Y

f(x, ·) dν
]
dµ = lim

n

∫
X

[∫
Y

sn(x, ·) dν
]
dµ = lim

n

∫
X×Y

sn d(µ × ν)

=
∫
X×Y

f d(µ × ν) < ∞

(by another application of the monotone convergence theorem). In particular,∫
Y
f(x, ·) dν ∈ L1(µ) and therefore, f(x, ·) ∈ L1(ν) for µ-almost all x.
For f ∈ L1(µ×ν) complex, decompose f = u+ −u− +iv+ − iv− to obtain the

conclusions (i)–(iii) for f instead of IE . Finally, we may interchange the roles of
x and y. Collecting, we proved the following.

Theorem 2.17 (Fubini’s theorem). Let (X,A, µ) and (Y,B, ν) be complete
(positive) measure spaces, and let f ∈ L1(µ × ν). Then

(i) for µ-almost all x, f(x, ·) ∈ L1(ν) and for ν-almost all y, f(· , y) ∈ L1(µ);

(ii)
∫
Y
f(x, ·) dν ∈ L1(µ) and

∫
X
f(· , y) dµ ∈ L1(ν);

(iii)
∫
X

[
∫
Y
f(x, ·) dν] dµ =

∫
X×Y

f d(µ × ν) =
∫
Y

[
∫
X
f(· , y) dµ] dν.

When we need to verify the hypothesis f ∈ L1(µ × ν) (i.e. the finiteness of
the integral

∫
X×Y

|f | d(µ× ν)), the following theorem on non-negative functions
is useful.

Theorem 2.18 (Tonelli’s theorem). Let (X,A, µ) and (Y,B, ν) be complete
σ-finite measure spaces, and let f ≥ 0 be A × B-measurable. Then (i) and (ii)
in Fubini’s theorem (2.17) are valid with the relation ‘∈ L1(· · · )’ replaced by the
expression ‘is measurable’, and (iii) is valid.

Proof. The integrability of f ≥ 0 was used in the preceding proof to garantee
that the measurable simple functions sn be in L1(µ×ν), that is, that they vanish
outsides a measurable set of finite (product) measure, so that the preceding step,
based on Lemma 2.16, could be applied. In our case, the product measure space
Z = X × Y is σ-finite. Write Z =

⋃
n Zn with Zn ∈ A × B of finite product

measure and Zn ⊂ Zn+1. With sn as before, the ‘corrected’ simple functions
s′
n := snIZn

meet the said requirements.

Exercises

1. Calculate (with appropriate justification):

(a) limn→∞
∫

R
(e−x2/n)/(1 + x2) dx.

(b) limt→0+
∫ π/2
0 sin[(π/2)e−tx2

] cosx dx.

(c)
∫ 1
0

∫∞
0 [y arctan(xy)]/[(1 + x2y2)(1 + y2)] dy dx.
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2. Let L1(R) be the Lebesgue space with respect to the Lebesgue measure on
R. If f ∈ L1(R), define

Fu(t) =
∫

R

sin(t− s)u
(t− s)u

f(s) ds (u > 0, t ∈ R).

Prove:

(a) For each u > 0, the function Fu : R → C is well defined, continuous,
and bounded by ‖f‖1.

(b) limu→∞ Fu = 0 and limu→0+ Fu =
∫

R
f(s) ds pointwise.

3. Let h : [0,∞) → [0,∞) have a non-negative continuous derivative, h(0) = 0,
and h(∞) = ∞. Prove that∫ ∞

0

∫
[h′≥s]

exp(−h(t)2) dt ds = √
π/2.

4. Let (X,A, µ) and (Y,B, ν) be complete σ-finite positive measure spaces,
and p ∈ [1,∞) Consider the map

[f, g] ∈ Lp(µ) × Lp(ν) → F (x, y) := f(x)g(y).

Prove:

(a) F ∈ Lp(µ× ν) and

‖F‖Lp(µ×ν) = ‖f‖Lp(µ)‖g‖Lp(ν).

(b) The map [f, g] → F is continuous from Lp(µ) × Lp(ν) to Lp(µ× ν).

5. Let f : R
2 → C be Lebesgue measurable, such that |f(x, y)| ≤

Me−x2
I[−|x|,|x|](y) on R

2, for some constant M > 0. Prove:

(a) f ∈ Lp(R2) for all p ∈ [1,∞), and ‖f‖Lp(R2) ≤ M(2/p)1/p.

(b) Suppose h : R → C is continuous and vanishes outside the interval
[−1, 1]. Define f : R

2 → C by f(x, y) = e−x2
h(y/x) for x �= 0 and

f(0, y) = 0. Then
∫

R2 f dx dy =
∫ 1

−1 h(t) dt.

6. Let f : R
2 → R. Prove:

(a) If f(x, ·) is Borel for all real x and f(· , y) is continuous for all real y,
then f is Borel on R

2.

(b) If f(x, ·) is Lebesgue measurable for all x in some dense set E ⊂ R and
f(· , y) is continuous for almost all y ∈ R, then f is Lebesgue measurable
on R

2.
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Convolution and Fourier transform

7. If E ⊂ R, denote
Ẽ := {(x, y) ∈ R

2;x − y ∈ E}
and

S := {E ⊂ R; Ẽ ∈ B(R2)},
where B(R2) is the Borel σ-algebra on R

2. Prove:

(a) S is a σ-algebra on R which contains the open sets (hence B(R) ⊂ S).

(b) If f is a Borel function on R, then f(x − y) is a Borel function on R
2.

(c) If f, g are integrable Borel functions on R, then f(x − y)g(y) is an
integrable Borel function on R

2 and its L1(R2)-norm is equal to the
product of the L1(R) norms of f and g.

(d) Let L1(R) and L1(R2) be the Lebesgue spaces for the Lebesgue measure
spaces on R and R

2 respectively. If f, g ∈ L1(R), then f(x − y)g(y) ∈
L1(R2),

‖f(x − y)g(y)‖L1(R2) = ‖f‖1‖g‖1,

and ∫
R

|f(x − y)g(y)| dy < ∞ (1)

for almost all x.

(e) For x such that (1) holds, define

(f ∗ g)(x) =
∫

R

f(x − y)g(y) dy. (2)

Show that the (almost everywhere defined and finite-valued) function
f ∗ g (called the convolution of f and g) is in L1(R), and

‖f ∗ g‖1 ≤ ‖f‖1‖g‖1. (3)

(f) For f ∈ L1(R), define its Fourier transform Ff by

(Ff)(t) =
∫

R

f(x)e−ixt dx (t ∈ R). (4)

Show that Ff : R → C is continuous, bounded by ‖f‖1, and F (f ∗g) =
(Ff)(Fg) for all f, g ∈ L1(R).

(g) If f = I(a,b] for −∞ < a < b < ∞, then

lim
|t|→∞

(Ff)(t) = 0. (5)

(h) Show that the step functions (i.e. finite linear combinations of indicat-
ors of disjoint intervals (ak, bk]) are dense in Cc(R) (the normed space of
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continuous complex functions on R with compact support, with point-
wise operations and supremum norm), and hence also in Lp(R) for any
1 ≤ p < ∞.

(k) Prove (5) for any f ∈ L1(R). (This is the Riemann–Lebesgue lemma.)

(l) Generalize the above statements to functions on R
k.

8. Let p ∈ [1,∞) and let q be its conjugate exponent. Let K : R
2 → C be

Lebesgue measurable such that

K̃(y) :=
∫

R

|K(x, y)| dx ∈ Lq(R).

Denote
(Tf)(x) =

∫
R

K(x, y)f(y) dy

Prove:

(a)
∫

R

∫
R

|K(x, y)f(y)| dy dx ≤ ‖K̃‖q‖f‖p for all f ∈ Lp(R). Conclude that
K(x, ·)f ∈ L1(R) for almost all x, and therefore Tf is well defined a.e.
(when f ∈ Lp).

(b) T is a continuous (linear) map of Lp(R) into L1(R), and ‖Tf‖1 ≤
‖K̃‖q‖f‖p.

9. Apply Fubini’s theorem to the function e−xy sinx in order to prove the
(Dirichlet) formula ∫ ∞

0

sinx

x
dx = π/2.
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In this chapter, the spaceX will be a topological space, and we shall be interested
in constructing a measure space (X,M, µ) with a ‘natural’ affinity to the given
topology.

We recall first some basic topological concepts.

3.1 Partition of unity

A Hausdorff space (or T2-space) is a topological space (X, τ) in which distinct
points have disjoint open neighbourhoods. A Hausdorff spaceX is locally compact
if each point in X has a compact neighbourhood. A Hausdorff space X can be
imbedded (homeomorphically) as a dense subspace of a compact space Y (the
Alexandroff one-point compactification of X), and Y is Hausdorff if and only if
X is locally compact. In that case, Y is normal (as a compact Hausdorff space),
and Urysohn’s lemma is valid in Y , that is, given disjoint closed sets A,B in
Y , there exists a continuous function h : Y → [0, 1] such that h(A) = {0}
and h(B) = {1}. Theorem 3.1 below ‘translates’ this result to X. We need the
following important concept: for any complex continuous function f on X, the
support of f (denoted supp f) is defined as the closure of [f−1({0})]c.

Theorem 3.1 (Urysohn’s lemma for locally compact Hausdorff space).
Let X be a locally compact Hausdorff space, let U ⊂ X be open, and let K ⊂ U
be compact.

Then there exists a continuous function f : X → [0, 1], with compact support
such that supp f ⊂ U and f(K) = {1}.
Proof. Let Y be the Alexandroff one-point compactification of X. The set U
is open in X, hence in Y . The set K is compact in X, hence in Y , and is
therefore closed in Y (since Y is Hausdorff). Since Y is normal, and the closed
set K is contained in the open set U , there exists an open set V in Y such
that K ⊂ V and clY (V ) ⊂ U (where clY denotes the closure operator in Y ).
Therefore, K ⊂ V ∩X :=W, W is open in X, and clX(W ) = clY (V ) ∩X ⊂ U .
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In the sequel, all closures are closures in X.
Since X is locally compact, each x ∈ K has an open neighbourhood Nx with

compact closure. Then Nx ∩ W is an open neighbourhood of x, with closure
contained in cl(Nx) ∩ cl(W ), which is compact (since cl(Nx) is compact), and is
contained in U . By compactness of K, we obtain finitely many points xi ∈ K
such that

K ⊂
p⋃

i=1

(Nxi ∩W ) := N.

The open set N has closure equal to the union of the compact sets cl(Nxi ∩W ),
which is compact and contained in U . We proved that whenever K is a compact
subset of the open set U in X, there exists an open set W with compact closure
such that

K ⊂W ⊂ cl(W ) ⊂ U. (1)

(We wrote W instead of N .)
The sets K and Y −W are disjoint closed sets in Y . By Urysohn’s lemma

for normal spaces, there exists a continuous function h : Y → [0, 1] such that
h = 0 on Y −W and h(K) = {1}. Let f := h|X (the restriction of h to X). Then
f : X → [0, 1] is continuous, f(K) = {1}, and since [f 
= 0] ⊂W , we have by (1)

supp f ⊂ cl(W ) ⊂ U.

In particular, f has compact support (since supp f is a closed subset of the
compact set cl(W )).

Notation 3.2. We shall denote the space of all complex (real) continuous func-
tions with compact support on the locally compact Hausdorff space X by Cc(X)
(CR

c (X), respectively). By Theorem 3.1, this is a non-trivial normed vector space
over C (over R, respectively), with the uniform norm

‖f‖u := sup
X

|f |.

The positive cone
C+
c (X) := {f ∈ CR

c (X); f ≥ 0}
will play a central role in this section.

Actually, Theorem 3.1 asserts that for any open set U 
= ∅, the set

Ω(U) := {f ∈ C+
c (X); f ≤ 1, supp f ⊂ U} (2)

is 
= {0}.
The following theorem generalizes Theorem 3.1 to the case of a finite open

cover of the compact set K. Any set of functions {h1, . . . , hn} with the properties
described in Theorem 3.3 is called a partition of unity in Cc(X) subordinate to
the open cover {V1, . . . , Vn} of the compact set K.
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Theorem 3.3. Let X be a locally compact Hausdorff space, let K ⊂ X be
compact, and let V1, . . . , Vn be open subsets of X such that

K ⊂ V1 ∪ · · · ∪ Vn.

Then there exist hi ∈ Ω(Vi), i = 1, . . . , n, such that

1 = h1 + · · · + hn on K.

Proof. For each x ∈ K, there exists an index i(x) (between 1 and n) such that
x ∈ Vi(x). By (1) (applied to the compact set {x} contained in the open set
Vi(x)), there exists an open set Wx with compact closure such that

x ∈Wx ⊂ cl(Wx) ⊂ Vi(x). (3)

By the compactness of K, there exist x1, . . . , xm ∈ K such that

K ⊂Wx1 ∪ · · · ∪Wxm
.

Define for each i = 1, . . . , n

Hi :=
⋃

{cl(Wxj ); cl(Wxj ) ⊂ Vi}.

As a finite union of compact sets, Hi is compact, and contained in Vi. By
Theorem 3.1, there exist fi ∈ Ω(Vi), such that fi = 1 on Hi. Take h1 = f1
and for k = 2, . . . , n, consider the continuous functions

hk = fk
k−1∏
i=1

(1 − fi).

An immediate induction on k (up to n) shows that

h1 + · · · + hk = 1 −
k∏

i=1

(1 − fi).

Since fi = 1 on Hi, the product
∏n

i=1(1 − fi) vanishes on
⋃n

i=1Hi, and this
union contains the union of the Wxj

, j = 1, . . . ,m, hence contains K. Therefore,
h1 + · · · + hn = 1 on K. The support of hk is contained in the support of fk,
hence in Vk, and 0 ≤ hk ≤ 1 trivially.

3.2 Positive linear functionals

Definition 3.4. A linear functional φ : Cc(X) → C is said to be positive if
φ(f) ≥ 0 for all f ∈ C+

c (X).
This is clearly equivalent to the monotonicity condition: φ(f) ≥ φ(g)

whenever f ≥ g (f, g ∈ CR
c (X)).
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Let V ∈ τ . The indicator IV is continuous if and only if V is also closed.
In that case, IV ∈ Ω(V ), and f ≤ IV for all f ∈ Ω(V ). By monotonicity of φ,
0 ≤ φ(f) ≤ φ(IV ) for all f ∈ Ω(V ), and therefore 0 ≤ supf∈Ω(V ) φ(f) ≤ φ(IV ).
Since IV ∈ Ω(V ), we actually have an identity (in our special case). The set
function φ(IV ) is a ‘natural’ candidate for a measure of V (associated to the
given functional). Since the supremum expression makes sense for arbitrary open
sets, we take it as the definition of our ‘measure’ (first defined on τ).

Definition 3.5. Let (X, τ) be a locally compact Hausdorff space, and let φ be
a positive linear functional on Cc(X). Set

µ(V ) := sup
f∈Ω(V )

φ(f) (V ∈ τ).

Note that by definition
φ(f) ≤ µ(V )

whenever f ∈ Ω(V ).

Lemma 3.6. µ is non-negative, monotonic, and subadditive (on τ), and
µ(∅) = 0.

Proof. For each f ∈ Ω(V ) ⊂ C+
c (X), φ(f) ≥ 0, and therefore µ(V ) ≥ 0 (for all

V ∈ τ). Since Ω(∅) = {0} and φ(0) = 0, we trivially have µ(∅) = 0. If V ⊂ W
(with V,W ∈ τ), then Ω(V ) ⊂ Ω(W ), so that µ(V ) ≤ µ(W ).

Next, let Vi ∈ τ, i = 1, . . . , n, with union V . Fix f ∈ Ω(V ). Let then
h1, . . . , hn be a partition of unity in Cc(X) subordinate to the open covering
V1, . . . , Vn of the compact set supp f . Then

f =
n∑
i=1

hif hif ∈ Ω(Vi), i = 1, . . . , n.

Therefore

φ(f) =
n∑
i=1

φ(hif) ≤
n∑
i=1

µ(Vi).

Taking the supremum over all f ∈ Ω(V ), we obtain

µ(V ) ≤
n∑
i=1

µ(Vi).

We now extend the definition of µ to P(X).

Definition 3.7. For any E ∈ P(X), we set

µ∗(E) = inf
E⊂V ∈τ

µ(V ).

If E ∈ τ , then E ⊂ E ∈ τ , so that µ∗(E) ≤ µ(E). On the other hand,
whenever E ⊂ V ∈ τ , µ(E) ≤ µ(V ) (by Lemma 3.6), so that µ(E) ≤ µ∗(E).
Thus µ∗ = µ on τ , and µ∗ is indeed an extension of µ.
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Lemma 3.8. µ∗ is an outer measure.

Proof. First, since ∅ ∈ τ , µ∗(∅) = µ(∅) = 0.
If E ⊂ F ⊂ X, then E ⊂ V ∈ τ whenever F ⊂ V ∈ τ , and therefore

µ∗(E) := inf
E⊂V ∈τ

µ(V ) ≤ inf
F⊂V ∈τ

µ(V ) := µ∗(F ),

proving the monotonicity of µ∗.
Let {Ei} be any sequence of subsets of X. If µ∗(Ei) = ∞ for some i, then∑

i µ
∗(Ei) = ∞ ≥ µ∗(

⋃
iEi) trivially. Assume therefore that µ∗(Ei) < ∞ for

all i. Let ε > 0. By Definition 3.7, there exist open sets Vi such that

Ei ⊂ Vi; µ(Vi) < µ∗(Ei) + ε/2i, i = 1, 2, . . . .

Let E and V be the unions of the sets Ei and Vi, respectively. If f ∈ Ω(V ),
then {Vi} is an open cover of the compact set supp f , and there exists therefore
n ∈ N such that supp f ⊂ V1 ∪ · · · ∪ Vn, that is, f ∈ Ω(V1 ∪ · · · ∪ Vn). Hence, by
Lemma 3.6,

φ(f) ≤ µ(V1 ∪ · · · ∪ Vn) ≤ µ(V1) + · · · + µ(Vn) ≤
∞∑
i=1

µ∗(Ei) + ε.

Taking the supremum over all f ∈ Ω(V ), we get

µ(V ) ≤
∑
i

µ∗(Ei) + ε.

Since E ⊂ V ∈ τ , we get by definition

µ∗(E) ≤ µ(V ) ≤
∑
i

µ∗(Ei) + ε,

and the σ-subadditivity of µ∗ follows from the arbitrariness of ε.

At this stage, we could appeal to Caratheodory’s theory (cf. Chapter 2) to
obtain the wanted measure space. We prefer, however, to give a construction
independent of Chapter 2, and strongly linked to the topology of the space.

Denote by K the family of all compact subsets of X.

Lemma 3.9. µ∗ is finite and additive on K.

Proof. Let K ∈ K. By Theorem 3.1, there exists f ∈ Cc(X) such that 0 ≤
f ≤ 1 and f = 1 on K. Let V := [f > 1/2]. Then K ⊂ V ∈ τ , so that
µ∗(K) ≤ µ(V ). On the other hand, for all h ∈ Ω(V ), h ≤ 1 < 2f on V , so
that µ(V ) := suph∈Ω(V ) φ(h) ≤ φ(2f) (by monotonicity of φ), and therefore
µ∗(K) ≤ φ(2f) <∞.

Next, let Ki ∈ K(i = 1, 2) be disjoint, and let ε > 0. Then K1 ⊂ Kc
2 ∈ τ . By

(1) in the proof of Theorem 3.1, there exists V1 open with compact closure such
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that K1 ⊂ V1 and cl(V1) ⊂ Kc
2. Hence K2 ⊂ [cl(V1)]c := V2 ∈ τ , and V2 ⊂ V c

1 .
Thus, Vi are disjoint open sets containing Ki (respectively).

Since K1 ∪ K2 is compact, µ∗(K1 ∪ K2) < ∞, and therefore, by definition
of µ∗, there exists an open set W such that K1 ∪K2 ⊂W and

µ(W ) < µ∗(K1 ∪K2) + ε. (1)

By definition of µ on open sets, there exist fi ∈ Ω(W ∩ Vi) such that

µ(W ∩ Vi) < φ(fi) + ε, i = 1, 2. (2)

Since Ki ⊂W ∩ Vi, i = 1, 2, it follows from (2) that

µ∗(K1)+µ∗(K2) ≤ µ(W ∩V1)+µ(W ∩V2) < φ(f1)+φ(f2)+2ε = φ(f1+f2)+2ε.

However, f1 + f2 ∈ Ω(W ). Hence, by (1),

µ∗(K1) + µ∗(K2) < µ(W ) + 2ε < µ∗(K1 ∪K2) + 3ε.

The arbitrariness of ε and the subadditivity of µ∗ give µ∗(K1 ∪K2) = µ∗(K1) +
µ∗(K2).

Definition 3.10. The inner measure of E ∈ P(X) is defined by

µ∗(E) := sup
{K∈K;K⊂E}

µ∗(K).

By monotonicity of µ∗, we have µ∗ ≤ µ∗, and equality (and finiteness) is
valid on K (cf. Lemma 3.9). We consider then the family

M0 := {E ∈ P(X);µ∗(E) = µ∗(E) <∞}. (3)

We just observed that
K ⊂ M0. (4)

Another important subfamily of M0 consists of the open sets of finite measure µ:

Lemma 3.11. τ0 := {V ∈ τ ;µ(V ) <∞} ⊂ M0.

Proof. Let V ∈ τ0 and ε > 0. Since µ(V ) < ∞, it follows from the definition
of µ that there exists f ∈ Ω(V ) such that µ(V ) − ε < φ(f). Let K := supp f .
Whenever K ⊂ W ∈ τ , we have necessarily f ∈ Ω(W ), and therefore φ(f) ≤
µ(W ). Hence

µ(V ) − ε < φ(f) ≤ inf
{W∈τ ;K⊂W}

µ(W )

:= µ∗(K) ≤ µ∗(V ) ≤ µ∗(V ) = µ(V ),

and so µ∗(V ) = µ(V )(= µ∗(V )) by the arbitrariness of ε.
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Lemma 3.12. µ∗ is σ-additive on M0, that is, for any sequence of mutually
disjoint sets Ei ∈ M0 with union E,

µ∗(E) =
∑
i

µ∗(Ei). (5)

Furthermore, E ∈ M0 if µ∗(E) < ∞. In particular, M0 is closed under finite
disjoint unions.

Proof. By Lemma 3.8, it suffices to prove the inequality ≥ in (5). Since this
inequality is trivial when µ∗(E) = ∞, we may assume that µ∗(E) <∞.

Let ε > 0 be given. For all i = 0, 1, . . ., since Ei ∈ M0, there exist Hi ∈ K
such that Hi ⊂ Ei and

µ∗(Ei) < µ∗(Hi) + ε/2i. (6)

The sets Hi are necessarily mutually disjoint. Define

Kn =
n⋃
i=1

Hi n = 1, 2, . . . .

Then Kn ⊂ E, and by Lemma 3.9 and (6),

n∑
i=1

µ∗(Ei) <
n∑
i=1

µ∗(Hi) + ε = µ∗(Kn) + ε ≤ µ∗(E) + ε.

The arbitrariness of ε proves the wanted inequality ≥ in (5). Now µ∗(E) is the
finite sum of the series

∑
µ∗(Ei); hence, given ε > 0, we may choose n ∈ N

such that µ∗(E) <
∑n

i=1 µ
∗(Ei)+ ε. For that n, if the compact set Kn is defined

as before, we get µ∗(E) < µ∗(Kn) + 2ε, and therefore µ∗(E) = µ∗(E), that is,
E ∈ M0.

Lemma 3.13. M0 is a ring of subsets of X, that is, it is closed under the
operations ∪,∩,− between sets. Furthermore, if E ∈ M0, then for each ε > 0,
there exist K ∈ K and V ∈ τ0 such that

K ⊂ E ⊂ V ; µ(V −K) < ε. (7)

Proof. Note that V −K is open, so that (7) makes sense. We prove it first. By
definition of µ∗ and M0, there exist V ∈ τ and K ∈ K such that K ⊂ E ⊂ V
and

µ(V ) − ε/2 < µ∗(E) < µ∗(K) + ε/2.

In particular µ(V ) <∞ and µ(V −K) ≤ µ(V ) <∞, so that V, V −K ∈ τ0. By
Lemma 3.11, V −K ∈ M0. Since also K ∈ K ⊂ M0, it follows from Lemma 3.12
that

µ∗(K) + µ∗(V −K) = µ(V ) < µ∗(K) + ε.

Since µ∗(K) <∞, we obtain µ∗(V −K) < ε.
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Now, let Ei ∈ M0, i = 1, 2. Given ε > 0, pick Ki, Vi as in (7). Since

E1 − E2 ⊂ V1 −K2 ⊂ (V1 −K1) ∪ (K1 − V2) ∪ (V2 −K2),

and the sets on the right are disjoint sets in M0, we have by Lemma 3.12,

µ∗(E1 − E2) < µ∗(K1 − V2) + 2ε.

Since K1 − V2 (= K1 ∩ V c
2 ) is a compact subset of E1 − E2, it follows that

µ∗(E1 −E2) < µ∗(E1 −E2) + 2ε (and of course µ∗(E1 −E2) ≤ µ∗(E1) <∞), so
that E1 − E2 ∈ M0.

Now E1 ∪ E2 = (E1 − E2) ∪ E2 ∈ M0 as the disjoint union of sets in M0
(cf. Lemma 3.12), and E1 ∩E2 = E1 − (E1 −E2) ∈ M0 since M0 is closed under
difference.

Definition 3.14.

M = {E ∈ P(X);E ∩K ∈ M0 for all K ∈ K}.
If E is a closed set, then E∩K ∈ K ⊂ M0 for all K ∈ K, so that M contains

all closed sets.

Lemma 3.15. M is a σ-algebra containing the Borel algebra B (of X), and

M0 = {E ∈ M;µ∗(E) <∞}. (8)

Furthermore, the restriction µ := µ∗|M is a measure.

Proof. We first prove (8). If E ∈ M0, then since K ⊂ M0, we surely have
E ∩ K ∈ M0 for all K ∈ K (by Lemma 3.13), so that E ∈ M (and of course
µ∗(E) <∞ by definition).

On the other hand, suppose E ∈ M and µ∗(E) <∞. Let ε > 0. By definition,
there exists V ∈ τ such that E ⊂ V and µ(V ) < µ∗(E)+1 <∞. By Lemma 3.11,
V ∈ M0. Applying Lemma 3.13 (7) to V , we obtain a set K ∈ K such that
K ⊂ V and µ∗(V −K) < ε. Since E∩K ∈ M0 (by definition of M), there exists
H ∈ K such that H ⊂ E ∩K and

µ∗(E ∩K) < µ∗(H) + ε.

Now E ⊂ (E ∩K) ∪ (V −K), so that by Lemma 3.8,

µ∗(E) ≤ µ∗(E ∩K) + µ∗(V −K) < µ∗(H) + 2ε ≤ µ∗(E) + 2ε.

The arbitrariness of ε implies that µ∗(E) ≤ µ∗(E), so that E ∈ M0, and (8) is
proved.

Since M contains all closed sets (see observation following Definition 3.14),
we may conclude that B ⊂ M once we know that M is a σ-algebra.

If E ∈ M, then for all K ∈ K,

Ec ∩K = K − (E ∩K) ∈ M0

by definition and Lemma 3.13. Hence Ec ∈ M.
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Let Ei ∈ M, i = 1, 2, . . ., with union E. Then for each K ∈ K,

E ∩K =
⋃
i

Ei ∩K =
⋃
i

Fi,

where
Fi := (Ei ∩K) −

⋃
j<i

(Ej ∩K)

are mutually disjoint sets in M0 (by definition of M and Lemma 3.13). Since
µ∗(E ∩ K) ≤ µ∗(K) < ∞ (by Lemma 3.9), it follows from Lemma 3.12 that
E ∩K ∈ M0, and we conclude that E ∈ M.

Finally, let Ei ∈ M be mutually disjoint with union E. If µ∗(Ei) = ∞ for
some i, then also µ∗(E) = ∞ by monotonicity, and µ∗(E) =

∑
i µ

∗(Ei) trivially.
Suppose then that µ∗(Ei) <∞ for all i. By (8), it follows that Ei ∈ M0 for all i,
and the wanted σ-additivity of µ = µ∗|M follows from Lemma 3.12.

We call (X,M, µ) the measure space associated with the positive linear func-
tional φ. Integration in the following discussion is performed over this measure
space.

Lemma 3.16. For all f ∈ C+
c (X),

φ(f) ≤
∫
X

f dµ.

Proof. Fix f ∈ C+
c (X), let K be its (compact) support, and let 0 ≤ a < b be

such that [a, b] contains the (compact) range of f . Given ε > 0, choose points

0 ≤ y0 ≤ a < y1 < · · · < yn = b

such that yk − yk−1 < ε, and set

Ek = [yk−1 < f ≤ yk] k = 1, . . . , n.

Since f is continuous with support K, the sets Ek are disjoint Borel sets with
union K. By definition of our measure space, there exist open sets Vk such that

Ek ⊂ Vk; µ(Vk) < µ(Ek) + ε/n

for k = 1, . . . , n. Since f ≤ yk on Ek, it follows from the continuity of f that
there exist open sets Uk such that

Ek ⊂ Uk; f < yk + ε on Uk.

Taking Wk := Vk ∩ Uk, we have for all k = 1, . . . , n

Ek ⊂Wk; µ(Wk) < µ(Ek) + ε/n; f < yk + ε on Wk.
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Let {hk; k = 1, . . . , n} be a partition of unity in Cc(X) subordinate to the
open covering {Wk; k = 1, . . . , n} of K. Then

f =
n∑

k=1

hkf,

and for all k = 1, . . . , n,
hkf ≤ hk(yk + ε)

(since hk ∈ Ω(Wk) and f < yk + ε on Wk),

φ(hk) ≤ µ(Wk)

(since hk ∈ Ω(Wk)), and

yk = yk−1 + (yk − yk−1) < f + ε on Ek.

Therefore

φ(f) =
n∑

k=1

φ(hkf) ≤
∑
k

(yk + ε)φ(hk) ≤
∑
k

(yk + ε)µ(Wk)

≤
∑
k

(yk + ε)[µ(Ek) + ε/n] ≤
∑
k

ykµ(Ek) + εµ(K) +
∑
k

(yk + ε)ε/n

≤
∑
k

∫
Ek

(f + ε) dµ+ εµ(K) + (b+ ε)ε =
∫
X

f dµ+ ε[2µ(K) + b+ ε].

Since µ(K) <∞, the lemma follows from the arbitrariness of ε.

Lemma 3.17. For all f ∈ Cc(X),

φ(f) =
∫
X

f dµ.

Proof. By linearity, it suffices to prove the lemma for real f ∈ Cc(X). Given
such f , let K be its (compact) support, and let M = sup |f |. For any ε > 0,
choose V open such that K ⊂ V and µ(V ) < µ(K) + ε; then choose h ∈ Ω(V )
such that µ(V ) < φ(h) + ε. By Urysohn’s lemma, there is a function k ∈ Ω(V )
such that k = 1 on K. Let g = max{h, k} (= (1/2)(h+ k + |h− k|) ∈ C+

c (X)).
Then g ∈ Ω(V ), g = 1 on K, and µ(V ) < φ(g) + ε. Define F = f +Mg. Then
F ∈ C+

c (X) and F = f +M on K. By Lemma 3.16,

φ(F ) ≤
∫
X

F dµ,

that is, since g ∈ Ω(V ),

φ(f) +Mφ(g) ≤
∫
X

f dµ+M
∫
X

g dµ ≤
∫
X

f dµ+Mµ(V )

≤
∫
X

f dµ+M [φ(g) + ε].
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Hence, by the arbitrariness of ε,

φ(f) ≤
∫
X

f dµ

for all real f ∈ Cc(X). Replacing f by −f , we also have

−φ(f) = φ(−f) ≤
∫
X

(−f) dµ = −
∫
X

f dµ,

so that φ(f) =
∫
X
f dµ.

3.3 The Riesz–Markov representation theorem

Theorem 3.18 (Riesz–Markov). Let (X, τ) be a locally compact Hausdorff
space, and let φ be a positive linear functional on Cc(X). Let (X,M, µ) be the
measure space associated with φ. Then

φ(f) =
∫
X

f dµ f ∈ Cc(X). (*)

In addition, the following properties are valid:

(1) B(X) ⊂ M.

(2) µ is finite on K (the compact subsets of X).

(3) µ(E) = infE⊂V ∈τ µ(V ) for all E ∈ M.

(4) µ(E) = sup{K∈K;K⊂E} µ(K) (i) for all E ∈ τ , and (ii) for all E ∈ M
with finite measure.

(5) the measure space (X,M, µ) is complete.

Furthermore, the measure µ is uniquely determined on M by (*), (2), (3),
and (4)-(i).

Proof. Properties (*), (1), (2), and (4)-(ii) are valid by Lemma 3.17, 3.15, 3.9,
and 3.15 (together with Definition 3.10 and the following notation (3)),
respectively. Property (3) follows from Definition 3.7, since µ := µ∗|M.

If E ∈ M has measure zero, and F ⊂ E, then µ∗(F ) = 0 and µ∗(K) = 0 for
all K ∈ K,K ⊂ F (by monotonicity), so that µ∗(F ) = 0 = µ∗(F ) < ∞, that is,
F ∈ M0 ⊂ M, and (5) is proved.

We prove (4)-(i). Let V ∈ τ . If µ(V ) < ∞, then V ∈ M0 by Lemma 3.11,
and (4)-(i) follows from the definition of M0. Assume then that µ(V ) = ∞. By
Definition 3.5, for each n ∈ N, there exists fn ∈ Ω(V ) such that φ(fn) > n. Let
Kn := supp(fn). Then for all n,

µ∗(V ) ≥ µ(Kn) ≥
∫
Kn

fn dµ = φ(fn) > n,

so that µ∗(V ) = ∞ = µ(V ), and (4)-(i) is valid for V .
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Suppose ν is any positive measure on M satisfying Properties (*), (2), (3),
and (4)-(i). Let ε > 0 and K ∈ K. By (2) and (3), there exists V ∈ τ such that
K ⊂ V and ν(V ) < ν(K) + ε. By Urysohn’s lemma (3.1), there exists f ∈ Ω(V )
such that f = 1 onK. Hence IK ≤ f ≤ IV , and therefore, by (*) for both µ and ν,

µ(K) =
∫
X

IK dµ ≤
∫
X

f dµ = φ(f) =
∫
X

f dν ≤
∫
X

IV dν = ν(V ) < ν(K) + ε.

Hence µ(K) ≤ ν(K), and so µ(K) = ν(K) by symmetry. By (4)-(i), it follows
that µ = ν on τ , hence on M, by (3).

In case X is σ-compact, the following additional structural properties are
valid for the measure space associated with φ.

Theorem 3.19. Let X be a Hausdorff, locally compact, σ-compact space, and
let (X,M, µ) be the measure space associated with the positive linear functional
φ on Cc(X). Then:

(1) For all E ∈ M and ε > 0, there exist F closed and V open such that

F ⊂ E ⊂ V ; µ(V − F ) < ε.

(2) Properties (3) and (4) in Theorem 3.18 are valid for all E ∈ M (this fact
is formulated by the expression: µ is regular. One says also that µ|B(X) is
a regular Borel measure).

(3) For all E ∈ M, there exist an Fσ set A and a Gδ set B such that

A ⊂ E ⊂ B; µ(B −A) = 0

(i.e., every set in M is the union of an Fσ set and a null set).

Proof. The σ-compactness hypothesis means that X =
⋃

iKi with Ki compact.
Let ε > 0 and E ∈ M. By 3.18(2), µ(Ki ∩ E) ≤ µ(Ki) < ∞, and therefore, by
3.18(3), there exist open sets Vi such that

Ki ∩ E ⊂ Vi; µ (Vi − (Ki ∩ E)) < ε/2i+1, i = 1, 2, . . . .

Set V =
⋃

i Vi. Then V is open, contains E, and

µ(V − E) ≤ µ
(⋃

i

(Vi − (Ki ∩ E))

)
< ε/2.

Replacing E by Ec, we obtain in the same fashion an open set W containing Ec

such that µ(W − Ec) < ε/2. Setting F := W c, we obtain a closed set contained
in E such that µ(E − F ) < ε/2, and (1) follows.

Next, for an arbitrary closed set F , we have F =
⋃

i(Ki ∩ F ). Let Hn =⋃n
i=1Ki ∩ F . Then Hn is compact for each n, Hn ⊂ F , and µ(Hn) → µ(F ).

Therefore, Property (4) in Theorem 3.18 is valid for closed sets. If E ∈ M, the
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first part of the proof gives us a closed subset F of E such that µ(E − F ) < 1.
If µ(E) = ∞, also µ(F ) = ∞, and therefore

sup
{K∈K;K⊂E}

µ(K) ≥ sup
{K∈K;K⊂F}

µ(K) = µ(F ) = ∞ = µ(E).

Together with (3) and (4)-(ii) in Theorem 3.18, this means that Properties (3)
and (4) in 3.18 are valid for all E ∈ M.

Finally, for any E ∈ M, take ε = 1/n (n = 1, 2, . . .) in (1); this gives us
closed sets Fn and open sets Vn such that

Fn ⊂ E ⊂ Vn; µ(Vn − Fn) < 1/n, n = 1, 2, . . .

Set A =
⋃
Fn and B =

⋂
Vn. Then A ∈ Fσ, B ∈ Gδ, A ⊂ E ⊂ B, and since

B −A ⊂ Vn − Fn, we have µ(B −A) < 1/n for all n, so that µ(B −A) = 0.

3.4 Lusin’s theorem

For the measure space of Theorem 3.18, the relation between M-measurable
functions and continuous functions is described in the following

Theorem 3.20 (Lusin). Let X be a locally compact Hausdorff space, and let
(X,M, µ) be a measure space such that B(X) ⊂ M and Properties (2), (3),
and (4)-(ii) of Theorem 3.18 are satisfied. Let A ∈ M, µ(A) < ∞, and let
f : X → C be measurable and vanish on Ac. Then, for any ε > 0, there exists
g ∈ Cc(X) such that µ([f 
= g]) < ε. In case f is bounded, one may choose g
such that ‖g‖u ≤ ‖f‖u.
Proof. Suppose the theorem proved for bounded functions f (satisfying the
hypothesis of the theorem). For an arbitrary f (as in the theorem), the sets
En := [|f | ≥ n], n = 1, 2, . . . form a decreasing sequence of measurable subsets
of A. Since µ(A) <∞, it follows from Lemma 1.11 that limµ(En) = µ(

⋂
En) =

µ(∅) = 0. Therefore, we may choose n such that µ(En) < ε/2. The function
fn := fIEc

n
satisfies the hypothesis of the theorem and is also bounded (by n). By

our assumption, there exists g ∈ Cc(X) such that µ([g 
= fn]) < ε/2. Therefore

µ([g 
= f ]) = µ([g 
= f ] ∩ En) + µ([g 
= fn] ∩ Ec
n)

≤ µ(En) + µ([g 
= fn]) < ε.

Next, we may restrict our attention to non-negative functions f as above. Indeed,
in the general case, we may write f =

∑3
k=0 i

kuk with uk non-negative, meas-
urable, bounded, and vanishing on Ac. By the special case we assumed, there
exist gk ∈ Cc(X) such that µ([gk 
= uk]) < ε/4. Let E =

⋃3
k=0[gk 
= uk] and

g :=
∑3

k=0 i
kgk. Then g ∈ Cc(X), and since [g 
= f ] ⊂ E, we have indeed

µ([g 
= f ]) < ε.
Let then 0 ≤ f < M satisfy the hypothesis of the theorem. Replacing f by

f/M , we may assume that 0 ≤ f < 1.
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Since µ(A) < ∞, Property (4)-(ii) gives us a compact set K ⊂ A such that
µ(A − K) < ε/2. Suppose the theorem is true for A compact. The function
fK := fIK is measurable with range in [0, 1) and vanishes outside K. By the
theorem for compact A, there exists g ∈ Cc(X) such that µ([g 
= fK ]) < ε/2.
Then

µ([g 
= f ]) = µ([g 
= fK ] ∩ (K ∪Ac)) + µ([g 
= f ] ∩Kc ∩A)

≤ µ([g 
= fK ]) + µ(A−K) < ε.

It remains to prove the theorem for f measurable with range in [0, 1), that
wanishes on the complement of a compact set A.

By Theorem 1.8, there exist measurable simple functions

0 ≤ φ1 ≤ φ2 ≤ · · · ≤ f
such that f = limφn. Therefore, f =

∑
n ψn, where ψ1 = φ1, ψn := φn−φn−1 =

2−nIEn
(for n > 1), and En are measurable subsets of A (so that µ(En) < ∞).

Since A is a compact subset of the locally compact Hausdorff space X, there
exists an open set V with compact closure such that A ⊂ V (cf. (1) in the
proof of Theorem 3.1). By Properties (3) and (4)-(ii) of the measure space (since
µ(En) <∞), there exist Kn compact and Vn open such that

Kn ⊂ En ⊂ Vn ⊂ V,
and

µ(Vn −Kn) < ε/2n, n = 1, 2, . . . .

By Urysohn’s lemma (3.1), there exist hn ∈ Cc(X) such that 0 ≤ hn ≤ 1, hn = 1
on Kn, and hn = 0 on V c

n . Set

g =
∑
n

2−nhn.

The series is majorized by the convergent series of constants
∑

2−n, hence con-
verges uniformly on X; therefore g is continuous. For all n, Vn ⊂ cl(V ) and g
vanishes on the set

⋂
V c
n = (

⋃
Vn)c, which contains (cl(V ))c; thus the support

of g is contained in the compact set cl(V ), and so g ∈ Cc(X). Since 2−nhn = ψn
on Kn ∪ V c

n , we have

[g 
= f ] ⊂
⋃
n

[2−nhn 
= ψn] ⊂
⋃
n

(Vn −Kn),

and therefore
µ([g 
= f ]) <

∑
n

ε/2n = ε.

We show finally how to ‘correct’ g so that ‖g‖u ≤ ‖f‖u when f is a bounded
function satisfying the hypothesis of the theorem. Suppose g ∈ Cc(X) is such
that µ([g 
= f ]) < ε. Let E = [|g| ≤ ‖f‖u]. Define

g1 = gIE + (g/|g|)‖f‖uIEc .
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Then g1 is continuous (!), ‖g1‖u ≤ ‖f‖u, and since g1(x) = 0 iff g(x) = 0, g1
has compact support. Since [g = f ] ⊂ E, we have [g = f ] ⊂ [g1 = f ], hence
µ([g1 
= f ]) ≤ µ([g 
= f ]) < ε.

Corollary 3.21. Let (X,M, µ) be a measure space as in Theorem 3.20. Then
for each p ∈ [1,∞), Cc(X) is dense in Lp(µ).

In the terminology of Definition 1.28, Corollary 3.21 establishes that Lp(µ)
is the completion of Cc(X) in the ‖ · ‖p-metric.

Proof. Since B(X) ⊂ M, Borel functions are M-measurable; in particular,
continuous functions are M-measurable. If f ∈ Cc(X) and K := supp f , then∫
X

|f |p dµ ≤ ‖f‖puµ(K) < ∞ by Property (2). Thus Cc(X) ⊂ Lp(µ) for all
p ∈ [1,∞). By Theorem 1.27, it suffices to prove that for each simple measurable
function φ vanishing outside a measurable set A of finite measure and for each
ε > 0, there exists g ∈ Cc(X) such that ‖φ−g‖p < ε. By Theorem 3.20 applied to
φ, there exists g ∈ Cc(X) such that µ([φ 
= g]) < (ε/(2‖φ‖u))p and ‖g‖u ≤ ‖φ‖u.
Then

‖φ− g‖pp =
∫

[φ�=g]
|φ− g|p dµ ≤ (2‖φ‖u)pµ([φ 
= g]) < εp,

as wanted.

By Lemma 1.30, we obtain

Corollary 3.22. Let (X,M, µ) be a measure space as in Theorem 3.20. Let
f ∈ Lp(µ) for some p ∈ [1,∞). Then there exists a sequence {gn} ⊂ Cc(X) that
converges to f almost everywhere.

In view of the observation following the statement of Corollary 3.21, it is
interesting to find the completion of Cc(X) with respect to the ‖ · ‖u-metric. We
start with a definition.

Definition 3.23. Let X be a locally compact Hausdorff space. Then C0(X) will
denote the space of all complex continuous functions f on X with the following
property:

(*) for each ε > 0, there exists a compact subset K ⊂ X such that |f | < ε
on Kc.

A function with Property (*) is said to vanish at infinity.
Under pointwise operations, C0(X) is a complex vector space, that contains

Cc(X). If f ∈ C0(X) andK is as in (*) with ε = 1, then ‖f‖u ≤ supK |f |+1 <∞,
and it follows that C0(X) is a normed space for the uniform norm.

Theorem 3.24. C0(X) is the completion of Cc(X).

Proof. Let {fn} ⊂ C0(X) be Cauchy. Then f := lim fn exists pointwise uni-
formly on X, so that f is continuous on X and ‖fn − f‖u → 0. Given ε > 0, let
n0 ∈ N be such that ‖fn − f‖u < ε/2 for all n > n0. Fix n > n0 and a compact
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set K such that |fn| < ε/2 on Kc (cf. (*)). Then |f | ≤ |f − fn|+ |fn| < ε on Kc,
so that f ∈ C0(X), and we conclude that C0(X) is complete.

Given f ∈ C0(X) and ε > 0, let K be as in (*). By Urysohn’s Lemma (3.1),
there exists h ∈ Cc(X) such that 0 ≤ h ≤ 1 on X and h = 1 on K. Then
hf ∈ Cc(X), |f − hf | = (1 − h)|f | = 0 on K, and |f − hf | < |f | < ε on Kc, so
that ‖f − hf‖u < ε. This shows that Cc(X) is dense in C0(X).

Example 3.25. Consider the special case X = R
k, the k-dimensional Euc-

lidean space. If f ∈ Cc(Rk) and T is any closed cell containing supp f , let
φ(f) be the Riemann integral of f on T . Then φ is a well-defined positive linear
functional on Cc(Rk). Let (Rk,M,m) be the associated measure space as in
Theorem 3.18. Then, by Theorem 3.18, the integral

∫
Rk f dm coincides with the

Riemann integral of f for all f ∈ Cc(Rk).
For n ∈ N large enough and a < b real, let fn,a,b : R → [0, 1] denote the

function equal to zero outside [a+ 1/n, b− 1/n], to 1 in [a+ 2/n, b− 2/n], and
linear elsewhere. Then ∫ b

a

fn,a,b dx = b− a− 3/n.

If T = {x ∈ R
k; ai ≤ xi ≤ bi; i = 1, . . . , k}, consider the function Fn,T =∏k

i=1 fn,ai,bi ∈ Cc(Rk). Then

Fn,T ≤ IT ≤ Fn,Tn ,

where Tn = {x ∈ R
k; ai − 2/n ≤ xi ≤ bi + 2/n}. Therefore, by Fubini’s theorem

for the Riemann integral on cells,

k∏
i=1

(bi − ai − 3/n) =
∫
Fn,T dx1 . . . dxk ≤ m(T ) ≤

∫
Fn,Tn

=
k∏

i=1

(bi − ai + 1/n).

Letting n → ∞, we conclude that

m(T ) =
k∏

i=1

(bi − ai) := vol(T ).

By Theorem 2.13 and the subsequent constructions of Lebesgue’s measure on R

and of the product measure, the measure m coincides with Lebesgue’s measure
on the Borel subsets of R

k.

3.5 The support of a measure

Definition 3.26. Let (X,M, µ) be as in Theorem 3.18. Let V be the union of
all the open µ-null sets in X. The support of µ is the complement V c of V , and
is denoted by supp µ.
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Since V is open, suppµ is a closed subset of X. Also, by Property (4)-(i) of µ
(cf. Theorem 3.18),

µ(V ) = sup
K∈K;K⊂V

µ(K). (1)

If K is a compact subset of V , the open µ-null sets are an open cover of K, and
there exist therefore finitely many µ-null sets that cover K; hence µ(K) = 0,
and it follows from (1) that µ(V ) = 0. Thus S = suppµ is the smallest closed
set with a µ-null complement.

For any f ∈ L1(µ), we have∫
X

f dµ =
∫
S

f dµ. (2)

If f ∈ Cc(X) is non-negative and
∫
X
f dµ = 0, then f = 0 identically on the

support S of µ. Indeed, suppose there exists x0 ∈ S such that f(x0) 
= 0. Then
there exists an open neighbourhood U of x0 such that f 
= 0 on U . Let K be
any compact subset of U . Then c := minK f > 0, and

0 =
∫
X

f dµ ≥
∫
K

f dµ ≥ cµ(K).

Hence µ(K) = 0, and therefore µ(U) = 0 by Property (4)-(i) of µ (cf.
Theorem 3.18). Thus U ⊂ Sc, which implies the contradiction x0 ∈ Sc.

Together with (2), this shows that
∫
X
f dµ = 0 for a non-negative function

f ∈ Cc(X) if and only if f vanishes identically on suppµ.

3.6 Measures on R
k; differentiability

Notation 3.27. If E ⊂ R
k, we denote the diameter of E (i.e. supx,y∈E d(x, y))

by δ(E). Let µ be a real or a positive Borel measure on R
k, and let m denote the

Lebesgue measure on R
k. Fix x ∈ R

k, and consider the quotients µ(E)/m(E)
for all open cubes E containing x. The upper derivative of µ at x is defined by

(D̄µ)(x) = lim sup
δ(E)→0

µ(E)
m(E)

:= lim
r→0

sup
δ(E)<r

µ(E)
m(E)

.

The lower derivative of µ at x, denoted (Dµ)(x), is defined similarly by replacing
lim sup and sup by lim inf and inf, respectively.

Since supδ(E)<r µ(E)/m(E) is an increasing function of r, (D̄µ)(x) is well
defined. The same is true of (Dµ)(x), and we have trivially (Dµ)(x) ≤ (D̄µ)(x).
In case these quantities are equal and finite, one says that µ is differentiable at x;
the common value is denoted (Dµ)(x), and is called the derivative of µ at x.

If f(x) := supx∈E;δ(E)<r µ(E)/m(E) > c for some real c and some
r > 0, there exists an open cube E0 containing x with δ(E0) < r such that
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µ(E0)/m(E0) > c; this inequality is true for all y ∈ E0, and therefore, for each
y ∈ E0, the above supremum over all open cubes E containing y with δ(E) < r
is > c. This shows that [f > c] is open, and therefore f is a Borel function of x.
Consequently D̄µ is a Borel function.

If µk (k = 1, 2) are real Borel measures with finite upper derivatives at x,
then

D̄(µ1 + µ2) ≤ D̄µ1 + D̄µ2

at every point x; for D, the inequality is reversed. It follows in particular that if
both µk are differentiable at x, the same is true of µ := µ1 + µ2, and (Dµ)(x) =
(Dµ1)(x) + (Dµ2)(x).

The concepts of differentiability and derivative are extended to complex
measures in the usual way.

The next theorem relates Dµ to the Radon–Nikodym derivative dµa/dm of
the absolutely continuous part µa of µ in its Lebesgue decomposition with respect
to m (cf. Theorem 1.45).

Theorem 3.28. Let µ be a complex Borel measure on R
k. Then µ is

differentiable m-a.e., and Dµ = dµa/dm (as elements of L1(Rk)).

It follows in particular that µ ⊥ m iff Dµ = 0 m-a.e., and µ � m iff
µ(E) =

∫
E

(Dµ)dm for all E ∈ B := B(Rk).

Proof. 1. Consider first a positive Borel measure µ which is finite on compact
sets.

Fix A ∈ B and c > 0, and assume that the Borel set

Ac := A ∩ [D̄µ > c] (1)

(cf. Section 3.27) has positive Lebesgue measure.
Since m is regular, there exists a compact set K ⊂ Ac such that m(K) > 0.

Fix r > 0. For each x ∈ K, there exists an open cube E with δ(E) < r such that
x ∈ E and µ(E)/m(E) > c. By compactness of K, we may choose finitely many
of these cubes, say E1, . . . , En, such that K ⊂ ⋃

iEi and δ(Ei) ≥ δ(Ei+1). We
pick a disjoint subfamily of Ei as follows: i1 = 1; i2 is the first index > i1 such
that Ei2 does not meet Ei1 ; i3 is the first index > i2 such that Ei3 does not meet
Ei1 and Ei2 ; etc. . . Let Vj be the closed ball centred at the centre pj of Eij with
diameter 3δ(Eij ). If γk denotes the ratio of the volumes of a ball and a cube in
R
k with the same diameter, then m(Vj) = γk3km(Eij ).

For each i = 1, . . . , n, there exists ij ≤ i such that Ei meets Eij , say at some
point q. Then for all y ∈ Ei,

d(y, pj) ≤ d(y, q) + d(q, pj) ≤ δ(Ei) + δ(Eij )/2 ≤ 3δ(Eij )/2,

since ij ≤ i implies that δ(Ei) ≤ δ(Eij ). Hence Ei ⊂ Vj , and

K ⊂
⋃
i

Ei ⊂
⋃
j

Vj .
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Therefore

m(K) ≤
∑
j

m(Vj) = γk3k
∑
j

m(Eij ) < γk3
kc−1

∑
j

µ(Eij )

= γk3kc−1µ

(⋃
j

Eij

)
.

Each Eij is an open cube of diameter < r containing some point of K; therefore⋃
j

Eij ⊂ {y; d(y,K) < r} := Kr.

The (open) set Kr has compact closure, and therefore µ(Kr) <∞ by hypothesis,
and by the preceding calculation

m(K) ≤ γk3kc−1µ(Kr). (2)

Take r = 1/N (N ∈ N); {K1/N}N∈N is a decreasing sequence of open sets of
finite µ-measure with intersection K; therefore µ(K) = limN µ(K1/N ), and it
follows from (2) that m(K) ≤ γk3kc−1µ(K). Hence

µ(Ac) ≥ µ(K) ≥ γ−1
k 3−kc m(K) > 0.

We proved therefore that m(Ac) > 0 implies µ(Ac) > 0. Consequently, if
µ(A) = 0 (so that µ(Ac) = 0 for all c > 0), then m(Ac) = 0 for all c > 0.
Since A ∩ [D̄µ > 0] =

⋃∞
p=1A1/p, it then follows that m(A ∩ [D̄µ > 0]) = 0. But

D̄µ ≥ 0 since µ is a positive measure. Therefore D̄µ = 0 m-a.e. on A (for each
A ∈ B with µ(A) = 0). Hence 0 ≤ Dµ ≤ D̄µ = 0 m-a.e. on A, and we conclude
that Dµ exists and equals zero m-a.e. on A (if µ(A) = 0).

If µ ⊥ m, there exists A ∈ B such that µ(A) = 0 and m(Ac) = 0.
Then m([D̄µ > 0] ∩ A) = 0 and trivially m([D̄µ > 0] ∩ Ac) = 0. Hence

m([D̄µ > 0]) = 0, and therefore Dµ = 0 m-a.e.
If µ is a complex Borel measure, we use its canonical (Jordan) decomposition

µ =
∑3

k=0 i
kµk, where µk are finite positive Borel measures. If µ ⊥ m, also

µk ⊥ m for all k, hence Dµk = 0 m-a.e. for k = 0, . . . , 3, and consequently
Dµ =

∑3
k=0 i

kDµk = 0 m-a.e.
2. Let µ be a real Borel measure absolutely continuous with respect to m

(restricted to B), and let h = dµ/dm be the Radon–Nikodym derivative (h is
real m-a.e., and since it is only determined m-a.e., we may assume that h is a
real (Borel) function (in L1(Rk)). We claim that

m([h < D̄µ]) = 0. (3)

Assuming the claim and replacing µ by −µ (so that h is replaced by −h), since
D̄(−µ) = −Dµ, we obtain m([h > Dµ]) = 0. Consequently

h ≤ Dµ ≤ D̄µ ≤ h m-a.e.,
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that is, µ is differentiable and Dµ = h m-a.e. The case of a complex Borel
measure µ � m follows trivially from the real case. Finally, if µ is an arbitrary
complex Borel measure, we use the Lebesgue decomposition µ = µa + µs as in
Theorem 1.45. It follows that µ is differentiable and Dµ = Dµa+Dµs = dµa/dm
m-a.e. (cf. Part 1 of the proof), as wanted.

To prove (3) it suffices to show that Er := [h < r < D̄µ](= [h < r]∩[D̄µ > r])
is m-null for any rational number r, because [h < D̄µ] =

⋃
r∈Q

Er. Fix r ∈ Q,
and consider the positive Borel measure

λ(E) :=
∫
E∩[h≥r]

(h− r) dm (E ∈ B). (4)

Since h ∈ L1(m), λ is finite on compact sets, and λ([h < r]) = 0. By Part 1 of
the proof, it follows that Dλ = 0 m-a.e. on [h < r]. For any E ∈ B,

µ(E) =
∫
E

h dm =
∫
E

[(h− r) + r] dm =
∫
E

(h− r)dm+ rm(E)

=
∫
E∩[h>r]

(h− r)dm+
∫
E∩[h≤r]

(h− r)dm+ rm(E) ≤ λ(E) + rm(E).

Given x ∈ R
k, we have then for any open cube E containing x

µ(E)
m(E)

≤ λ(E)
m(E)

+ r.

Taking the supremum over all such E with δ(E) < s and letting then s→ 0, we
obtain

(D̄µ)(x) ≤ (D̄λ)(x) + r = r

m-a.e. on [h < r]. Equivalently, m([h < r] ∩ [D̄µ > r]) = 0.

Corollary 3.29. If f ∈ L1(Rk), then

lim
δ(E)→0

m(E)−1
∫
E

|f(y) − f(x)| dy = 0 (5)

for almost all x ∈ R
k. (The limit is over open cubes containing x.)

In particular, the averages of f over open cubes E containing x converge
almost everywhere to f(x) as δ(E) → 0.

Proof. For each c ∈ Q + iQ and N ∈ N, consider the finite positive Borel
measure

µN (E) :=
∫
E∩B(0,N)

|f − c| dy (E ∈ B),

where B(0, N) = {y ∈ R
k; |y| < N}. By Theorem 3.28, µN (E)/m(E) →

|f(x) − c|IB(0,N)(x) m-a.e. when the open cubes E containing x satisfy δ(E) →
0. Denote the ‘exceptional m-null set’ by Gc,N , and let

G :=
⋃

{Gc,N ; c ∈ Q + iQ, N ∈ N}.
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We have m(G) = 0, and the proof will be completed by showing that (5) is valid
for each x /∈ G.

Let x /∈ G and ε > 0. By the density of Q + iQ in C, there exists c ∈ Q + iQ
such that |f(x) − c| < ε. Choose N > |x| + 1. All open cubes containing x with
diameter < 1 are contained in B(0, N), and therefore µN (E)/m(E) → |f(x)− c|
when δ(E) → 0. Since

m(E)−1
∫
E

|f(y) − f(x)| dy ≤ m(E)−1
∫
E(=E∩B(0,N))

|f(y) − c| dy

+m(E)−1
∫
E

|f(x) − c| dy ≤ µN (E)
m(E)

+ ε,

it follows that

lim sup
δ(E)→0

m(E)−1
∫
E

|f(y) − f(x)| dy ≤ |f(x) − c| + ε < 2ε.

The arbitrariness of ε shows that the above lim sup is 0 for all x /∈ G, and
therefore the limit of the averages exists and equals zero for all x /∈ G.

Exercises

Translations in Lp

1. Let Lp be the Lebesgue space on R
k with respect to Lebesgue measure. For

each t ∈ R
k, let

[T (t)f ](x) = f(x+ t) (f ∈ Lp;x ∈ R
k).

This so-called ‘translation operator’ is a linear isometry of Lp onto itself.
Prove that T (t)f → f in Lp-norm as t → 0, for each f ∈ Lp (1 ≤ p < ∞).
(Hint: use Corollary 3.21 and an ‘ε/3 argument’.)

Automatic regularity

2. Let X be a locally compact Hausdorff space in which every open set is
σ-compact (e.g. an Euclidean space). Then every positive Borel measure λ
which is finite on compact sets is regular. (Hint: consider the positive linear
functional φ(f) :=

∫
X
f dλ. If (X,M, µ) is the associated measure space as

in Theorem 3.18, show that λ = µ on open sets and use Theorem 3.19.)

Hardy inequality

3. Let 1 < p <∞, and let Lp(R+) denote the Lebesgue space for R
+ := (0,∞)

with respect to the Lebesgue measure. For f ∈ Lp(R+), define

(Tf)(x) = (1/x)
∫ x

0
f(t) dt (x ∈ R

+).
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Prove:

(a) Tf is well defined, and |(Tf)(x)| ≤ x−1/p‖f‖p.
(b) Denote by D, M , and I the differentiation, multiplication by x, and

identity operators, respectively (on appropriate domains). Verify the
identities

MDT = I − T on C+
c (R+), (1)

where multiplication of operators is their composition.

‖Tf‖pp = q
∫ ∞

0
f(Tf)p−1 dx (2)

for all f ∈ C+
c (R+), where q is the conjugate exponent of p. (Hint:

integrate by parts.)

(c) ‖Tf‖p ≤ q ‖f‖p f ∈ C+
c (R+).

(d) Extend the (Hardy) inequality (c) to all f ∈ Lp(R+). (Hint: use
Corollary 3.21.)

(e) Show that sup0 �=f∈Lp ‖Tf‖p/‖f‖p = q. (Hint: consider the functions
fn(x) = x−1/pI[1,n].)

Absolutely continuous and singular functions

4. Recall that a function f : R → C has bounded variation if its total variation
function vf is bounded, where

vf (x) := sup
P

∑
k

|f(xk) − f(xk−1)| <∞,

and P = {xk; k = 0, . . . , n}, xk−1 < xk, xn = x (the supremum is taken
over all such ‘partitions’ P of (−∞, x]).

The total variation of f is V (f) := supR vf .

It follows from a theorem of Jordan that such a function has a ‘canonical’
(Jordan) decomposition f =

∑3
k=0 i

kfk where fk are non-decreasing real
function. Therefore f has one-sided limits at every point. We say that f is
normalized if it is left-continuous and f(−∞) = 0.

(a) Let µ be a complex Borel measure on R. Show that f(x) := µ((−∞, x))
is a normalized function of bounded variation (briefly, f is NBV).

(b) Conversely, if f is NBV and µ is the corresponding Lebesgue–Stieltjes
measure (constructed through the Jordan decomposition of f as in
Chapter 2, with left continuity replacing right continuity), then µ
(restricted to B := B(R)) is a complex Borel measure such that f(x) =
µ((−∞, x)) for all x ∈ R. (Also vf (x) = |µ|((−∞, x)) and V (f) = ‖µ‖.)
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(c) f : R → C is absolutely continuous if for each ε > 0 there exists δ > 0
such that whenever {(ak, bk); k = 1, . . . , n} is a finite family of disjoint
intervals of total length < δ, we have

∑
k |f(bk) − f(ak)| < ε. If f is

NBV and µ is the Borel measure associated to f as in Part b., then
µ � m iff f is absolutely continuous (cf. Theorem 3.28 and Exercise 8f
in Chapter 1).

(d) Let h ∈ L1 := L1(R), f(x) =
∫ x

−∞ h(t) dt, and µ(E) =
∫

E
h(t) dt

(E ∈ B). Conclude from Parts (a) and (c) that f is absolutely
continuous and Dµ = h m-a.e. (Cf. Theorem 3.28.)

(e) Let µ and f be as in Part (a), and let x ∈ R be fixed. Show that (Dµ)(x)
exists iff f ′(x) exists and f ′(x) = (Dµ)(x). In particular, if µ ⊥ m,
then f ′ = 0 m-a.e. (such a function is called a singular function). (Cf.
Theorem 3.28.)

(f) With h and f as in Part (d), conclude from Parts (d) and (e) (and
Theorem 3.28) that f ′ = h m-a.e.

(g) If f is NBV, show that f ′ exists m-a.e. and is in L1, and f(x) =
fs(x) +

∫ x

−∞ f ′(t) dt where fs is a singular NBV function. (Apply
Parts (b), (e), and (f), and the Lebesgue decomposition.)

Cantor functions

5. Let {rn}∞
n=0 be a positive decreasing sequence with r0 = 1. Denote r =

limn rn. Let C0 = [0, 1], and for n ∈ N, let Cn be the union of the 2n

disjoint closed intervals of length rn/2n obtained by removing open intervals
at the center of the 2n−1 intervals comprising Cn−1 (note that the removed
intervals have length (rn−1 − rn)/2n−1 > 0 and m(Cn) = rn). Let C =⋂

n Cn.

(a) C is a compact set of Lebesgue measure r.

(b) Let gn = r−1
n ICn

and fn(x) =
∫ x

0 gn(t) dt. Then fn is continuous, non-
decreasing, constant on each open interval comprising Cc

n, fn(0) = 0,
fn(1) = 1, and fn converge uniformly in [0, 1] to some function f . The
function f is continuous, non-decreasing, has range equal to [0, 1], and
f ′ = 0 on Cc. (In particular, if r = 0, f ′ = 0 m-a.e., but f is not
constant. Such so-called Cantor functions are examples of continuous
non-decreasing non-constant singular functions.)

Semi-continuity

6. Let X be a locally compact Hausdorff space. A function f : X → R is
lower semi-continuous (l.s.c.) if [f > c] is open for all real c; f is upper
semi-continuous (u.s.c.) if [f < c] is open for all real c. Prove:

(a) f is continuous iff it is both l.s.c. and u.s.c.
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(b) If f is l.s.c. (u.s.c.) and α is a positive constant, then αf is l.s.c. (u.s.c.,
respectively). Also −f is u.s.c. (l.s.c., respectively).

(c) If f, g are l.s.c. (u.s.c.), then f + g is l.s.c. (u.s.c., respectively).

(d) The supremum (infimum) of any family of l.s.c. (u.s.c.) functions is
l.s.c. (u.s.c., respectively).

(e) If {fn} is a sequence of non-negative l.s.c. functions, then f :=
∑

n fn
is l.s.c.

(f) The indicator IA is l.s.c. (u.s.c.) if A ⊂ X is open (closed, respectively).

7. Let (X,M, µ) be a positive measure space as in the Riesz–Markov theorem.

(a) Let 0 ≤ f ∈ L1(µ) and ε > 0. Represent f =
∑∞

j=1 cjIEj
as in

Exercise 15, Chapter 1, and choose Kj compact and Vj open such
that Kj ⊂ Ej ⊂ Vj and µ(Vj − Kj) < ε/cj2j+1. Fix n such that∑

j>n cjµ(Ej) < ε/2 and define u =
∑n

j=1 cjIKj
and v =

∑∞
j=1 cjIVj

.
Prove that u is u.s.c., v is l.s.c., u ≤ f ≤ v, and

∫
X

(v − u) dµ < ε.
(b) Generalize the above conclusion to any real function f ∈ L1(µ). (This

is the Vitali–Caratheodory theorem.) (Hint: Exercise 6)

Fundamental theorem of calculus

8. Let f : [a, b] → R be differentiable at every point of [a, b], and suppose f ′ ∈
L1 := L1([a, b]) (with respect to Lebesgue measure dt). Denote

∫ b
a
f ′(t) dt =

c and fix ε > 0. By Exercise 7 above, there exists v l.s.c. such that f ′ ≤ v

and
∫ b
a
v dt < c+ ε. Fix a constant r > 0 such that r(b−a) < c+ ε−∫ b

a
v dt,

and let g = v + r. Observe that g is l.s.c., g > f ′, and
∫ b
a
g dt < c + ε. By

the l.s.c. property of g and the differentiability of f , we may associate to
each x ∈ [a, b) a number δ(x) such that g(t) > f ′(x) and f(t) − f(x) <
(t− x)[f ′(x) + ε] for all t ∈ (x, x+ δ(x)).

Define

F (x) =
∫ x

a

g(t) dt− f(x) + f(a) + ε(x− a).

(F is clearly continuous and F (a) = 0.)

(a) Show that F (t) > F (x) for all t ∈ (x, x+ δ(x)).

(b) Conclude that F (b) ≥ 0, and consequently f(b)−f(a) < c+ε(1+b−a).
Hence f(b) − f(a) ≤ c.

(c) Conclude that
∫ b
a
f ′(t) dt = f(b) − f(a). (Hint: replace f by −f in the

conclusion of Part b)
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Approximation almost everywhere by
continuous functions

9. Let (X,M, µ) be a positive measure space as in the Riesz–Markov theorem.
Let f : X → C be a bounded measurable function vanishing outside some
measurable set of finite measure. Prove that there exists a sequence {gn} ⊂
Cc(X) such that ‖gn‖u ≤ ‖f‖u and gn → f almost everywhere. (Hint:
Lusin and Exercise 16 of Chapter 1.)
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4

Continuous linear
functionals

The general form of continuous linear functionals on Hilbert space was described
in Theorem 1.37. In the present chapter, we shall obtain the general form of
continuous linear functionals on some of the normed spaces we have encountered.

4.1 Linear maps

We consider first some basic facts about arbitrary linear maps between normed
spaces.

Definition 4.1. Let X,Y be normed spaces (over C, to fix the ideas), and
let T : X → Y be a linear map (it is customary to write Tx instead of T (x),
and norms are denoted by ‖ · ‖ in any normed space, unless some distinction is
absolutely necessary). One says that T is bounded if

‖T‖ := sup
x�=0

‖Tx‖
‖x‖ < ∞.

Equivalently, T is bounded iff there exists M ≥ 0 such that

‖Tx‖ ≤ M ‖x‖ (x ∈ X), (1)

and ‖T‖ is the smallest constant M for which (1) is valid. In particular

‖Tx‖ ≤ ‖T‖‖x‖ (x ∈ X). (2)

The homogeneity of T shows that the following conditions are equivalent:

(a) T is ‘bounded’;

(b) the map T is bounded (in the usual sense) on the ‘unit ball’ BX := {x ∈ X;
‖x‖ < 1};
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(c) the map T is bounded on the ‘closed unit ball’ B̄X := {x ∈ X; ‖x‖ ≤ 1};
(d) the map T is bounded on the ‘unit sphere’ SX := {x ∈ X; ‖x‖ = 1}.
In addition, one has (for T bounded):

‖T‖ = sup
x∈BX

‖Tx‖ = sup
x∈B̄X

‖Tx‖ = sup
x∈SX

‖Tx‖. (3)

By (3), the set B(X,Y ) of all bounded linear maps from X to Y is a complex
vector space for the pointwise operations, and ‖ · ‖ is a norm on B(X,Y ), called
the operator norm or the uniform norm.

Theorem 4.2. Let X,Y be normed spaces, and T : X → Y be linear. Then the
following properties are equivalent:

(i) T ∈ B(X,Y );

(ii) T is uniformly continuous on X;

(iii) T is continuous at some point x0 ∈ X.

Proof. Assume (i). Then for all x, y ∈ X,

‖Tx− Ty‖ = ‖T (x− y)‖ ≤ ‖T‖‖x− y‖,
which clearly implies (ii) (actually, this is the stronger property: T is Lipschitz
with Lipschitz constant ‖T‖).

Trivially, (ii) implies (iii). Finally, if (iii) holds, there exists δ > 0 such that

‖Tx− Tx0‖ < 1

whenever ‖x− x0‖ < δ.
By linearity of T , this is equivalent to: ‖Tz‖ < 1 whenever z ∈ X and

‖z‖ < δ. Since ‖δx‖ < δ for all x ∈ BX , it follows that δ‖Tx‖ = ‖T (δx)‖ < 1,
that is, ‖Tx‖ < 1/δ on BX , hence ‖T‖ ≤ 1/δ.

Notation 4.3. Let X be a (complex) normed space. Then

B(X) := B(X,X);

X∗ := B(X,C).

Elements of B(X) will be called bounded operators on X; elements of X∗ will be
called bounded linear functionals on X, and will be denoted usually by x∗, y∗, . . .

Since the norm on C is the absolute value, the norm of x∗ ∈ X∗ as defined
in Definition 4.1 takes the form

‖x∗‖ = sup
x�=0

|x∗x|/‖x‖ = sup
x∈BX

|x∗x|;

also, (2) takes the form

|x∗x| ≤ ‖x∗‖‖x‖ (x ∈ X).

The normed space X∗ is called the (normed) dual or the conjugate space of X.
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Theorem 4.4. Let X,Y be normed spaces. If Y is complete, then B(X,Y ) is
complete.

Proof. Suppose Y is complete, and let {Tn} ⊂ B(X,Y ) be a Cauchy sequence.
For each x ∈ X,

‖Tnx− Tmx‖ = ‖(Tn − Tm)x‖ ≤ ‖Tn − Tm‖‖x‖ → 0

when n,m → ∞, that is, {Tnx} is Cauchy in Y . Since Y is complete, the limit
limn Tnx exists in Y . We denote it by Tx. By the basic properties of limits, the
map T : X → Y is linear. Given ε > 0, there exists n0 ∈ N such that

‖Tn − Tm‖ < ε, n,m > n0.

Therefore
‖Tnx− Tmx‖ < ε‖x‖, n,m > n0, x ∈ X.

Letting m → ∞, we get by continuity of the norm

‖Tnx− Tx‖ ≤ ε‖x‖, n > n0, x ∈ X.

In particular Tn − T ∈ B(X,Y ), and thus T = Tn − (Tn − T ) ∈ B(X,Y ), and
‖Tn − T‖ ≤ ε for all n > n0. This shows that B(X,Y ) is complete.

Since C is complete, we have

Corollary 4.5. The conjugate space of any normed space is complete.

4.2 The conjugates of Lebesgue spaces

Theorem 4.6.

(i) Let (X,A, µ) be a positive measure space. Let 1 < p < ∞, let q be the con-
jugate exponent, and let φ ∈ Lp(µ)∗. Then there exists a unique element
g ∈ Lq(µ) such that

φ(f) =
∫
X

fg dµ (f ∈ Lp(µ)). (1)

Moreover, the map φ → g is an isometric isomorphism of Lp(µ)∗ and
Lq(µ).

(ii) In case p = 1, the result is valid if the measure space is σ-finite.

Proof. Uniqueness. If g, g′ are as in the theorem, and h := g−g′, then h ∈ Lq(µ)
and ∫

X

fh dµ = 0 (f ∈ Lp(µ)). (2)

The function θ : C → C defined by

θ(z) = |z|/z for z �= 0; θ(0) = 0
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is Borel, so that, in case 1 < p < ∞, the function f := |h|q−1θ(h) is measurable,
and ∫

X

|f |p dµ =
∫

X

|h|(q−1)p dµ =
∫

X

|h|q dµ < ∞.

Hence by (2) for this function f ,

0 =
∫

X

|h|q−1θ(h)h dµ =
∫

X

|h|q dµ,

and consequently h is the zero element of Lq(µ).
In case p = 1, take in (2) f = IE , where E ∈ A and 0 < µ(E) < ∞ (so

that f ∈ L1(µ)). Then 0 = (1/µ(E))
∫

E
h dµ for all such E, and therefore h = 0

a.e. by the Averages lemma (Lemma 1.38) (since we assume that X is σ-finite
in case p = 1).

Existence. Let (X,A, µ) be an arbitrary positive measure space, and
1 ≤ p < ∞. If g ∈ Lq(µ) and we define ψ(f) by the right-hand side of (1),
then Holder’s inequality (Theorem 1.26) implies that ψ is a well-defined linear
functional on Lp(µ), and

|ψ(f)| ≤ ‖g‖q‖f‖p (f ∈ Lp(µ)),

so that ψ ∈ Lp(µ)∗ and
‖ψ‖ ≤ ‖g‖q. (3)

In order to prove the existence of g as in the theorem, it suffices to prove the
following:

Claim. There exists a complex measurable function g such that

‖g‖q ≤ ‖φ‖ (4)

and
φ(IE) =

∫
E

g dµ (E ∈ A0), (5)

where A0 := {E ∈ A;µ(E) < ∞}.
Indeed, Relation (5) means that (1) is valid for f = IE , for all E ∈ A0; by

linearity of φ and ψ, (1) is then valid for all simple functions in Lp(µ). Since
these functions are dense in Lp(µ) (Theorem 1.27), the conclusion φ = ψ follows
from the continuity of both functionals on Lp(µ), and the relation ‖g‖q = ‖φ‖
follows then from (3) and (4).

Proof of the claim. Case of a finite measure space (X,A, µ). In that case,
IE ∈ Lp(µ) for any E ∈ A, and ‖IE‖p = µ(E)1/p. Consider the trivially additive
set function

λ(E) := φ(IE) (E ∈ A).

If {Ek} ⊂ A is a sequence of mutually disjoint sets with union E, set An =⋃n
k=1Ek. Then

‖IAn
− IE‖p = ‖IE−An‖p = µ(E −An)1/p → 0
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as n → ∞, since {E − An} is a decreasing sequence of measurable sets with
empty intersection (cf. Lemma 1.11). Since φ is continuous on Lp(µ), it follows
that

λ(E) := φ(IE) = lim
n
φ(IAn) = lim

n
λ(An)

= lim
n

n∑
k=1

λ(Ek) =
∞∑
k=1

λ(Ek),

so that λ is a complex measure.
If µ(E) = 0 for some E ∈ A, then ‖IE‖p = 0, and therefore λ(E) :=

φ(IE) = 0 by linearity of φ. This means that λ � µ, and therefore, by the
Radon–Nikodym theorem, there exists g ∈ L1(µ) such that

φ(IE) =
∫
E

g dµ =
∫
X

IEg dµ (E ∈ A).

Thus (5) is valid, with g integrable. We show that this modified version of (5)
implies (4) (hence the claim).

By linearity of φ and the integral, it follows from (5) (modified version) that
(1) is valid for all simple measurable functions f . If f is a bounded measurable
function, there exists a sequence of simple measurable functions sn such that
‖sn − f‖u → 0 (cf. Theorem 1.8). Then

‖sn − f‖p ≤ ‖sn − f‖uµ(X)1/p → 0,

and therefore, by continuity of φ,

φ(f) = lim
n
φ(sn) = lim

n

∫
X

sng dµ.

Also ∣∣∣∣
∫
X

sng dµ−
∫
X

fg dµ

∣∣∣∣ ≤ ‖sn − f‖u‖g‖1 → 0,

and we conclude that (1) is valid for all bounded measurable functions f .
Case p = 1. For any E ∈ A with µ(E) > 0,∣∣∣∣ 1

µ(E)

∫
E

g dµ

∣∣∣∣ = |φ(IE)|
µ(E)

≤ ‖φ‖‖IE‖1

µ(E)
= ‖φ‖.

Therefore |g| ≤ ‖φ‖ a.e. (by the Averages Lemma), that is,
‖g‖∞ ≤ ‖φ‖,

as desired.
Case 1 < p < ∞. Let En := [|g| ≤ n] (n = 1, 2, . . .). Define fn :=

IEn |g|q−1θ(g), with θ as in the beginning of the proof. Then fn are bounded
measurable functions, so that by (1) for such functions,∫

En

|g|q dµ =
∫
X

fng dµ = φ(fn) = |φ(fn)| ≤ ‖φ‖‖fn‖p.
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However, since |fn|p = IEn
|g|(q−1)p = IEn |g|q, it follows that

‖fn‖pp =
∫
En

|g|q dµ.

Therefore (∫
En

|g|q dµ
)1−1/p

≤ ‖φ‖,

that is, (∫
X

IEn
|g|q dµ

)1/q

≤ ‖φ‖.

Since 0 ≤ IE1 |g|q ≤ IE2 |g|q ≤ · · · and limn IEn
|g|q = |g|q, the Monotone

Convergence Theorem implies that ‖g‖q ≤ ‖φ‖, as wanted.
Case of a σ-finite measure space; 1 ≤ p < ∞. We use the function w and

the equivalent finite measure dν = w dµ (satisfying ν(X) = 1), as defined in the
proof of Theorem 1.40. Define

Vp : Lp(ν) → Lp(µ)

by
Vpf = w1/pf.

Then

‖Vpf‖pLp(µ) =
∫
X

|f |pw dµ =
∫
X

|f |p dν = ‖f‖pLp(ν),

so that Vp is a linear isometry of Lp(ν) onto Lp(µ). Consequently, φ ◦ Vp ∈
Lp(ν)∗, and ‖φ ◦ Vp‖ = ‖φ‖ (where the norms are those of the respective
dual spaces). Since ν is a finite measure, there exists (by the preceding case)
a measurable function g1 such that

‖g1‖Lq(ν) ≤ ‖φ ◦ Vp‖ = ‖φ‖, (6)

and

(φ ◦ Vp)(f) =
∫
X

fg1 dν (f ∈ Lp(ν)). (7)

Thus, for all E ∈ A0,

φ(IE) = (φ ◦ Vp)(w−1/pIE) =
∫
X

w−1/pIEg1 dν =
∫
E

w1/qg1 dµ. (8)

In case p > 1 (so that 1 < q < ∞), set g = w1/qg1(= Vqg1). Then (5) is valid,
and by (6),

‖g‖Lq(µ) = ‖g1‖Lq(ν) ≤ ‖φ‖,
as desired.
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In case p = 1 (so that q = ∞), we have by (8) φ(IE) =
∫
E
g1 dµ. Thus (5) is

valid with g = g1, and since the measures µ and ν are equivalent, we have by (6)

‖g‖L∞(µ) = ‖g1‖L∞(ν) ≤ ‖φ‖,

as wanted.
Case of an arbitrary measure space; 1 < p < ∞. For each E ∈ A0, consider

the finite measure space (E,A ∩ E, µ), and let Lp(E) be the corresponding
Lp-space. We can identify Lp(E) (isomorphically and isometrically) with the
subspace of Lp(µ) of all elements vanishing on Ec, and therefore the restriction
φE := φ|Lp(E) belongs to Lp(E)∗ and ‖φE‖ ≤ ‖φ‖. By the finite measure case,
there exists gE ∈ Lq(E) such that

‖gE‖Lq(E) = ‖φE‖(≤ ‖φ‖)

and

φE(f) =
∫
E

fgE dµ for all f ∈ Lp(E).

If E,F ∈ A0, then for all measurable subsets G of E ∩ F , IG ∈ Lp(E ∩ F ) ⊂
Lp(E), so that φE(IG) = φE∩F (IG), and therefore∫

G

(gE − gE∩F ) dµ =
∫
E

IGgE dµ−
∫
E∩F

IGgE∩F dµ

= φE(IG)− φE∩F (IG) = 0.

By Proposition 1.22 (applied to the finite measure space (E ∩F,A∩ (E ∩F ), µ))
and by symmetry, gE = gE∩F = gF a.e. on E∩F . It follows that for any mutually
disjoint sets E,F ∈ A0, gE∪F coincides a.e. with gE on E and with gF on F ,
and therefore

‖gE∪F ‖qq =
∫
E∪F

|gE∪F |q dµ

=
∫
E

|gE |q dµ+
∫
F

|gF |q dµ = ‖gE‖qq + ‖gF ‖qq,

that is, ‖gE‖qq is an additive function of E on A0. Let

K := sup
E∈A0

‖gE‖q (≤ ‖φ‖),

and let then {En} be a non-decreasing sequence in A0 such that ‖φEn‖ → K.
Set F :=

⋃
nEn.

If E ∈ A0 and E∩F = ∅, then since E and En are disjoint for all n, it follows
from the additivity of the set function ‖gE‖qq that

‖gE‖qq = ‖gE∪En
‖qq − ‖gEn

‖qq ≤ Kq − ‖φEn
‖q → 0.
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Hence ‖gE‖q = 0 for all E ∈ A0 disjoint from F , that is, gE = 0 a.e. for such E.
Consequently, for E ∈ A0 arbitrary, we have a.e. on E −F gE = gE−F = 0, and
therefore

φ(IE) = φE(IE) =
∫
E

gE dµ =
∫
E∩F

gE dµ =
∫
E∩F

gE∩F dµ. (9)

Since gEn = gEn+1 a.e. on En, the limit g := limn gEn
exists a.e. and vanishes

on F c; it is measurable, and by the Monotone Convergence Theorem,

‖g‖Lq(µ) = lim
n

‖gEn‖Lq(µ) = lim
n

‖φEn‖ = K ≤ ‖φ‖,

and (4) is verified. Fix n. For all k ≥ n, gE∩F = gEk
a.e. on (E∩F )∩Ek = E∩Ek,

hence (a.e.) on E ∩En. Therefore gE∩F = g a.e. on E ∩En for all n, hence (a.e.)
on E∩F , and consequently (5) follows from (9). This completes the proof of the
claim.

4.3 The conjugate of Cc(X)

Let X be a locally compact Hausdorff space, and consider the normed space
Cc(X) with the uniform norm

‖f‖ = ‖f‖u := sup
X

|f | (f ∈ Cc(X)).

If µ is a complex Borel measure on X, write dµ = h d|µ|, where |µ| is the
total variation measure corresponding to µ and h is a uniquely determined Borel
function with |h| = 1 (cf. Theorem 1.46). Set

ψ(f) :=
∫
X

f dµ :=
∫
X

fh d|µ| (f ∈ Cc(X)). (1)

Then
|ψ(f)| ≤

∫
X

|f |d|µ| ≤ |µ|(X)‖f‖, (2)

so that ψ is a well-defined, clearly linear, continuous functional on Cc(X), with
norm

‖ψ‖ ≤ ‖µ‖ := |µ|(X). (3)

We shall prove that every continuous linear functional φ on Cc(X) is of this form
for a uniquely determined regular complex Borel measure µ, and ‖φ‖ = ‖µ‖. This
will be done by using Riesz–Markov Representation Theorem 3.18 for positive
linear functionals on Cc(X). Our first step will be to associate a positive linear
functional |φ| to each given φ ∈ Cc(X)∗.

Definition 4.7. Let φ ∈ Cc(X)∗. The total variation functional |φ| is defined by
|φ|(f) := sup{|φ(h)|;h ∈ Cc(X), |h| ≤ f} (0 ≤ f ∈ Cc(X));

|φ|(u+ iv) = |φ|(u+)− |φ|(u−) + i|φ|(v+)− i|φ|(v−) (u, v ∈ CR
c (X)).
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Theorem 4.8. The total variation functional |φ| of φ ∈ Cc(X)∗ is a positive
linear functional on Cc(X), and it satisfies the inequality

|φ(f)| ≤ |φ|(|f |) ≤ ‖φ‖‖f‖ (f ∈ Cc(X)).

Proof. Let C+
c (X) := {f ∈ Cc(X); f ≥ 0}. It is clear from Definition 4.7 that

0 ≤ |φ|(f) ≤ ‖φ‖‖f‖ < ∞, (4)

|φ| is monotonic on C+
c (X) and |φ|(cf) = c|φ|(f) (and in particular |φ|(0) = 0)

for all c ≥ 0 and f ∈ C+
c (X). We show that |φ| is additive on C+

c (X).
Let ε > 0 and fk ∈ C+

c (X) be given (k = 1, 2). By definition, there exist
hk ∈ Cc(X) such that |hk| ≤ fk and |φ|(fk) ≤ |φ(hk)|+ ε/2, k = 1, 2. Therefore,
writing the complex numbers φ(hk) in polar form, we obtain

0 ≤ |φ|(f1) + |φ|(f2) ≤ |φ(h1)|+ |φ(h2)|+ ε

= e−iθ1φ(h1) + e−iθ2φ(h2) + ε = φ(e−iθ1h1 + e−iθ2h2) + ε

≤ |φ|(f1 + f2) + ε,

because
|e−iθ1h1 + e−iθ2h2| ≤ |h1|+ |h2| ≤ f1 + f2.

Hence |φ| is ‘super-additive’ on C+
c (X).

Next, let h ∈ Cc(X) satisfy |h| ≤ f1 + f2 := f . Let V = [f > 0]. Define for
k = 1, 2

hk = (fk/f)h on V ; hk = 0 on V c.

The functions hk are continuous on V and V c. If x is a boundary point of V ,
then x /∈ V (since V is open), so that f(x) = 0 and hk(x) = 0. Let {xα} ⊂ V be
a net converging to x. Then by continuity of h, we have for k = 1, 2:

|hk(xα)| ≤ |h(xα)| → |h(x)| ≤ |f(x)| = 0,

so that limα hk(xα) = 0 = hk(x). This shows that hk are continuous on X.
Trivially, supphk ⊂ supp fk, so that hk ∈ Cc(X), and by definition, |hk| ≤ fk
and h = h1 + h2. Therefore

|φ(h)| = |φ(h1) + φ(h2)| ≤ |φ|(f1) + |φ|(f2).
Taking the supremum over all h ∈ Cc(X) such that |h| ≤ f , we obtain that |φ|
is subadditive. Together with the super-additivity obtained before, this proves
that |φ| is additive.

Next, consider |φ| over CR
c (X). The homogeneity over R is easily verified.

Additivity is proved as in Theorem 1.19. Let f = f+ − f− and g = g+ − g− be
functions in CR

c (X), and let h = h+ − h− := f + g = f+ − f− + g+ − g−. Then
h+ + f− + g− = f+ + g+ + h−, so that by the additivity of |φ| on C+

c (X), we
obtain

|φ|(h+) + |φ|(f−) + |φ|(g−) = |φ|(f+) + |φ|(g+) + |φ|(h−),
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and since all summands are finite, it follows that

|φ|(h) := |φ|(h+)−|φ|(h−) = |φ|(f+)−|φ|(f−)+|φ|(g+)−|φ|(g−) := |φ|(f)+|φ|(g).
The linearity of |φ| over Cc(X) now follows easily from the definition. Thus |φ|
is a positive linear functional on Cc(X) (cf. (4)). By (4) for the function |f |,
|φ|(|f |) ≤ ‖φ‖‖f‖. Also, since h = f belongs to the set of functions used in the
definition of |φ|(|f |), we have |φ(f)| ≤ |φ|(|f |).

4.4 The Riesz representation theorem

Theorem 4.9. Let X be a locally compact Hausdorff space, and let φ ∈ Cc(X)∗.
Then there exists a unique regular complex Borel measure µ on X such that

φ(f) =
∫
X

f dµ (f ∈ Cc(X)). (1)

Furthermore,
‖φ‖ = ‖µ‖. (2)

‘Regularity’ of the complex measure µ means by definition that its total
variation measure |µ| is regular.
Proof. We apply Theorem 3.18 to the positive linear functional |φ|. Denote by
λ the positive Borel measure obtained by restricting the measure associated with
|φ| (by Theorem 3.18) to the Borel algebra B(X) ⊂ M. Then

|φ|(f) =
∫
X

f dλ (f ∈ Cc(X)). (3)

By Definition 3.5 and Theorem 4.8,

λ(X) = sup{|φ|(f); 0 ≤ f ≤ 1} ≤ ‖φ‖ (4)

In particular, every Borel set in X has finite λ-measure, and therefore, by
Theorem 3.18 (cf. (3) and (4)(ii)), λ is regular.

By Theorem 4.8 and (3), for all f ∈ Cc(X),

|φ(f)| ≤ |φ|(|f |) =
∫
X

|f | dλ = ‖f‖L1(λ).

This shows that φ is a continuous linear functional on the subspace Cc(X) of
L1(λ), with norm ≤ 1. By Theorem 3.21, Cc(X) is dense in L1(λ), and it follows
that φ has a unique extension as an element of L1(λ)∗ with norm ≤ 1. By
Theorem 4.6, there exists a unique element g ∈ L∞(λ) such that

φ(f) =
∫
X

fg dλ (f ∈ Cc(X)) (5)

and ‖g‖∞ ≤ 1.
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Define dµ = g dλ. Then µ is a complex Borel measure satisfying (1). By
Theorem 1.47 and (4),

|µ|(X) =
∫
X

|g| dλ ≤ λ(X) ≤ ‖φ‖.

By (3) of Section 4.3, the reversed inequality is a consequence of (1), so that (2)
follows.

Gathering some of the above inequalities, we have

‖φ‖ = |µ|(X) =
∫
X

|g| dλ ≤ λ(X) ≤ ‖φ‖.

Thus λ(X) =
∫
X

|g| dλ, that is, ∫
X
(1 − |g|) dλ = 0. Since 1 − |g| ≥ 0 λ-a.e., it

follows that |g| = 1 a.e., and since g is only a.e.-determined, we may choose g
such that |g| = 1 identically on X.

For all Borel sets E, |µ|(E) = ∫
E

|g| dλ = λ(E), which proves that |µ| = λ.
In particular, µ is regular.

In order to prove uniqueness, we observe that the sum ν of two finite positive
regular Borel measures νk is regular. Indeed, given ε > 0 and E ∈ B(X), there
exist Kk compact and Vk open such that Kk ⊂ E ⊂ Vk and

νk(Vk)− ε/2 ≤ νk(E) ≤ νk(Kk) + ε/2.

Then K := K1 ∪ K2 ⊂ E ⊂ V := V1 ∩ V2, K is compact, V is open, and by
monotonicity of positive measures,

ν(V )− ε ≤ ν1(V1) + ν2(V2)− ε ≤ ν(E) ≤ ν1(K1) + ν2(K2) + ε ≤ ν(K) + ε.

Suppose now that the representation (1) is valid for the regular complex measures
µ1 and µ2. Then

∫
X
f dµ = 0 for all f ∈ Cc(X), for µ = µ1 − µ2. We must show

that ‖µ‖ = 0 (i.e. µ = 0). Since |µk| are finite positive regular Borel measures,
the positive Borel measure ν := |µ1|+ |µ2| is regular. Write dµ = h d|µ|, where h
is a Borel function with |h| = 1 (cf. Theorem 1.46). Since ν is regular, it follows
from Theorem 3.21 that there exists a sequence {fn} ⊂ Cc(X) that converges
to h̄ in the L1(ν)-metric. Since h̄h = 1, |µ| = |µ1 − µ2| ≤ |µ1| + |µ2| := ν, and∫
X
fnh d|µ| = ∫

X
fn dµ = 0, we obtain

‖µ‖ := |µ|(X) =
∣∣∣ ∫

X

fnh d|µ| −
∫
X

h̄h d|µ|
∣∣∣ = ∣∣∣ ∫

X

(fn − h̄)h d|µ|
∣∣∣

≤
∫
X

|fn − h̄|d|µ| ≤
∫
X

|fn − h̄|dν = ‖fn − h̄‖L1(ν) → 0

as n → ∞. Hence ‖µ‖ = 0.

Remark 4.10. If S = supp|µ| (cf. Definition 3.26), we have

‖φ‖ = ‖µ‖ := |µ|(X) = |µ|(S)
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and ∫
X

f dµ =
∫
S

f dµ (f ∈ L1(|µ|)).

The second formula follows from Theorem 1.46 and Definition 3.26(2).
Indeed, write dµ = h d|µ| where h is a Borel measurable function with |h| = 1 on
X (cf. Theorem 1.46). Then for all f ∈ L1(|µ|), we have (cf. Definition 3.26(2))∫

X

f dµ :=
∫
X

fh d|µ| =
∫
S

fh d|µ| :=
∫
S

f dµ.

4.5 Haar measure

As an application of the Riesz–Markov Representation Theorem for positive
linear functionals (Theorem 3.18), we shall construct a (left) translation-invariant
positive measure on any locally compact topological group.

A topological group is a groupG with a Hausdorff topology for which the group
operations (multiplication and inverse) are continuous. It follows that for each
fixed a ∈ G, the left (right) translation x → ax(x → xa) is a homeomorphism of
G onto itself. For any open neighbourhood V of the identity e, the set aV (V a)
is an open neighbourhood of a.

SupposeG is locally compact, and f, g ∈ C+
c := C+

c (G) := {f ∈ Cc(G); f ≥ 0,
f not identically zero}. Fix 0 < α < ‖g‖ := ‖g‖u. There exists a ∈ G such that
g(a) > α, and therefore there exists an open neighbourhood of e, V , such that
g(x) ≥ α for all x ∈ aV . By compactness of supp f , there exist x1, . . . , xn ∈ G
such that supp f ⊂ ⋃n

k=1 xkV . Set sk := ax−1
k . Then for x ∈ xkV , skx ∈ aV ,

and therefore g(skx) ≥ α. If x ∈ supp f , there exists k ∈ {1, . . . , n} such that
x ∈ xkV , so that (for this k)

f(x) ≤ ‖f‖ ≤ ‖f‖
α
g(skx) ≤

n∑
i=1

cig(six), (1)

where ci = ‖f‖/α for all i = 1, . . . , n. Since (1) is trivial on (supp f)c, we see
that there exist n ∈ N and (c1, . . . , cn, s1, . . . , sn) ∈ (R+)n ×Gn such that

f(x) ≤
n∑
i=1

cig(six) (x ∈ G). (2)

Denote by Ω(f : g) the non-empty set of such rows (with n varying) and let

(f : g) = inf
n∑
i=1

ci, (∗)

where the infimum is taken over all (c1, . . . , cn) such that (c1, . . . , cn, s1, . . . , sn) ∈
Ω(f : g) for some n and si.

We verify some elementary properties of the functional (f : g) for g fixed as
above.
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Let fs(x) := f(sx) for s ∈ G fixed (fs is the so-called left s-translate of f ).
If (c1, . . . , cn, s1, . . . , sn) ∈ Ω(f : g), then fs(x) = f(sx) ≤ ∑

i cig(sisx) for all
x ∈ G, hence (c1, . . . , cn, s1s, . . . , sns) ∈ Ω(fs : g), and consequently (fs : g) ≤∑n

i=1 ci. Taking the infimum over all such rows, we get (fs : g) ≤ (f : g). But
then (f : g) = ((fs)s−1 : g) ≤ (fs : g), and we conclude that

(fs : g) = (f : g) (3)

for all s ∈ G (i.e. the functional (· : g) is left translation invariant).
In the following arguments, ε denotes an arbitrary positive number.
If c > 0 and (c1, . . . , cn, s1, . . . , sn) ∈ Ω(f : g) is such that

∑
ci < (f : g) + ε,

then (cf)(x) ≤ ∑
i ccig(six) for all x ∈ G, and therefore (cf : g) ≤ ∑

i cci <
c(f : g) + cε. The arbitrariness of ε implies that (cf : g) ≤ c(f : g). Applying
this inequality to the function cf and the constant 1/c (instead of f and c,
respectively), we obtain the reversed inequality. Hence

(cf : g) = c(f : g) (c > 0). (4)

Let x0 ∈ G be such that f(x0) = maxG f (since f is continuous with compact
support, such a point x0 exists). Then for any (c1, . . . , cn, s1, . . . , sn) ∈ Ω(f : g),

‖f‖ = f(x0) ≤
∑
i

cig(six0) ≤ ‖g‖
∑
i

ci.

Hence ‖f‖
‖g‖ ≤ (f : g). (5)

Next, consider three functions f1, f2, g ∈ C+
c . If f1 ≤ f2, one has trivially

Ω(f2 : g) ⊂ Ω(f1 : g), and therefore

f1 ≤ f2 implies (f1 : g) ≤ (f2 : g). (6)

There exist (c1, . . . , cn, s1, . . . , sn) ∈ Ω(f1 : g) and (d1, . . . , dm, t1, . . . , tm) ∈
Ω(f2 : g) such that

∑
ci < (f1 : g) + ε/2 and

∑
dj < (f2 : g) + ε/2. Then for all

x ∈ G,

f1(x) + f2(x) ≤
∑
i

cig(six) +
∑
j

djg(tjx) =
n+m∑
k=1

c′kg(s
′
kx),

where c′k = ck, s
′
k = sk for k = 1, . . . , n, and c′k = dk−n, s′

k = tk−n for k =
n+1, . . . , n+m. Thus (c′1, . . . , c

′
n+m, s

′
1, . . . , s

′
n+m) ∈ Ω(f1+f2 : g), and therefore

(f1 + f2 : g) ≤
n+m∑
k=1

c′k =
n∑

k=1

ck +
m∑
j=1

dj < (f1 : g) + (f2 : g) + ε.

This proves that
(f1 + f2 : g) ≤ (f1 : g) + (f2 : g). (7)
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Let (c1, . . . , cn, s1, . . . , sn) ∈ Ω(f : g) and (d1, . . . , dm, t1, . . . , tm) ∈ Ω(g : h),
where f, g, h ∈ C+

c . Then for all x ∈ G,

f(x) ≤
∑
i

cig(six) ≤
∑
i

ci
∑
j

djh(tjsix) =
∑
i,j

cidjh(tjsix),

that is, (cidj , tjsi)i=1,...,n;j=1,...,m ∈ Ω(f : h), and consequently

(f : h) ≤
∑
i,j

cidj =
(∑

ci

)(∑
dj

)
.

Taking the infimum of the right-hand side over all the rows involved, we conclude
that

(f : h) ≤ (f : g)(g : h). (8)

With g fixed, denote

Λhf :=
(f : h)
(g : h)

. (9)

Since Λh is a constant multiple of (f : h), the function f → Λhf satisfies (3),
(4), (6), and (7).

By (8), Λhf ≤ (f : g). Also

(g : f)Λhf = (g : f)
(f : h)
(g : h)

≥ (g : h)
(g : h)

= 1.

Hence
1

(g : f)
≤ Λhf ≤ (f : g). (10)

By (10), Λh is a point in the compact Hausdorff space

∆ :=
∏
f∈C+

c

[
1

(g : f)
, (f : g)

]

(cf. Tychonoff’s theorem). Consider the system V of all (open) neighbourhoods of
the identity. For each V ∈ V, let ΣV be the closure in ∆ of the set {Λh;h ∈ C+

V },
where C+

V := C+
V (G) consists of all h ∈ C+

c with support in V . Then ΣV is
a non-empty compact subset of ∆. If V1, . . . , Vn ∈ V and V :=

⋂n
i=1 Vi, then

C+
V ⊂ ⋂

i C
+
Vi
, and therefore ΣV ⊂ ⋂

i ΣVi . In particular, the family of compact
sets {ΣV ;V ∈ V} has the finite intersection property, and consequently⋂

V ∈V
ΣV �= ∅.

Let Λ be any point in this intersection, and extend the functional Λ to Cc :=
Cc(G) in the obvious way (Λ0 = 0; Λf = Λf+ − Λf− for real f ∈ Cc, and
Λ(u+ iv) = Λu+ iΛv for real u, v ∈ Cc).
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Theorem 4.11. Λ is a non-zero left translation invariant positive linear
functional on Cc.

Proof. Since Λ ∈ ∆, we have

Λf ∈
[

1
(g : f)

, (f : g)
]

for all f ∈ C+
c , so that in particular Λf > 0 for such f , and Λ is not

identically zero.
For any V ∈ V, we have Λ ∈ ΣV ; hence every basic neighbourhood N of Λ

in ∆ meets the set {Λh;h ∈ C+
V }. Recall that

N = N(Λ; f1, . . . , fn; ε) := {Φ ∈ ∆; |Φfi − Λfi| < ε; i = 1, . . . , n},
where fi ∈ C+

c . Thus, for any V ∈ V and f1, . . . , fn ∈ C+
c , there exists h ∈ C+

V

such that
|Λhfi − Λfi| < ε (i = 1, . . . , n). (11)

Given f ∈ C+
c and c > 0, apply (11) with f1 = f and f2 = cf . By Property (4)

for Λh, we have

|Λ(cf)− cΛf | ≤ |Λ(cf)− Λh(cf)|+ c|Λhf − Λf | < (1 + c)ε,

so that Λ(cf) = cΛf by the arbitrariness of ε.

A similar argument (using Relation (3) for Λh) shows that Λfs = Λf for all
f ∈ C+

c and s ∈ G.
In order to prove the additivity of Λ on C+

c , we use the following:

Lemma. Let f1, f2 ∈ C+
c (G) and ε > 0. Then there exists V ∈ V such that

Λhf1 + Λhf2 ≤ Λh(f1 + f2) + ε

for all h ∈ C+
V (G).

Proof of lemma. Let f = f1 + f2, and fix k ∈ C+
c (G) such that k = 1 on

{x ∈ G; f(x) > 0}. For g fixed as above, let

δ :=
ε

4(k : g)
; η := min

{
ε

4(f : g)
, 1/2

}
.

Thus
2η(f : g) ≤ ε/2; 2η ≤ 1; 2δ(k : g) ≤ ε/2. (12)

For i = 1, 2, let hi := fi/F , where F := f + δk (hi = 0 at points where F = 0).
The functions hi are well defined, and continuous with compact support; it
follows that there exists V ∈ V such that

|hi(x)− hi(y)| < η (i = 1, 2)

for all x, y ∈ G such that y−1x ∈ V (uniform continuity of hi!).
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Let h ∈ C+
V (G). Let (c1, . . . , cn, s1, . . . , sn) ∈ Ω(F : h) and x ∈ G.

If j ∈ {1, . . . , n} is such that h(sjx) �= 0, then sjx ∈ V , and therefore
|hi(x) − hi(s−1

j )| < η for i = 1, 2. Hence

hi(x) ≤ ∣∣hi(x) − hi

(
s−1

j

)∣∣+ hi

(
s−1

j

)
< hi

(
s−1

j

)
+ η.

Therefore, for i = 1, 2,

fi(x) = F (x)hi(x) ≤
∑

{j;h(sjx) �=0}
cjh(sjx)hi(x)

≤
∑

{j;h(sjx) �=0}
cj
[
hi

(
s−1

j

)
+ η
]
h(sjx) ≤

n∑
j=1

cijh(sjx),

where cij := cj
[
hi(s−1

j )+η
]
. Hence (fi : h) ≤∑j c

i
j , and since h1+h2 = f/F ≤ 1,

we obtain
(f1 : h) + (f2 : h) ≤

∑
j

cj(1 + 2η).

Taking the infimum of the right-hand side over all rows in Ω(F : h), we conclude
that

(f1 : h) + (f2 : h) ≤ (F : h)(1 + 2η) ≤ [(f : h) + δ(k : h)](1 + 2η) by (7) and (4)

= (f : h) + 2η(f : h) + δ(1 + 2η)(k : h).

Dividing by (g : h), we obtain

Λhf1 + Λhf2 ≤ Λhf + 2ηΛhf + δ(1 + 2η)Λhk.

By (10) and (12), the second term on the right-hand side is ≤ 2η(f : g) ≤ ε/2,
and the third term is ≤ 2δ(k : g) ≤ ε/2, as desired.

We return to the proof of the theorem.
Given ε > 0 and f1, f2 ∈ C+

c , if V ∈ V is chosen as in the lemma, then for
any h ∈ C+

V , we have (by (7) for Λh)

|Λh(f1 + f2) − (Λhf1 + Λhf2)| ≤ ε. (13)

Apply (11) to the functions f1, f2, and f3 = f := f1 + f2, with V as in the
lemma. Then for h as in (11), it follows from (13) that

|Λf − (Λf1 + Λf2)| ≤ |Λf − Λhf | + |Λhf − (Λhf1 + Λhf2)|
+ |Λhf1 − Λf1| + |Λhf2 − Λf2| < 4ε,

and the additivity of Λ on C+
c follows from the arbitrariness of ε.

The desired properties of Λ on Cc follow as in the proof of Theorem 4.8.

Theorem 4.12. If Λ′ is any left translation invariant positive linear functional
on Cc(G), then Λ′ = cΛ for some constant c ≥ 0.
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Proof. If Λ′ = 0, take c = 0. So we may assume Λ′ �= 0. Since both Λ and
Λ′ are uniquely determined by their values on C+

c (by linearity), it suffices to
show that Λ′/Λ is constant on C+

c . Thus, given f, g ∈ C+
c , we must show that

Λ′f/Λf = Λ′g/Λg.
Let K be the (compact) support of f ; since G is locally compact, there

exists an open set W with compact closure such that K ⊂ W . For each x ∈ K,
there exists Wx ∈ V such that the x-neighbourhood xWx is contained in W . By
continuity of the group operation, there exists Vx ∈ V such that VxVx ⊂ Wx. By
compactness of K, there exist x1, . . . , xn ∈ K such that K ⊂ ⋃n

i=1 xiVxi
. Let

V1 =
⋂n
i=1 Vxi

. Then V1 ∈ V and

KV1 ⊂
n⋃
i=1

xiVxi
V1 ⊂

n⋃
i=1

xiVxiVxi ⊂
n⋃
i=1

xiWxi ⊂ W.

Similarly, there exists V2 ∈ V such that V2K ⊂ W .
Let ε > 0. By uniform continuity of f , there exist V3, V4 ∈ V such that, for

all x ∈ G,
|f(x)− f(sx)| < ε/2 for all s ∈ V3

and
|f(x)− f(xt)| < ε/2 for all t ∈ V4.

Let U :=
⋂4
j=1 Vj and V := U ∩U−1 (where U−1 := {x−1;x ∈ U}). Then V ∈ V

has the following properties:

KV ⊂ W ; V K ⊂ W ; V −1 = V ; (14)

|f(sx)− f(xt)| < ε for all x ∈ G, s, t ∈ V. (15)

We shall need to integrate (15) with respect to x over G; since the constant ε is
not integrable (unless G is compact), we fix a function k ∈ C+

c such that k = 1
on W ; necessarily

f(sx) = f(sx)k(x) and f(xs) = f(xs)k(x) (16)

for all x ∈ G and s ∈ V . (This is trivial for x ∈ W since k = 1 on W . If x /∈ W ,
then x /∈ KV and x /∈ V K by (14); if sx ∈ K for some s ∈ V , then s−1 ∈ V , and
consequently x = s−1(sx) ∈ V K, a contradiction. Hence sx /∈ K, and similarly
xs /∈ K, for all s ∈ V . Therefore both relations in (16) reduce to 0 = 0 when
x /∈ W and s ∈ V .)

By (15) and (16)
|f(xs)− f(sx)| ≤ εk(x) (17)

for all x ∈ G and s ∈ V .
Fix h′ ∈ C+

V , and let h(x) := h′(x) + h′(x−1). Let µ, µ′ be the unique posi-
tive measures associated with Λ and Λ′, respectively (cf. Theorem 3.18). Since
h(x−1y)f(y) ∈ Cc(G × G) ⊂ L1(µ × µ′), we have by Fubini’s theorem and the
relation h(x−1y) = h(y−1x):∫∫

h(y−1x)f(y) dµ′(x) dµ(y) =
∫∫

h(x−1y)f(y) dµ(y) dµ′(x). (18)
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By left translation invariance of Λ′, the left-hand side of (18) is equal to

∫ (∫
h(y−1x) dµ′(x)

)
f(y) dµ(y) =

∫∫
h(x) dµ′(x)f(y) dµ(y) = Λ′hΛf. (19)

By left translation invariance of Λ, the right-hand side of (18) is equal to

∫ (∫
h(y)f(xy) dµ(y)

)
dµ′(x),

and therefore Λ′hΛf equals this last integral. On the other hand, by left
translation invariance of Λ′,

∫ (∫
h(y)f(yx) dµ′(x)

)
dµ(y) =

∫
h(y)

(∫
f(yx) dµ′(x)

)
dµ(y)

=
∫
h(y)

∫
f(x) dµ′(x) dµ(y) = ΛhΛ′f.

Since h has support in V , we conclude from these calculations and from (17)
that

|Λ′hΛf − ΛhΛ′f | =
∣∣∣∣
∫
x∈G

∫
y∈V

h(y)[f(xy)− f(yx)] dµ(y) dµ′(x)
∣∣∣∣

≤ ε

∫
x∈G

∫
y∈V

h(y)k(x) dµ(y) dµ′(x) = εΛhΛ′k. (20)

Similarly, for g instead of f , and k′ associated to g as k was to f , we obtain

|Λ′hΛg − ΛhΛ′g| ≤ εΛhΛ′k′. (21)

By (20) and (21) divided, respectively, by ΛhΛf and ΛhΛg, we have
∣∣∣∣Λ′h
Λh

− Λ′f
Λf

∣∣∣∣ ≤ ε
Λ′k
Λf

and ∣∣∣∣Λ′h
Λh

− Λ′g
Λg

∣∣∣∣ ≤ ε
Λ′k′

Λg
.

Consequently ∣∣∣∣Λ′f
Λf

− Λ′g
Λg

∣∣∣∣ ≤ ε

(
Λ′k
Λf

+
Λ′k′

Λg

)
,

and the desired conclusion Λ′f/Λf = Λ′g/Λg follows from the arbitrariness of ε.
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Definition 4.13. The unique (up to a constant factor) left translation invariant
positive linear functional Λ on Cc(G) is called the (left) Haar functional for G.
The measure µ corresponding to Λ through Theorem 3.18 is the (left) Haar
measure for G.

If G is compact, its (unique up to a constant factor) left Haar measure (which
is finite by Theorem 3.18(2)) is normalized so that G has measure 1.

In an analogous way, there exists a unique (up to a constant factor) right
translation invariant positive measure (as in Theorem 3.18) λ on G:

∫
G

f t dλ =
∫
G

f dλ (f ∈ Cc(G); t ∈ G), (22)

where f t(x) := f(xt).
Given the left Haar functional Λ on G and t ∈ G, define the functional Λt

on Cc by Λtf := Λf t. Then Λt is a left translation invariant positive linear
functional (because Λt(fs) = Λ(fs)t = Λ(f t)s = Λ(f t) := Λtf), and therefore,
by Theorem 4.12,

Λt = c(t)Λ (23)

for some positive number c(t). The function c(·) is called the modular function
of G. Since (Λt)s = (Λ)st, we have

c(st)Λ = (Λ)st = c(s)Λt = c(s)c(t)Λ,

that is, c(·) is a homomorphism of G into the multiplicative group of positive
reals. We say that G is unimodular if c(·) = 1. If G is compact, applying (23) to
the function 1 ∈ Cc(G), we get c(·) = 1. If G is abelian, we have f t = ft, hence
Λtf = Λ(ft) = Λf for all f ∈ Cc, and therefore c(·) = 1. Thus compact groups
and (locally compact) abelian groups are unimodular.

If G is unimodular, the left Haar functional Λ is also inverse invariant, that
is, letting f̃(x) := f(x−1), one has Λf̃ = Λf for all f ∈ Cc. Indeed, define Λ̃ by
Λ̃f = Λf̃ (f ∈ Cc). Then Λ̃ is a non-zero positive linear functional on Cc; it is
left translation invariant because ˜(fs)(x) = fs(x−1) = f(sx−1) = f((xs−1)−1) =
f̃(xs−1) = (f̃)s

−1
(x), and therefore by (23),

Λ̃fs = Λ ˜(fs) = Λs
−1
f̃ = c(s−1)Λf̃ = Λ̃f.

By Theorem 4.12, there exists a positive constant α such that Λ̃ = αΛ. Since
f = ˜̃

f for all f , we have ˜̃Λ = Λ, hence α2 = 1, and therefore Λ̃ = Λ.
In terms of the Haar measure µ, the inverse invariance of Λ takes the form∫

G

f(x−1) dµ(x) =
∫
G

f(x) dµ(x) (f ∈ Cc(G)) (24)

for any unimodular (locally compact) group G.
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Exercises

1. Let X,Y be Banach spaces, Z a dense subspace of X, and T ∈ B(Z, Y ).
Then there exists a unique T̃ ∈ B(X,Y ) such that T̃ |Z = T . Moreover,
the map T → T̃ is an isometric isomorphism of B(Z, Y ) onto B(X,Y ).

2. Let X be a locally compact Hausdorff space. Prove that C0(X)∗ is iso-
metrically isomorphic to Mr(X), the space of all regular complex Borel
measures on X. (Hint: Theorems 3.24 and 4.9, and Exercise 1.)

3. Let Xk k = 1, . . . , n be normed spaces, and consider
∏
kXk as a

normed space with the norm ‖[x1, . . . , xn]‖ =
∑

k ‖xk‖. Prove that there
exists an isometric isomorphism of (

∏
kXk)∗ and

∏
kX

∗
k with the norm

‖[x∗
1, . . . , x

∗
n]‖ = maxk ‖x∗

n‖. (Hint: given φ ∈ (
∏
kXk)∗, define x∗

kxk =
φ([0, . . . , xk, 0, . . . , 0]) for xk ∈ Xk. Note that φ([x1, . . . , xn]) =

∑
k x

∗
kxk.)

4. LetX be a locally compact Hausdorff space. Let Y be a normed space, and
T ∈ B(Cc(X), Y ). Prove that there exists a unique P : B(X) → Y ∗∗ :=
(Y ∗)∗ such that P (·)y∗ ∈ Mr(X) for each y∗ ∈ Y ∗ and

y∗Tf =
∫
X

f d(P (·)y∗)

for all f ∈ Cc(X) and y∗ ∈ Y ∗. Moreover ‖P (·)y∗‖ = ‖y∗ ◦ T‖ for the
appropriate norms (for all y∗ ∈ Y ∗) and ‖P (δ)‖ ≤ ‖T‖ for all δ ∈ B(X).

Convolution on Lp

5. Let Lp denote the Lebesgue spaces on R
k with respect to Lebesgue

measure. Prove that if f ∈ L1 and g ∈ Lp, then f ∗ g ∈ Lp and
‖f ∗ g‖p ≤ ‖f‖1‖g‖p. (Hint: use Theorems 4.6, 2.18, 1.33, and the trans-
lation invariance of Lebesgue measure; cf. Exercise 7, Chapter 2, in its R

k

version.)

Approximate identities

6. Let m denote the normalized Lebesgue measure on [−π, π]. Let
Kn : [−π, π] → [0,∞) be Lebesgue measurable functions such that∫ π

−πKn dm = 1 and
sup

δ≤|x|≤π
Kn(x) → 0 (∗)

as n → ∞, for all δ > 0. (Any sequence {Kn} with these properties is
called an approximate identity.) Extend Kn to R as 2π-periodic functions.

Consider the convolutions

(Kn ∗ f)(x) :=
∫ π

−π
Kn(x− t)f(t) dm(t) =

∫ π

−π
f(x− t)Kn(t) dm(t)
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with 2π-periodic functions f on R. Prove:

(a) If f is continuous, Kn ∗ f → f uniformly on [−π, π]. (Hint: ∫ π

−π
=∫

|t|<δ
+
∫

δ≤t≤π
.)

(b) If f ∈ Lp := Lp(−π, π) for some p ∈ [1,∞), then Kn ∗ f → f in Lp.
(Hint: use the density of C([−π, π]) in Lp, cf. Corollary 3.21, Part (a),
and Exercise 5.)

(c) If f ∈ L∞, then Kn ∗ f → f in the weak∗-topology on L∞ (cf.
Theorem 4.6); this means that

∫
(Kn ∗ f)g dm → ∫

fg dm for all g ∈
L1.

7. Consider the measure space (N,P(N), µ), where µ is the counting measure
(µ(E) is the number of points in E if E is a finite subset of N and = ∞
otherwise). The space lp := Lp(N,P(N), µ) is the space of all complex
sequences x := {x(n)} such that ‖x‖p :=

(∑ |x(n)|p)1/p
< ∞ (in case

p < ∞) or ‖x‖∞ := sup |x(n)| < ∞ (in case p = ∞). As a special case of
Theorem 4.6, if p ∈ [1,∞) and q is its conjugate exponent, then (lp)∗ is
isometrically isomorphic to lq through the map x∗ ∈ (lp)∗ → y ∈ lq, where
y := {y(n)} is the unique element of lq such that x∗x =

∑
x(n)y(n) for all

x ∈ lp. Prove this directly! (Hint: consider the unit vectors em ∈ lp with
em(n) = δn,m, the Kronecker delta.)

8. Consider N with the discrete topology, and let c0 := C0(N) (this is the
space of all complex sequences x := {xn} = {x(n)} with limxn = 0).
As a special case of Exercise 2, if x∗ ∈ c∗0, there exists a unique complex
Borel measure µ on N such that x∗x =

∑
n x(n)µ({n}). Denote y(n) =

µ({n}). Then ‖y‖1 =
∑ |µ({n})| ≤ |µ|(N) = ‖µ‖ = ‖x∗‖, that is, y ∈ l1

and ‖y‖1 ≤ ‖x∗‖. The reversed inequality is trivial. This shows that c∗0
is isometrically isometric to l1 through the map x∗ → y, where x∗x =∑

n x(n)y(n). Prove this directly!

9. Let c denote the space of all convergent complex sequences x = {x(n)}
with pointwise operations and the supremum norm. Show that c is a
Banach space and c∗ is isometrically isomorphic to l1. (Hint: given
x∗ ∈ c∗, x∗|c0 ∈ c∗0; apply Exercise 8, and note that for each x ∈ c,
x− (limx)e ∈ c0, where e(·) = 1.)

10. Let (X,A, µ) be a positive measure space, q ∈ (1,∞], and p = q/(q − 1).
Prove that for all h ∈ Lq(µ)

‖h‖q = sup

∣∣∣∣∣
∑

k

αk

∫
Ek

h dµ

∣∣∣∣∣ ,
where the supremum is taken over all finite sums with αk ∈ C and Ek ∈ A
with 0 < µ(Ek) < ∞, such that ∑ |αk|pµ(Ek) ≤ 1. (In case q = ∞,
assume that the measure space is σ-finite.)
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Duality

We studied in preceding chapters the conjugate space X∗ for various special
normed spaces. Our purpose in the present chapter is to examine X∗ and its
relationship to X for a general normed space X.

5.1 The Hahn–Banach theorem

Let X be a vector space over R. Suppose p : X → R is subadditive and homo-
geneous for non-negative scalars. A linear functional f on a subspace Y of X is
p-dominated if f(y) ≤ p(y) for all y ∈ Y . The starting point of this section is
the following:

Lemma 5.1 (The Hahn–Banach lemma). Let f be a p-dominated linear
functional on the subspace Y of X. Then there exists a p-dominated linear
functional F on X such that F |Y = f .

Proof. A p-dominated extension of f is a p-dominated linear functional g on
a subspace D(g) of X containing Y , such that g|Y = f . The family F of all
p-dominated extensions of f is partially ordered by setting g ≤ h (for g, h ∈ F)
if h is an extension of g. Each totally ordered subfamily F0 of F has an upper
bound in F , namely, the functional w whose domain is the subspace D(w) :=⋃

g∈F0
D(g), and for x ∈ D(w) (so that x ∈ D(g) for some g ∈ F0), w(x) = g(x).

Note that w is well defined, that is, its domain is indeed a subspace of X and
the value w(x) is independent of the particular g such that x ∈ D(g), thanks
to the total ordering of F0. By Zorn’s lemma, F has a maximal element F . To
complete the proof, we wish to show that D(F ) = X. Suppose that D(F ) is
a proper subspace of X, and let then z0 ∈ X − D(F ). Let Z be the subspace
spanned by D(F ) and z0. The general element of Z has the form z = u + αz0
with u ∈ D(F ) and α ∈ R uniquely determined (indeed, if z = u′ + α′z0 is
another such representation with α′ �= α, then z0 = (α′ − α)−1(u− u′) ∈ D(F ),
a contradiction; thus α′ = α, and therefore u′ = u). For any choice of λ ∈ R, the
functional h with domain Z, defined by h(z) = F (u)+αλ is a well-defined linear
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functional such that h|D(F ) = F . If we show that λ can be chosen such that the
corresponding h is p-dominated, then h ∈ F with domain Z properly containing
D(F ), a contradiction to the maximality of the element F of F .

Since F is p-dominated, we have for all u′, u′′ ∈ D(F )

F (u′) + F (u′′) = F (u′ + u′′) ≤ p(u′ + u′′)

= p([u′ + z0] + [u′′ − z0]) ≤ p(u′ + z0) + p(u′′ − z0),

that is,

F (u′′)− p(u′′ − z0) ≤ p(u′ + z0)− F (u′) (u′, u′′ ∈ D(F )).

Pick any λ between the supremum of the numbers on the left-hand side and the
infimum of the numbers on the right-hand side. Then for all u′, u′′ ∈ D(F ),

F (u′) + λ ≤ p(u′ + z0) and F (u′′)− λ ≤ p(u′′ − z0).

Taking u′ = u/α if α > 0 and u′′ = u/(−α) if α < 0 and multiplying the
inequalities by α and −α, respectively, it follows from the homogeneity of p for
non-negative scalars that

F (u) + αλ ≤ p(u+ αz0) (u ∈ D(F ))

for all real α, that is, h(z) ≤ p(z) for all z ∈ Z.

Theorem 5.2 (The Hahn–Banach theorem). Let Y be a subspace of the
normed space X, and let y∗ ∈ Y ∗. Then there exists x∗ ∈ X∗ such that x∗|Y = y∗

and ‖x∗‖ = ‖y∗‖.
Proof. Case of real scalar field: Take

p(x) := ‖y∗‖‖x‖ (x ∈ X).

This function is subadditive and homogeneous, and

y∗y ≤ |y∗y| ≤ ‖y∗‖‖y‖ := p(y) (y ∈ Y ).

By Lemma 5.1, there exists a p-dominated linear functional F on X such that
F |Y = y∗. Thus, for all x ∈ X,

F (x) ≤ ‖y∗‖‖x‖
and

−F (x) = F (−x) ≤ p(−x) = ‖y∗‖‖x‖,
that is,

|F (x)| ≤ ‖y∗‖‖x‖.
This shows that F := x∗ ∈ X∗ and ‖x∗‖ ≤ ‖y∗‖. Since the reversed inequality
is trivial for any linear extension of y∗, the theorem is proved in the case of real
scalars.
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Case of complex scalar field: Take f := 	y∗ in Lemma 5.1. Then f(iy) =
	[y∗(iy)] = 	[iy∗y] = −
(y∗y), and therefore

y∗y = f(y)− if(iy) (y ∈ Y ). (1)

For p as before, the functional f is p-dominated and linear on the vector space
Y over the field R (indeed, f(y) ≤ |y∗y| ≤ p(y) for all y ∈ Y ). By Lemma 5.1,
there exists a p-dominated linear functional F : X → R (over real scalars!) such
that F |Y = f . Define

x∗x := F (x)− iF (ix) (x ∈ X).

By (1), x∗|Y = y∗. Clearly, x∗ is additive and homogeneous for real scalars. Also,
for all x ∈ X,

x∗(ix) = F (ix)− iF (−x) = i[F (x)− iF (ix)] = ix∗x,

and it follows that x∗ is homogeneous over C.
Given x ∈ X, write x∗x = ρω̄ with ρ ≥ 0 and ω ∈ C with modulus one. Then

|x∗x| = ωx∗x = x∗(ωx) = 	[x∗(ωx)]

= F (ωx) ≤ ‖y∗‖‖ωx‖ = ‖y∗‖‖x‖.
Thus x∗ ∈ X∗ with norm ≤ ‖y∗‖ (hence = ‖y∗‖, since x∗ is an extension
of y∗).

Corollary 5.3. Let Y be a subspace of the normed space X, and let x ∈ X be
such that

d := d(x, Y ) := inf
y∈Y

‖x− y‖ > 0.

Then there exists x∗ ∈ X∗ with ‖x∗‖ = 1/d, such that

x∗|Y = 0, x∗x = 1.

Proof. Let Z be the linear span of Y and x. Since d(x, Y ) > 0, x /∈ Y , so that
the general element z ∈ Z has the unique representation z = y + αx with y ∈ Y
and α ∈ C. Define then z∗z = α. This is a well-defined linear functional on
Z, z∗|Y = 0, and z∗x = 1. Also z∗ is bounded, since

‖z∗‖ := sup
0 �=z∈Z

|α|
‖z‖

= sup
α�=0;y∈Y

1
‖(y + αx)/α‖ =

1
infy∈Y ‖x− y‖ = 1/d.

By the Hahn–Banach theorem, there exists x∗ ∈ X∗ with norm = ‖z∗‖ = 1/d
that extends z∗, whence x∗|Y = 0 and x∗x = 1.

Note that if Y is a closed subspace of X, the condition d(x, Y ) > 0 is equi-
valent to x /∈ Y . If Y �= X, such an x exists, and therefore, by Corollary 5.3,
there exists a non-zero x∗ ∈ X∗ such that x∗|Y = 0. Formally
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Corollary 5.4. Let Y �= X be a closed subspace of the normed space X. Then
there exists a non-zero x∗ ∈ X∗ that vanishes on Y .

For a not necessarily closed subspace Y , we apply the last corollary to its
closure Ȳ (which is a closed subspace). By continuity, vanishing of x∗ on Y is
equivalent to its vanishing on Ȳ , and we obtain, therefore, the following useful
criterion for non-density:

Corollary 5.5. Let Y be a subspace of the normed space X. Then Y is not
dense in X if and only if there exists a non-zero x∗ ∈ X∗ that vanishes on Y .

For reference, we also state this criterion as a density criterion:

Corollary 5.6. Let Y be a subspace of the normed space X. Then Y is dense
in X if and only if the vanishing of an x∗ ∈ X∗ on Y implies x∗ = 0.

Corollary 5.7. Let X be a normed space, and let 0 �= x ∈ X. Then there exists
x∗ ∈ X∗ such that ‖x∗‖ = 1 and x∗x = ‖x‖. In particular, X∗ separates points,
that is, if x, y are distinct vectors in X, then there exists a functional x∗ ∈ X∗

such that x∗x �= x∗y.

Proof. We take Y = {0} in Corollary 5.3. Then d(x, Y ) = ‖x‖ > 0, so that
there exists z∗ ∈ X∗ such that ‖z∗‖ = 1/‖x‖ and z∗x = 1. Let x∗ := ‖x‖z∗.
Then x∗x = ‖x‖ and ‖x∗‖ = 1 as wanted.

If x, y are distinct vectors, we apply the preceding result to the non-zero
vector x − y; we then obtain x∗ ∈ X∗ such that ‖x∗‖ = 1 and x∗x − x∗y =
x∗(x− y) = ‖x− y‖ �= 0.

Corollary 5.8. Let X be a normed space. Then for each x ∈ X,

‖x‖ = sup
x∗∈X∗;‖x∗‖=1

|x∗x|.

Proof. The relation being trivial for x = 0, we assume x �= 0, and apply
Corollary 5.7 to obtain an x∗ with unit norm such that x∗x = ‖x‖. Therefore,
the supremum above is ≥‖x‖. Since the reverse inequality is a consequence of
the definition of the norm of x∗, the result follows.

Given x ∈ X, the functional

κx : x∗ → x∗x

on X∗ is linear, and Corollary 5.8 establishes that ‖κx‖ = ‖x‖. This means
that x̂ := κx is a continuous linear functional on X∗, that is, an element of
(X∗)∗ := X∗∗.

The map κ : X → X∗∗ is linear (since for all x∗ ∈ X∗, [κ(x + αx′)]x∗ =
x∗(x+ αx′) = x∗x+ αx∗x′ = [κx+ ακx′]x∗) and isometric (since ‖κx− κx′‖ =
‖κ(x−x′)‖ = ‖x−x′‖). The isometric isomorphism κ is called the canonical (or
natural) embedding of X in the second dual X∗∗.
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Note that X is complete iff its isometric image X̂ := κX is complete, and
since conjugate spaces are always complete, κX is complete iff it is a closed
subspace of X∗∗. Thus, a normed space is complete iff its canonical embedding
κX is a closed subspace of X∗∗. In case κX = X∗∗, we say that X is reflexive.
Our observations show in particular that a reflexive space is necessarily complete.

5.2 Reflexivity

Theorem 5.9. A closed subspace of a reflexive Banach space is reflexive.

Proof. Let X be a reflexive Banach space and let Y be a closed subspace of X.
The restriction map

ψ : x∗ → x∗|Y (x∗ ∈ X∗)

is a norm-decreasing linear map of X∗ into Y ∗. For each y∗∗ ∈ Y ∗∗, the function
y∗∗ ◦ ψ belongs to X∗∗; we thus have the (continuous linear) map

χ : Y ∗∗ → X∗∗ χ(y∗∗) = y∗∗ ◦ ψ.

Let κ denote the canonical imbedding of X onto X∗∗ (recall that X is reflexive!),
and consider the (continuous linear) map

κ−1 ◦ χ : Y ∗∗ → X.

We claim that its range Z is contained in Y . Indeed, suppose z ∈ Z but z /∈ Y .
Since Y is a closed subspace of X, there exists x∗ ∈ X∗ such that x∗Y = {0}
and x∗z = 1. Then ψ(x∗) = 0, and since z = (κ−1 ◦ χ)(y∗∗) for some y∗∗ ∈ Y ∗∗,
we have

1 = x∗z = (κz)(x∗) = [χ(y∗∗)](x∗) = [y∗∗ ◦ ψ](x∗) = y∗∗(0) = 0,

a contradiction. Thus
κ−1 ◦ χ : Y ∗∗ → Y.

Given y∗∗ ∈ Y ∗∗, consider then the element

y := [κ−1 ◦ χ](y∗∗) ∈ Y.

For any y∗ ∈ Y ∗, let x∗ ∈ X∗ be an extension of y∗ (cf. Hahn–Banach theorem).
Then

y∗∗(y∗) = y∗∗(ψ(x∗)) = [χ(y∗∗)](x∗) = [κ(y)](x∗) = x∗(y) = y∗(y) = (κY y)(y∗),

where κY denotes the canonical imbedding of Y into Y ∗∗. This shows that y∗∗ =
κY y, so that κY is onto, as wanted.

Theorem 5.10. If X and Y are isomorphic Banach spaces, then X is reflexive
if and only if Y is reflexive.
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Proof. Let T : X → Y be an isomorphism (i.e. a linear homeomorphism).
Assume Y reflexive; all we need to show is that X is reflexive.

Given y∗ ∈ Y ∗ and any T ∈ B(X,Y ), the composition y∗ ◦ T is a con-
tinuous linear functional on X, which we denote T ∗y∗. This defines a map
T ∗ ∈ B(Y ∗, X∗), called the (Banach) adjoint of T . One verifies easily that if
T−1 ∈ B(Y,X), then (T ∗)−1 exists and equals (T−1)∗.

For simplicity of notation, we shall use the ‘hat notation’ (x̂ and ŷ) for
elements of X and Y , without specifying the space in the hat symbol.

Let x∗∗ ∈ X∗∗ be given. Then x∗∗ ◦ T ∗ ∈ Y ∗∗, and since Y is reflexive, there
exists a unique y ∈ Y such that

x∗∗ ◦ T ∗ = ŷ.

Let x = T−1y. Then for all x∗ ∈ X∗,

x̂x∗ = x∗x = x∗T−1y = ((T ∗)−1x∗)y

= ŷ((T ∗)−1x∗) = x∗∗[T ∗((T ∗)−1x∗)] = x∗∗x∗,

that is, x∗∗ = x̂.

Theorem 5.11. A Banach space is reflexive if and only if its conjugate is
reflexive.

Proof. Let X be a reflexive Banach space, and let κ be its canonical embedding
onto X∗∗.

For any φ ∈ (X∗)∗∗ = (X∗∗)∗ the map φ ◦ κ is a continuous linear functional
x∗ ∈ X∗, and for any x∗∗ ∈ X∗∗, letting x := κ−1x∗∗, we have

φ(x∗∗) = φ(κ(x)) = x∗x = (κx)(x∗) = x∗∗x∗ = (κX∗x∗)(x∗∗).

This shows that κX∗ is onto, that is X∗ is reflexive.
Conversely, if X∗ is reflexive, then X∗∗ is reflexive by the first part of the

proof. Since κX is a closed subspace of X∗∗, it is reflexive by Theorem 5.9.
Therefore, X is reflexive since it is isomorphic to κX, by Theorem 5.10.

We show below that Hilbert space and Lp-spaces (for 1 < p < ∞) are
reflexive.

A map T : X → Y between complex vector spaces is said to be conjugate-
homogeneous if

T (λx) = λ̄Tx (x ∈ X;λ ∈ C).

An additive conjugate-homogeneous map is called a conjugate-linear map. In
particular, we may talk of conjugate-isomorphisms.
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Lemma 5.12. If X is a Hilbert space (over C), then there exists an isometric
conjugate-isomorphism V : X∗ → X, such that

x∗x = (x, V x∗) (x ∈ X) (1)

for all x∗ ∈ X∗.

Proof. If x∗ ∈ X∗, the ‘Little’ Riesz Representation theorem (Theorem 1.37)
asserts that there exists a unique element y ∈ X such that x∗x = (x, y) for all
x ∈ X. Denote y = V x∗, so that V : X∗ → X is uniquely determined by the
identity (1).

It follows from (1) that V is conjugate-linear. If V x∗ �= 0, we have by (1) and
Schwarz’ inequality

‖V x∗‖ = (V x∗, V x∗)
‖V x∗‖ =

|x∗(V x∗)|
‖V x∗‖

≤ ‖x∗‖ = sup
x�=0

|x∗x|
‖x‖ = sup

x�=0

|(x, V x∗)|
‖x‖ ≤ ‖V x∗‖,

so that ‖V x∗‖ = ‖x∗‖ (this is trivially true also in case V x∗ = 0, since then
x∗ = 0 by (1)).

Being conjugate-linear and norm-preserving, V is isometric, hence continuous
and injective. It is also onto, because any y ∈ X induces the functional x∗ defined
by x∗x = (x, y) for all x ∈ X, and clearly V x∗ = y by the uniqueness of the
Riesz representation.

Theorem 5.13. Hilbert space is reflexive.

Proof. Denote by J the conjugation operator in C.
Given x∗∗ ∈ X∗∗ (for X a complex Hilbert space), the map

J ◦ x∗∗ ◦ V −1 : X → C

is continuous and linear. Denote it by x∗
0. Let x := V x∗

0. Then for all x
∗ ∈ X∗,

x̂x∗ = x∗x = (x, V x∗) = (V x∗
0, V x

∗) = (V x∗, V x∗
0)

= (J ◦ x∗
0 ◦ V )x∗ = x∗∗x∗,

that is, x∗∗ = x̂.

In particular, finite dimensional spaces C
n are reflexive. Also L2(µ) (for

any positive measure space (X,A, µ)) is reflexive. Theorem 5.14 establishes the
reflexivity of all Lp-spaces for 1 < p < ∞.

Theorem 5.14. Let (X,A, µ) be a positive measure space. Then the space Lp(µ)
is reflexive for 1 < p < ∞.

Proof. Let q = p/(p− 1). Write Lp := Lp(µ) and

〈f, g〉 :=
∫
X

fg dµ (f ∈ Lp, g ∈ Lq).
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By Theorem 4.6, there exists an isometric isomorphism

Vp : (Lp)∗ → Lq

such that
x∗f = 〈f, Vpx

∗〉 (f ∈ Lp)

for all x∗ ∈ (Lp)∗.
Given x∗∗ ∈ (Lp)∗∗, the map x∗∗ ◦ (Vp)−1 is a continuous linear functional

on Lq; therefore
f := Vq ◦ x∗∗ ◦ (Vp)−1 ∈ Lp.

Let x∗ ∈ (Lp)∗, and write g := Vpx
∗ ∈ Lq; we have

f̂(x∗) = x∗f = 〈f, g〉 = [(Vq)−1f ](g)

= x∗∗(V −1
p g) = x∗∗x∗.

This shows that x∗∗ = f̂ .

The theorem is false in general for p = 1 and p = ∞.
Also the space C0(X) (for a locally compact Hausdorff space X) is not

reflexive in general. We shall not prove these facts here.

5.3 Separation

We now consider applications of the Hahn–Banach lemma to separation of convex
sets in vector spaces.

Let X be a vector space over C or R. A convex combination of vectors xk ∈ X
(k = 1, . . . , n) is any vector of the form

n∑
k=1

αkxk

(
αk ≥ 0;

∑
k

αk = 1

)
.

A subset K ⊂ X is convex if it contains the convex combinations of any two
vectors in it.

Equivalently, a set K ⊂ X is convex if it is invariant under the operation
of taking convex combinations of its elements. Indeed, invariance under convex
combinations of pairs of elements is precisely the definition of convexity. On the
other hand, if K is convex, one can prove the said invariance by induction on
the number n of vectors. Assuming invariance for n ≥ 2 vectors, consider any
convex combination z =

∑n+1
k=1 αkxk of vectors xk ∈ K. If α :=

∑n
k=1 αk = 0,

then z = xn+1 ∈ K trivially. So assume α > 0; since αn+1 = 1 − α, we have

z = α
n∑

k=1

αk

α
xk + (1 − α)xn+1 ∈ K,

by the induction hypothesis and the convexity of K.
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The intersection of a family of convex sets is clearly convex. The convex hull
of a setM (denoted co(M)) is the intersection of all convex sets containingM . It
is the smallest convex set containingM (‘smallest’ with respect to set inclusion),
and consists of all the convex combinations of vectors in M .

IfM,N are convex subsets ofX and α, β are scalars, then αM+βN is convex.
Also TM is convex for any linear map T : X → Y between vector spaces.

Let M ⊂ X; the point x ∈ M is an internal point of M if for each y ∈ X,
there exists ε = ε(y) such that x+αy ∈ M for all α ∈ C with |α| ≤ ε. Clearly, an
internal point of M is also an internal point of any N such that M ⊂ N ⊂ X.

Suppose 0 is an internal point of the convex setM . Then for each y ∈ X, there
exists ε := ε(y) such that y/ρ ∈ M for all ρ ≥ 1/ε. If y/ρ ∈ M , then by convexity
y/(ρ/α) = (1−α)0+α(y/ρ) ∈ M for all 0 < α ≤ 1. Since ρ ≤ ρ/α < ∞ for such
α, this means that y/ρ′ ∈ M for all ρ′ ≥ ρ, that is, the set {ρ > 0; y/ρ ∈ M} is a
subray of R

+ that contains 1/ε. Let κ(y) be the left endpoint of that ray, that is,

κ(y) := inf{ρ > 0; y/ρ ∈ M}.
Then κ(y) ≤ 1/ε, so that 0 ≤ κ(y) < ∞, and κ(y) ≤ 1 for y ∈ M (equivalently,
if κ(y) > 1, then y ∈ M c). If α > 0,

α{ρ > 0; y/ρ ∈ M} = {αρ; (αy)/(αρ) ∈ M},
and it follows that κ(αy) = ακ(y) (this is also trivially true for α = 0, since
0 ∈ M).

If x, y ∈ X and ρ > κ(x), σ > κ(y), then x/ρ, y/σ ∈ M , and since M is
convex,

x+ y

ρ+ σ
=

ρ

ρ+ σ
x/ρ+

σ

ρ+ σ
y/σ ∈ M.

Hence κ(x+ y) ≤ ρ+ σ, and therefore κ(x+ y) ≤ κ(x) + κ(y).
We conclude that κ : X → [0,∞) is a subadditive positive-homogeneous

functional, referred to as the Minkowski functional of the convex set M .

Lemma 5.15. Let M ⊂ X be convex with 0 internal, and let κ be its Minkowski
functional. Then κ(x) < 1 if and only if x is an internal point of M , and κ(x) > 1
if and only if x is an internal point of M c.

Proof. Let x be an internal point of M , and let ε(·) be as in the definition.
Then x+ ε(x)x ∈ M , and therefore

κ(x) ≤ 1
1 + ε(x)

< 1.

Conversely, suppose κ(x) < 1. Then x = x/1 ∈ M . Let y ∈ X. Since 0
is internal for M , there exists ε0 > 0 (depending on y) such that βy ∈ M for
|β| ≤ ε0. In particular κ(ε0ωy) ≤ 1 for all ω ∈ C with |ω| = 1. Now (with any
α = |α|ω),

κ(x+ αy) ≤ κ(x) + κ(αy) = κ(x) +
|α|
ε0
κ(ε0ωy) ≤ κ(x) + |α|/ε0 < 1
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for |α| ≤ ε, with ε < [1− κ(x)]ε0. Hence x+ αy ∈ M for |α| ≤ ε, so that x is an
internal point of M .

If x is an internal point of M c, there exists ε > 0 such that x − εx ∈ M c.
If however κ(x) ≤ 1, then 1/(1 − ε) > 1 ≥ κ(x), and therefore x − εx ∈ M ,
contradiction. Thus κ(x) > 1.

Conversely, suppose κ(x) > 1. Let y ∈ X, and choose ε0 as above. Then

κ(x+ αy) ≥ κ(x)− |α|
ε0
κ(ε0ωy) ≥ κ(x)− |α|/ε0 > 1

if |α| ≤ ε with ε < [κ(x)− 1]ε0. This shows that x+αy ∈ M c for |α| ≤ ε, and so
x is an internal point of M c.

By the lemma, κ(x) = 1 if and only if x is not internal for M and for M c;
such a point is called a bounding point for M (or for M c).

We shall apply the Hahn–Banach lemma (Lemma 5.1) with p = κ to obtain
the following:

Theorem 5.16 (Separation theorem). Let M,N be disjoint non-empty con-
vex sets in the vector space X (over C or R), and suppose M has an internal
point. Then there exists a non-zero linear functional f on X such that

sup	f(M) ≤ inf 	f(N).

(one says that f separates M and N).

Proof. Suppose that the theorem is valid for vector spaces over R. If X is a
vector space over C, we may consider it as a vector space over R, and get an
R-linear non-zero functional φ : X → R such that supφ(M) ≤ inf φ(N). Setting
f(x) := φ(x)−iφ(ix) as in the proof of Theorem 5.2, we obtain a non-zero C-linear
functional on X such that sup	f(M) = supφ(M) ≤ inf φ(N) = inf 	f(N), as
wanted.

This shows that we need to prove the theorem for vector spaces over R only.
We may also assume that 0 is an internal point of M . Indeed, suppose the
theorem is valid in that case. By assumption, M has an internal point x. Thus
for each y ∈ X, there exists ε > 0 such that x + αy ∈ M for all |α| ≤ ε.
Equivalently, 0+αy ∈ M −x for all such α, that is, 0 is internal for M −x. The
sets N − x and M − x are disjoint convex sets, and the theorem (for the special
case 0 internal to M − x) implies the existence of a non-zero linear functional
f such that sup f(M − x) ≤ inf f(N − x). Therefore sup f(M) ≤ inf f(N) as
desired.

Fix z ∈ N and let K :=M−N+z. Then K is convex, M ⊂ K, and therefore
0 is an internal point of K. Let κ be the Minkowski functional of K. Since M
and N are disjoint, z /∈ K, and therefore κ(z) ≥ 1.

Define f0 : Rz → R by f0(λz) = λκ(z). Then f0 is linear and κ-dominated
(since for λ ≥ 0, f0(λz) := λκ(z) = κ(λz), and for λ < 0, f0(λz) < 0 ≤ κ(λz)).
By the Hahn–Banach lemma (Lemma 5.1), there exists a κ-dominated linear
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extension f : X → R of f0. Then f(z) = f0(z) = κ(z) ≥ 1, and f(x) ≤ κ(x) ≤ 1
for all x ∈ K. This means that f is a non-zero linear functional on X such that

f(M)− f(N) + f(z) = f(M −N + z) = f(K) ≤ 1 ≤ f(z),

that is, f(M) ≤ f(N).

5.4 Topological vector spaces

We consider next a vector spaceX with a Hausdorff topology such that the vector
space operations are continuous (such a space is called a topological vector space).
The function

f : (x, y, α) ∈ X ×X × [0, 1] → αx+ (1− α)y ∈ X

is continuous. The set M ⊂ X is convex if and only if f(M × M × [0, 1]) ⊂ M .
Therefore, by continuity of f , if M is convex, we have

f(M̄ × M̄ × [0, 1]) = f(M ×M × [0, 1]) ⊂ f(M ×M × [0, 1]) ⊂ M̄,

which proves that the closure of a convex set is convex. A trivial modification of
the proof shows that the closure of a subspace is a subspace.

Let Mo denote the interior of M . We show that for 0 < α < 1 and M ⊂ X
convex,

αMo + (1− α)M̄ ⊂ Mo. (1)

In particular, it follows from (1) that Mo is convex.
Let x ∈ Mo, and let V be a neighbourhood of x contained in M . Since

addition and multiplication by a non-zero scalar are homeomorphisms of X onto
itself, U := V − x is a neighbourhood of 0 and y + βU is a neighbourhood of y
for any 0 �= β ∈ R. Therefore, if y ∈ M̄ , there exists yβ ∈ M ∩ (y + βU). Thus
there exists u ∈ U such that y = yβ − βu. Then, given α ∈ (0, 1) and choosing
β = α/(α− 1), we have by convexity of M

αx+ (1− α)y = αx+ (1− α)yβ + (α− 1)βu

= α(x+ u) + (1− α)yβ ∈ αV + (1− α)yβ

:= Vβ ⊂ αM + (1− α)M ⊂ M,

where Vβ is clearly open. This proves that αx+ (1− α)y ∈ Mo, as wanted.
If Mo �= ∅ and we fix x ∈ Mo, the continuity of the vector space operations

imply that
y = lim

α→0+
αx+ (1− α)y (y ∈ M̄),

and it follows from (1) that Mo is dense in M .
With notation as before, it follows from the continuity of multiplication by

scalars that for any y ∈ X, there exists ε = ε(y) such that αy ∈ U for all α ∈ C
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with |α| ≤ ε; thus, for these α, x + αy ∈ x + U = V ⊂ M . This shows that
interior points of M are internal for M .

It follows that bounding points for M are boundary points of M .
Conversely, if x ∈ M is internal andMo �= ∅, pick m ∈ Mo. Then there exists

ε > 0 such that

(1 + ε)x− εm = x+ ε(x−m) := m′ ∈ M.

Therefore, by (1),

x =
ε

1 + ε
m+

1
1 + ε

m′ ∈ Mo.

Thus internal points for M are interior points of M (when the interior is not
empty).

Still for M convex with non-empty interior, suppose y is a boundary point of
M . Pick x ∈ Mo. For 0 < α < 1, y+α(x− y) = αx+ (1−α)y ∈ Mo by (1), and
therefore y is not internal for M c. It is not internal for M as well (since internal
points are interior!). Thus y is a bounding point for M . Collecting, we have

Lemma 5.17. Let M be a convex set with non-empty interior in a topological
vector space. A point is internal (bounding) of M if and only if it is an interior
(boundary) point of M .

Lemma 5.18. Let X be a topological vector space, let M,N be non-empty subsets
of X with Mo �= ∅. If f is a linear functional on X that separates M and N ,
then f is continuous.

Proof. Since (
f)(x) = −(	f)(ix) in the case of complex vector spaces, it
suffices to show that 	f is continuous, and this reduces the complex case to the
real case. Let then f : X → R be linear such that sup f(M) := δ ≤ inf f(N).
Let m ∈ Mo and n ∈ N . Let then U be a symmetric neighbourhood of 0
(i.e. −U = U) such that m + U ⊂ M (if V is any 0-neighbourhood such that
m + V ⊂ M , we may take U = V ∩ (−V )). Then 0 ∈ −U = U ⊂ M − m, and
therefore, for any u ∈ U ,

f(u) ≤ sup f(M)− f(m) = δ − f(m) ≤ f(n)− f(m),

and the same inequality holds for −u. In particular (taking u = 0), f(n)−f(m) ≥
0. Pick any ρ > f(n)− f(m). Then f(u) < ρ and also −f(u) = f(−u) < ρ, that
is, |f(u)| < ρ for all u ∈ U . Hence, given ε > 0, the 0-neighbourhood (ε/ρ)U
is mapped by f into (−ε, ε), which proves that f is continuous at 0. However
continuity at 0 is equivalent to continuity for linear maps between topological
vector spaces, as is readily seen by translation.

Combining Lemmas 5.17 and 5.18 with Theorem 5.16, we obtain the following
separation theorem for topological vector spaces:

Theorem 5.19 (Separation theorem). In a topological vector space, any two
disjoint non-empty convex sets, one of which has non-empty interior, can be
separated by a non-zero continuous linear functional.
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If we have strict inequality in Theorem 5.16, the functional f strictly separates
the sets M and N (it is necessarily non-zero). A strict separation theorem is
stated below for a locally convex topological vector space (t.v.s.), that is, a t.v.s.
whose topology has a base consisting of convex sets.

Theorem 5.20 (Strict separation theorem). Let X be a locally convex t.v.s.
Let M,N be non-empty disjoint convex sets in X. Suppose M is compact and N
is closed. Then there exists a continuous linear functional on X which strictly
separates M and N .

Proof. Observe first that M − N is closed. Indeed, if a net {mi − ni} (mi ∈
M ;ni ∈ N ; i ∈ I) converges to x ∈ X, then since M is compact, a subnet
{mi′} converges to some m ∈ M . By continuity of vector space operations, the
net {ni′} = {mi′ − (mi′ − ni′)} converges to m − x, and since N is closed,
m− x := n ∈ N . Therefore x = m− n ∈ M −N and M −N is closed. It is also
convex.

Since M,N are disjoint, the point 0 is in the open set (M − N)c, and since
X is locally convex, there exists a convex neighbourhood of 0, U , disjoint from
M − N . By Theorem 5.19 (applied to the sets M − N and U), there exists a
non-zero continuous linear functional f separating M −N and U :

sup	f(U) ≤ inf 	f(M −N).

Since f �= 0, there exists y ∈ X such that f(y) = 1. By continuity of
multiplication by scalars, there exists ε > 0 such that εy ∈ U . Then

ε = 	f(εy) ≤ sup	f(U) ≤ inf 	f(M −N),

that is, 	f(n) + ε ≤ 	f(m) for all m ∈ M and n ∈ N . Thus

sup	f(N) < sup	f(N) + ε ≤ inf 	f(M).

Taking M = {p}, we get the following
Corollary 5.21. Let X be a locally convex t.v.s., let N be a (non-empty) closed
convex set in X, and p /∈ N . Then there exists a continuous linear functional f
strictly separating p and N . In particular (with N = {q}, q �= p), the continuous
linear functionals on X separate the points of X (i.e. if p, q are any distinct
points of X, then there exists a continuous linear functional f on X such that
f(p) �= f(q)).

5.5 Weak topologies

We shall consider topologies induced on a given vector space X by families of
linear functionals on it. Let Γ be a separating vector space of linear functionals
on X. Equivalently, if Γx = {0}, then x = 0. The Γ-topology of X is the weakest
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topology on X for which all f ∈ Γ are continuous. A base for this topology
consists of all sets of the form

N(x; ∆, ε) = {y ∈ X; |f(y)− f(x)| < ε for all f ∈ ∆},
where x ∈ X,∆ ⊂ Γ is finite, and ε > 0. The net {xi; i ∈ I} converges to x in the
Γ-topology if and only if f(xi) → f(x) for all f ∈ Γ. The vector space operations
are Γ-continuous, and the sets in the basis are clearly convex, so that X with the
Γ-topology (sometimes denoted XΓ) is a locally convex t.v.s. Let X∗

Γ denote the
space of all continuous linear functionals on XΓ. By definition of the Γ-topology,
Γ ⊂ X∗

Γ. We show below that we actually have equality between these sets.

Lemma 5.22. Let f1, . . . , fn, g be linear functionals on the vector space X such
that

n⋂
i=1

ker fi ⊂ ker g.

Then g ∈ span {f1, . . . , fn} (:= the linear span of f1, . . . , fn).

Proof. Consider the linear map

T : X → C
n, Tx = (f1(x), . . . , fn(x)) ∈ C

n.

Define φ : TX → C by φ(Tx) = g(x) (x ∈ X). If Tx = Ty, then x − y ∈⋂
i ker fi ⊂ ker g, hence g(x) = g(y), which shows that φ is well defined. It is

clearly linear, and has therefore an extension as a linear functional φ̃ on C
n. The

form of φ̃ is φ̃(λ1, . . . , λn) =
∑

i αiλi with αi ∈ C. In particular, for all x ∈ X,

g(x) = φ(Tx) = φ̃(Tx) =
∑
i

αifi(x).

Theorem 5.23. X∗
Γ = Γ.

Proof. It suffices to prove that if 0 �= g is a Γ-continuous linear functional on
X, then g ∈ Γ. Let U be the unit disc in C. If g is Γ-continuous, there exists
a basic neighbourhood N = N(0; f1, . . . , fn; ε) of zero (in the Γ-topology) such
that g(N) ⊂ U . If x ∈ ⋂i ker fi := Z, then x ∈ N , and therefore |g(x)| < 1.
But Z is a subspace of X, hence kx ∈ Z for all k ∈ N, and so k|g(x)| < 1
for all k. This shows that Z ⊂ ker g, and therefore, by Lemma 5.22, g ∈ span
{f1, . . . , fn} ⊂ Γ.

The following special Γ-topologies are especially important:

(1) If X is a Banach space and X∗ is its conjugate space, the X∗-topology for
X is called the weak topology for X (the usual norm topology is also called
the strong topology, and is clearly stronger than the weak topology).

(2) If X∗ is the conjugate of the Banach space X, the X̂-topology for X∗ is
called the weak∗-topology for X∗. It is in general weaker than the weak
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topology (i.e. the X∗∗-topology) on X∗. The basis given above (in case of
the weak∗-topology) consists of the sets

N(x∗;x1, . . . , xn; ε) = {y∗ ∈ X∗; |y∗xk − x∗xk| < ε}
with x∗ ∈ X∗, xk ∈ X, ε > 0, n ∈ N.

A net {x∗
i } converges weak∗ to x∗ if and only if x∗

i x → x∗x for all x ∈ X
(this is pointwise convergence of the functions x∗

i to x
∗ on X!).

Theorem 5.24 (Alaoglu’s theorem). Let X be a Banach space. Then the
(strongly) closed unit ball of X∗

S∗ := {x∗ ∈ X∗; ‖x∗‖ ≤ 1}
is compact in the weak∗ topology.

Proof. Let
∆(x) = {λ ∈ C; |λ| ≤ ‖x‖} (x ∈ X),

and
∆ =

∏
x∈X

∆(x)

with the Cartesian product topology. By Tychonoff’s theorem, ∆ is compact.
If f ∈ S∗, f(x) ∈ ∆(x) for each x ∈ X, so that f ∈ ∆, that is, S∗ ⊂ ∆.

Convergence in the relative ∆-topology on S∗ is pointwise convergence at all
points x ∈ X, and this is precisely weak∗-convergence in S∗. The theorem will
then follow if we show that S∗ is closed in ∆. Suppose {fi; i ∈ I} is a net in
X∗ converging in ∆ to some f . This means that fi(x) → f(x) for all x ∈ X.
Therefore, for each x, y ∈ X and λ ∈ C,

f(x+ λy) = lim
i
fi(x+ λy) = lim

i
[fi(x) + λfi(y)]

= lim
i
fi(x) + λ lim

i
fi(y) = f(x) + λf(y),

and since |f(x)| ≤ ‖x‖, we conclude that f ∈ S∗.

Theorem 5.25 (Goldstine’s theorem). Let S and S∗∗ be the strongly closed
unit balls in X and X∗∗, respectively, and let κ : S → S∗∗ be the canonical embed-
ding (cf. comments following Corollary 5.8). Then κS is weak∗-dense in S∗∗.

Proof. Let κS denote the weak∗-closure of κS. Proceeding by contradiction,
suppose x∗∗ ∈ S∗∗ is not in κS. We apply Corollary 5.21 in the locally convex
t.v.s. X∗∗ with the weak∗-topology. There exists then a (weak∗-)continuous
linear functional F on X∗∗ and a real number λ such that

	F (x∗∗) > λ > sup
x∈S

	F (x̂), (1)

where x̂ := κx.
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The weak∗-topology on X∗∗ is the Γ-topology on X∗∗ where Γ consists of
all the linear functionals on X∗∗ of the form x∗∗ → x∗∗x∗, with x∗ ∈ X∗. By
Theorem 5.23, the functional F is of this form, for a suitable x∗. We can then
rewrite (1) as follows:

�x∗∗x∗ > λ > sup
x∈S

�x∗x. (2)

For any x ∈ S, write |x∗x| = ωx∗x with |ω| = 1. Then by (2), since ωx ∈ S
whenever x ∈ S and ‖x∗∗‖ ≤ 1,

|x∗x| = x∗(ωx) = �x∗(ωx) < λ < �x∗∗x∗ ≤ |x∗∗x∗| ≤ ‖x∗‖.

Hence
‖x∗‖ = sup

x∈S
|x∗x| ≤ λ < ‖x∗‖,

contradiction.

In contrast to Theorem 5.24, we have

Theorem 5.26. The closed unit ball S of a Banach space X is weakly compact
if and only if X is reflexive.

Proof. Observe that κ : S → S∗∗ is continuous when S and S∗∗ are endowed
with the (relative) weak and weak∗ topologies, respectively. (The net {xi}i∈I

converges weakly to x in S if and only if x∗xi → x∗x for all x∗ ∈ X∗, i.e.
x̂i(x∗) → x̂(x∗) for all x∗, which is equivalent to κ(xi) → κ(x) weak∗. This
shows actually that κ is a homeomorphism of S with the relative weak topology
and κS with the relative weak∗ topology.) Therefore, if we assume that S is
weakly compact, it follows that κS is weak∗-compact. Thus κS is weak∗-closed,
and since it is weak∗-dense in S∗∗ (by Theorem 5.25), it follows that κS = S∗∗.
By linearity of κ, we then conclude that κX = X∗∗, so that X is reflexive.

Conversely, if X is reflexive, κS = S∗∗ (since κ is norm-preserving). But S∗∗

is weak∗-compact by Theorem 5.24 (applied to the conjugate space X∗∗). Since
κ is a homeomorphism of S (with the weak topology) and κS (with the weak∗

topology), as we observed above, it follows that S is weakly compact.

It is natural to ask about compactness of S in the strong topology (i.e. the
norm-topology). We have

Theorem 5.27. The strongly closed unit ball S of a Banach space X is strongly
compact if and only if X is finite dimensional.

Proof. If X is an n-dimensional Banach space, there exists a (linear) homeo-
morphism τ : X → C

n. Then τS is closed and bounded in C
n, hence compact,

by the Heine–Borel theorem. Therefore S is compact in X.
Conversely, if S is (strongly) compact, its open covering {B(x, 1/2);x ∈ S}

by balls has a finite subcovering {B(xk, 1/2); k = 1, . . . , n} (xk ∈ S). Let Y be
the linear span of the vectors xk. Then Y is a closed subspace of X of dimension
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≤n. Suppose x∗ ∈ X∗ vanishes on Y . Given x ∈ S, there exists k, 1 ≤ k ≤ n,
such that x ∈ B(xk, 1/2). Then

|x∗x| = |x∗(x− xk)| ≤ ‖x∗‖ ‖x− xk‖ ≤ ‖x∗‖/2,
and therefore

‖x∗‖ = sup
x∈S

|x∗x| ≤ ‖x∗‖/2,

this shows that ‖x∗‖ = 0, and so X = Y by Corollary 5.4.

It follows from Theorems 5.24 and 5.27 that the weak∗-topology is strictly
weaker than the strong topology on X∗ when X (hence X∗) is infinite dimen-
sional. Similarly, by Theorems 5.26 and 5.27, the weak topology on an
infinite-dimensional reflexive Banach space is strictly weaker than the strong
topology.

5.6 Extremal points

As an application of the strict separation theorem (cf. Corollary 5.21), we shall
prove the Krein–Milman theorem on extremal points.

Let X be a vector space (over C or R). If x, y ∈ X, denote

xy := {αx+ (1− α)y; 0 < α < 1}.
Let K ⊂ X. A non-empty subset A ⊂ K is extremal in K if

[x, y ∈ K; xy ∩A �= ∅] implies [x, y ∈ A].

If A = {a} (a singleton) is extremal in K, we say that a is an extremal point of
K: the criterion for this is

[x, y ∈ K; a ∈ xy] implies [x = y = a].

Trivially, any non-empty K is extremal in itself. If B is extremal in A and A is
extremal in K, then B is extremal in K. The non-empty intersection of a family
of extremal sets in K is an extremal set in K.

From now on, let X be a locally convex t.v.s. and K ⊂ X. If A is a compact
extremal set in K which contains no proper compact extremal subset, we call it
a minimal compact extremal set in K.

Lemma 5.28. A minimal compact extremal set A in K is a singleton.

Proof. Suppose A contains two distinct points a, b. There exists x∗ ∈ X∗ such
that f := 	x∗ assumes distinct values at these points (cf. Corollary 5.21). Let
ρ = minA f ; since A is compact, the minimum ρ is attained on a non-empty
subset B ⊂ A, and B �= A since f is not constant on A (f(a) �= f(b)!). The set B
is a closed subset of the compact set A, and is therefore compact. We complete
the proof by showing that B is extremal in A (hence in K, contradicting the
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minimality assumption on A). Let x, y ∈ A be such that xy ∩B �= ∅. Then there
exists α ∈ (0, 1) such that

ρ = f(αx+ (1− α)y) = αf(x) + (1− α)f(y). (1)

We have f(x) ≥ ρ and f(y) ≥ ρ; if either inequality is strict, we get the
contradiction ρ > ρ in (1). Hence f(x) = f(y) = ρ, that is, x, y ∈ B.

Lemma 5.29. If K �= ∅ is compact, then it has extremal points.

Proof. Let A be the family of all compact extremal subsets of K. It is non-
empty, since K ∈ A, and partially ordered by set inclusion. If B ⊂ A is totally
ordered, then

⋂B is a non-empty compact extremal set in K, that is, belongs
to A, and is a lower bound for B. By Zorn’s lemma, A has a minimal element,
which is a singleton {a} by Lemma 5.28. Thus K has the extremal point a.

If E ⊂ X, its closed convex hull co(E) is defined as the closure of its convex
hull co(E).

Theorem 5.30 (Krein–Milman’s theorem). Let X be a locally convex t.v.s.,
and let K ⊂ X be compact. Let E be the set of extremal points of K. Then
K ⊂ co(E).

Proof. We may assume K �= ∅, and therefore E �= ∅ by Lemma 5.29. Hence
N := co(E) is a non-empty closed convex set. Suppose there exists x ∈ K such
that x /∈ N . By Corollary 5.21, there exists x∗ ∈ X∗ such that f(x) < infN f
(where f = 	x∗). Let

B = {k ∈ K; f(k) = ρ := min
K

f}.

Then B is extremal in K (cf. proof of Lemma 5.28). Also B is a non-empty
closed subset of the compact set K, hence is a non-empty compact set, and has
therefore an extremal point b, by Lemma 5.29. Therefore, b is an extremal point
of K, that is, b ∈ E ⊂ N . Hence

ρ = f(b) ≥ inf
N
f > f(x) ≥ min

K
f = ρ,

contradiction.

Corollary 5.31. (With assumptions and notation as in Theorem 5.30.)

co(K) = co(E).

In particular, a compact convex set in a locally convex t.v.s. is the closed convex
hull of its extremal points.

Consider for example the strongly closed unit ball S∗ of the conjugate X∗ of
a normed space X. By Theorem 5.24, it is weak∗-compact and trivially convex.
It is therefore the weak∗-closed convex hull of its extremal points.
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The above remark will be applied as follows. Let X be a compact Hausdorff
space, let C(X) be the space of all complex continuous functions on X, and let
M(X) be the space of all regular complex Borel measures onX (cf. Theorem 4.9).
By Theorem 4.9 (forX compact!), the spaceM(X) is isometrically isomorphic to
the dual space C(X)∗. Its strongly closed unit ballM(X)1 is then weak∗-compact
(by Theorem 5.24).

If A is any subset of C(X), let

Y :=
{
µ ∈ M(X);

∫
X

f dµ = 0 (f ∈ A)
}
. (2)

Clearly Y is weak∗-closed, and therefore K := Y ∩ M(X)1 is weak∗-compact
and trivially convex. It follows from Corollary 5.31 that K is the weak∗-closed
convex hull of its extremal points.

If A is a closed subspace of C(X) (A �= C(X)), it follows from Corollary 5.4
and Theorem 4.9 that Y �= {0} (and K is the strongly closed unit ball of the
Banach space Y ).

Lemma 5.32. Let S be the strongly closed unit ball of a normed space Y �= {0},
and let a be an extremal point of S. Then ‖a‖ = 1.

Proof. Since Y �= {0}, there exists 0 �= y ∈ S. Then 0 �= −y ∈ S and 0 =
(1/2)y+(1/2)(−y), so that 0 is not extremal for S. Therefore a �= 0. Define then
b = a/‖a‖(∈ S). If ‖a‖ < 1, write a = ‖a‖b+(1−‖a‖)0, which is a proper convex
combination of two elements of S distinct from a, contradicting the hypothesis
that a is extremal. Hence ‖a‖ = 1.

With notations and hypothesis as in the paragraph preceding the lemma,
let µ ∈ K be an extremal point of K (so that ‖µ‖ = 1), and let E = supp|µ|
(cf. Definition 3.26). Then E �= ∅ (since ‖µ‖ = 1!), and by Remark 4.10,∫

X

f dµ =
∫

E

f dµ (f ∈ C(X)). (3)

Lemma 5.33. Let A �= C(X) be a closed subalgebra of C(X) containing the
identity 1. For K as above, let µ be an extremal point of K, and let E = supp|µ|.
If f ∈ A is real on E, then f is constant on E.

Proof. Assume first that f ∈ A has range in (0, 1) over E, and consider the
measures dσ = f dµ and dτ = (1 − f) dµ. Write dµ = h d|µ| with h measurable
and |h| = 1 (cf. Theorem 1.46). By Theorem 1.47,

d|σ| = |fh| d|µ| = f d|µ|; d|τ | = |(1 − f)h| d|µ| = (1 − f) d|µ|, (4)

hence
‖σ‖ =

∫
X

f d|µ| =
∫

E

f d|µ|, (5)

and similarly

‖τ‖ =
∫

E

(1 − f) d|µ|. (6)
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Therefore
‖σ‖+ ‖τ‖ =

∫
E

d|µ| = |µ|(E) = ‖µ‖ = 1. (7)

Since f and 1 − f do not vanish identically on the support E of |µ|, it follows
from (5) and (6) and the discussion in Section 3.26 that ‖σ‖ > 0 and ‖τ‖ > 0.
The measures σ′ = σ/‖σ‖ and τ ′ = τ/‖τ‖ are in M(X)1, and for all g ∈ A,∫

X

g dσ′ =
1

‖σ‖
∫
X

gf dµ = 0,

and similarly ∫
X

g dτ ′ =
1

‖τ‖
∫
X

g(1− f) dµ = 0,

since A is an algebra. This means that σ′ and τ ′ are in K, and clearly

µ = ‖σ‖σ′ + ‖τ‖τ ′,

which is (by (7)) a proper convex combination. Since µ is an extremal point of
K, it follows that µ = σ′. Therefore∫

X

g(f − ‖σ‖) dµ = 0

for all bounded Borel functions g on X. Choose in particular g = (f − ‖σ‖)h̄.
Then ∫

E

(f − ‖σ‖)2 d|µ| = 0,

and consequently (cf. discussion following Definition 3.26) f = ‖σ‖ identically
on E.

If f ∈ A is real on E, there exist α ∈ R and β > 0 such that 0 < β(f−α) < 1
on E. Since 1 ∈ A, the function f0 := β(f − α) belongs to A and has range
in (0, 1). By the first part of the proof, f0 is constant on E, and therefore f is
constant on E.

A non-empty subset E ⊂ X with the property of the conclusion of
Lemma 5.33 (i.e. any function of A that is real on E is necessarily constant
on E) is called an antisymmetric set (for A). If x, y ∈ X are contained in some
antisymmetric set, they are said to be equivalent (with respect to A). This is
an equivalence relation. Let E be the family of all equivalence classes. If E is
antisymmetric, and Ẽ is the equivalence class of any p ∈ E, then E ⊂ Ẽ ∈ E .
Theorem 5.34 (Bishop’s antisymmetry theorem). Let X be a compact
Hausdorff space. Let A be a closed subalgebra of C(X) containing the constant
function 1. Define E as above. Suppose g ∈ C(X) has the property:

(B) For each E ∈ E, there exists f ∈ A such that g = f on E.

Then g ∈ A.
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Proof. We may assume that A �= C(X). Suppose that g ∈ C(X) satisfies
Condition (B), but g /∈ A. By the Hahn–Banach theorem and the Riesz Rep-
resentation theorem, there exists ν ∈ M(X)1 such that

∫
X
h dν = 0 for all

h ∈ A and
∫
X
g dν �= 0. In particular K �= ∅ (since ν ∈ K), and is the weak∗-

closed convex hull of its extremal points. Let µ be an extremal point of K. By
Lemma 5.33, the set E := supp|µ| is antisymmetric for A. Let Ẽ ∈ E be as
defined above. By Condition (B), there exists f ∈ A such that g = f on Ẽ,
hence on supp|µ| := E ⊂ Ẽ. Therefore∫

X

g dµ =
∫
X

f dµ = 0

since µ ∈ K ⊂ Y and f ∈ A. Since K is the weak∗-closed convex hull of its
extremal points and ν ∈ K, it follows that

∫
X
g dν = 0, contradiction!

We say that A is selfadjoint if f̄ ∈ A whenever f ∈ A. This implies of course
that 	f and 
f are in A whenever f ∈ A (and conversely); A separates points
(of X) if whenever x, y ∈ X are distinct points, there exists f ∈ A such that
f(x) �= f(y).

Corollary 5.35 (Stone–Weierstrass theorem). Let X be a compact
Hausdorff space, and let A be a closed selfadjoint subalgebra of C(X) containing
1 and separating points of X. Then A = C(X).

Proof. If E is antisymmetric for A and f ∈ A, the real functions 	f,
f ∈
A are necessarily constant on E, and therefore f is constant on E. Since A
separates points, it follows that E is a singleton. Hence equivalent points must
coincide, and so E consists of all singletons. But then Condition (B) is trivially
satisfied by any g ∈ C(X): given {p} ∈ E , choose f = g(p)1 ∈ A, then surely
g = f on {p}.

5.7 The Stone–Weierstrass theorem

The Stone–Weierstrass theorem is one of the fundamental theorems of Functional
Analysis, and it is worth giving it also an elementary proof, independent of the
machinery developed above.

Let CR(X) denote the algebra (over R) of all real continuous functions on
X, and let A be a subalgebra (over R). Since h(u) := u1/2 ∈ CR([0, 1]) and
h(0) = 0, the classical Weierstrass Approximation theorem establishes the exist-
ence of polynomials pn without free coefficient, converging to h uniformly on
[0, 1]. Given f ∈ A, the function u(x) := (f(x)2/‖f‖2) : X → [0, 1] belongs to
A, and therefore pn ◦ u ∈ A converge uniformly on X to h(u(x)) = |f(x)|/‖f‖.
Hence |f | = ‖f‖ · (|f |/‖f‖) ∈ Ā, where Ā denotes the closure of A in CR(X)
with respect to the uniform norm.

If f, g ∈ A, since

max(f, g) = 1
2 [f + g + |f − g|]; min(f, g) = 1

2 [f + g − |f − g|],
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it follows from the preceding conclusion that max(f, g) and min(f, g) belong to
Ā as well.

Formally:

Lemma 5.36. If A is a subalgebra of CR(X), then |f |,max(f, g) and min(f, g)
belong to the uniform closure Ā, for any f, g ∈ A.

Lemma 5.37. Let A be a separating subspace of CR(X) containing 1, then for
any distinct points x1, x2 ∈ X and any α1, α2 ∈ R, there exists h ∈ A such that
h(xk) = αk, k = 1, 2.

Proof. By hypothesis, there exists g ∈ A such that g(x1) �= g(x2). Take

h(x) := α1 +
α2 − α1

g(x2)− g(x1)
[g(x)− g(x1)].

We state now the Stone–Weierstrass theorem as an approximation theorem
(real case first).

Theorem 5.38. Let X be a compact Hausdorff space. Let A be a separating
subalgebra of CR(X) containing 1. Then A is dense in CR(X).

Proof. Let f ∈ CR(X) and ε > 0 be given. Fix x0 ∈ X. For any x′ ∈ X, there
exists f ′ ∈ A such that

f ′(x0) = f(x0); f ′(x′) ≤ f(x′) + ε /2

(cf. Lemma 5.37).
By continuity of f and f ′, there exists an open neighbourhood V (x′) of x′ such

that f ′ ≤ f + ε on V (x′). By compactness of X, there exist xk ∈ X, k = 1, . . . , n,
such that

X =
n⋃

k=1

V (xk).

Let fk ∈ A be the function f ′ corresponding to the point x′ = xk as above, and
let

g := min(f1, . . . , fn).

Then g ∈ Ā by Lemma 5.36, and

g(x0) = f(x0); g ≤ f + ε on X.

By continuity of f and g, there exists an open neighbourhood W (x0) of x0
such that

g ≥ f − ε on W (x0).

We now vary x0 (over X). The open cover {W (x0);x0 ∈ X} of X has a finite
subcover {W1, . . . ,Wm}, corresponding to functions g1, . . . , gm ∈ Ā as above.
Thus

gi ≤ f + ε on X
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and
gi ≥ f − ε on Wi.

Define
h = max(g1, . . . , gm).

Then h ∈ Ā by Lemma 5.36, and

f − ε ≤ h ≤ f + ε on X.

Therefore f ∈ Ā.

Theorem 5.39 (The Stone–Weierstrass Theorem). Let X be a com-
pact Hausdorff space, and let A be a separating selfadjoint subalgebra of C(X)
containing 1. Then A is dense in C(X).

Proof. Let AR be the algebra (over R) of all real functions in A. It contains
1. Let x1, x2 be distinct points of X, and let then h ∈ A be such that h(x1) �=
h(x2). Then either �h(x1) �= �h(x2) or �h(x1) �= �h(x2) (or both). Since
�h = (h+ h̄)/2 ∈ AR (since A is selfadjoint), and similarly �h ∈ AR, it follows
that AR is separating.

Let f ∈ C(X). Then �f ∈ CR(X), and therefore, by Theorem 5.38, there
exists a sequence gn ∈ AR converging to �f uniformly on X. Similarly, there
exists a sequence hn ∈ AR converging to �f uniformly on X. Then gn+ihn ∈ A
converge to f uniformly on X.

5.8 Operators between Lebesgue spaces:
Marcinkiewicz’s interpolation theorem

5.40. Weak and strong types. Let (X,A, µ) and (Y,B, ν) be measure spaces,
and let p, q ∈ [1,∞] (presently, q is not the conjugate exponent of p!) We consider
operators T defined on Lp(µ) such that Tf is a B-measurable function on Y and

|T (f + g)| ≤ |Tf | + |Tg| (f, g ∈ 2Lp(µ)). (1)

We refer to such operators T as sublinear operators. (This includes linear oper-
ators with range as above.) Let n be the distribution function of |Tf | for some
fixed non-zero element f of Lp(µ), relative to the measure ν on B, that is (cf.
Section 1.58)

n(y) := ν([|Tf | > y]) (y > 0).

We say that T is of weak type (p, q) if there exists a constant 0 < M < ∞
independent of f and y such that

n(y)1/q ≤ M ‖f‖p/y (2)

in case q < ∞, and
‖Tf‖∞ ≤ M ‖f‖p (3)
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in case q = ∞. We say that T is of strong type (p, q) if there exists M (as above)
such that

‖Tf‖q ≤ M ‖f‖p. (4)

The concepts of weak and strong types (p,∞) coincide by definition, while in
general strong type (p, q) implies weak type (p, q), because by (2) in Section 1.58
(for q < ∞)

n(y)1/q ≤ ‖Tf‖q/y ≤ M ‖f‖p/y. (5)

The infimum of allM for which (2) or (4) is satisfied is called the weak or strong
(p, q)-norm of T , respectively. By (5), the weak (p, q)-norm of T is no larger than
its strong (p, q)-norm.

A linear operator T is of strong type (p, q) iff T ∈ B(Lp(ν), Lq(ν)), and in
that case, the strong (p, q)-norm is the corresponding operator norm of T .

In the sequel, we consider only the case q < ∞. If T is of weak type
(p, q), it follows from (2) that n is finite and n(∞) = 0, and consequently,
by Theorem 1.59,

‖Tf‖qq = q

∫ ∞

0
yq−1n(y) dy, (6)

where the two sides could be finite or infinite.
Let u > 0, and consider the decomposition f = fu + f ′

u as in Section 1.61.
Since fu and f ′

u are both in L
p(µ) (for f ∈ Lp(µ)), the given sublinear operator

T is defined on them, and

|Tf | ≤ |Tfu|+ |Tf ′
u|. (7)

Let nu and n′
u denote the distribution functions of |Tfu| and |Tf ′

u|, respectively.
Since by (7)

[|Tf | > y] ⊂ [|Tfu| > y/2] ∪ [|Tf ′
u| > y/2] (y > 0),

we have
n(y) ≤ nu(y/2) + n′

u(y/2). (8)

We now assume that T is of weak types (r, s) and (a, b), with r ≤ s and a ≤ b,
and s �= b. We consider the case r �= a (without loss of generality, r > a) and
s > b. Denote the respective weak norms of T by M and N , and

s/r := σ (≥1), b/a := β (≥1).

Let a < p < r and f ∈ Lp(µ). By Section 1.61, fu ∈ Lr(µ) and f ′
u ∈ La(µ).

Since T is of weak type (r, s) with weak (r, s)-norm M , we have

nu(y) ≤ Msy−s‖fu‖sr. (9)

Since T is of weak type (a, b) with weak (a, b)-norm N , we have

n′
u(y) ≤ N by−b‖f ′

u‖ba. (10)
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By (8)–(10),
n(y) ≤ (2M)sy−s‖fu‖sr + (2N)by−b‖f ′

u‖ba. (11)

Let b < q < s. By Theorem 1.59 and (11),

(1/q)‖Tf‖qq =
∫ ∞

0
yq−1n(y) dy

≤ (2M)s
∫ ∞

0
yq−s−1‖fu‖sr dy + (2N)b

∫ ∞

0
yq−b−1‖f ′

u‖ba dy. (12)

Since a < p < r, we may apply Formulae (8) and (9) of Section 1.61; we then
conclude from (12) that

(1/q)‖Tf‖qq ≤ (2M)srσ
∫ ∞

0
yq−s−1

(∫ u

0
vr−1m(v) dv

)σ

dy

+ (2N)baβ
∫ ∞

0
yq−b−1

(∫ ∞

u

(v − u)a−1m(v) dv
)β

dy. (13)

In this formula, we may also take u dependent monotonically on y (integrability is
then clear). Denote the two integrals in (13) by Φ and Ψ. Since σ, β ≥ 1, it follows
from Corollary 5.8 and Theorem 4.6 (applied to the spaces Lσ(R+,M, yq−s−1 dy)
and Lβ(R+,M, yq−b−1 dy) respectively, where M is the Lebesgue σ-algebra over
R

+) that

Φ1/σ = sup
∫ ∞

0
yq−s−1

(∫ u

0
vr−1m(v) dv

)
g(y) dy, (14)

where the supremum is taken over all measurable functions g ≥ 0 on R
+ such

that
∫∞
0 yq−s−1gσ

′
(y) dy ≤ 1 (σ′ denotes here the conjugate exponent of σ).

Similarly

Ψ1/β = sup
∫ ∞

0
yq−b−1

(∫ ∞

u

(v − u)a−1m(v) dv
)
h(y) dy, (15)

where the supremum is taken over all measurable function h ≥ 0 on R
+ such

that
∫∞
0 yq−b−1hβ

′
(y) dy ≤ 1 (β′ is the conjugate exponent of β).

We now choose u = (y/c)k, where c, k are positive parameters to be
determined later. By Tonelli’s theorem, the integral in (14) is equal to∫ ∞

0
vr−1m(v)

(∫ ∞

cv1/k

yq−s−1g(y) dy
)
dv.

By Holder’s inequality on the measure space (R+,M, yq−s−1dy), the inner
integral is

≤
(∫ ∞

cv1/k

yq−s−1 dy

)1/σ (∫ ∞

0
yq−s−1gσ

′
(y) dy

)1/σ′

≤
(
yq−s

q − s

∣∣∣∣
∞

cv1/k

)1/σ

= (s− q)−1/σc(q−s)/σv(q−s)/kσ.
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Consequently

Φ ≤ (s− q)−1cq−s

(∫ ∞

0
vr−1+(q−s)/kσm(v) dv

)σ

. (16)

Similarly, the integral in (15) is equal to

∫ ∞

0

(∫ cv1/k

0
yq−b−1h(y)[v − (y/c)k]a−1 dy

)
m(v) dv

≤
∫ ∞

0
va−1m(v)

(∫ cv1/k

0
yq−b−1h(y) dy

)
dv

≤
∫ ∞

0
va−1m(v)

(∫ cv1/k

0
yq−b−1 dy

)1/β(∫ cv1/k

0
yq−b−1hβ

′
(y)dy

)1/β′

dv

≤
∫ ∞

0
va−1m(v)

(
yq−b

q − b

∣∣∣∣
cv1/k

0

)1/β

dv

= (q − b)−1/βc(q−b)/β
∫ ∞

0
va−1+(q−b)/kβm(v) dv.

Therefore

Ψ ≤ (q − b)−1cq−b

(∫ ∞

0
va−1+(q−b)/kβm(v) dv

)β

. (17)

Since b < q < s, the integrals in (16) and (17) contain the terms vκ−1 and vλ−1

respectively, with κ := r + (q − s)/kσ < r and λ := a + (q − b)/kβ > a. Recall
that we also have a < p < r. If we can choose the parameter k so that κ = λ = p,
then by Corollary 1.60 both integrals will be equal to (1/p)‖f‖pp. Since β = b/a
and σ = s/r, the unique solutions for k of the equations κ = p and λ = p are

k = (a/b)
q − b

p− a
and k = (r/s)

s− q

r − p
, (18)

respectively, so that the above choice of k is possible iff the two expressions in
(18) coincide. Multiplying both expressions by p/q, this condition on p, q can be
rearranged as

(1/b)− (1/q)
(1/a)− (1/p)

=
(1/q)− (1/s)
(1/p)− (1/r)

,

or equivalently
(1/b)− (1/q)
(1/q)− (1/s)

=
(1/a)− (1/p)
(1/p)− (1/r)

, (19)

that is, 1/p and 1/q divide the segments [1/r, 1/a] and [1/s, 1/b], respectively,
according to the same (positive, finite) ratio. Equivalently,

1
p
= (1− t)

1
r
+ t

1
a
;

1
q
= (1− t)

1
s
+ t

1
b

(20)

for some t ∈ (0, 1).
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With the above choice of k, it now follows from (13), (16), and (17) that

(1/q)‖Tf‖qq ≤ (2M)s(r/p)σ(s− q)−1cq−s‖f‖pσp
+ (2N)b(a/p)β(q − b)−1cq−b‖f‖pβp . (21)

We now choose the parameter c in the form

c = (2M)x(2N)z‖f‖wp ,
with x, z, w real parameters to be determined so that the two summands on the
right-hand side of (21) contain the same powers ofM,N , and ‖f‖p, respectively.
This yields to the following equations for the unknown parameters x, z, w:

s+(q− s)x = (q− b)x; b+(q− b)z = (q− s)z; pσ+(q− s)w = pβ+(q− b)w.

The unique solution is

x =
s

s− b
; z =

−b
s− b

; w = p
σ − β

s− b
.

With the above choice of c, the right-hand side of (21) is equal to

[(r/p)σ(s− q)−1+(a/p)β(q− b)−1](2M)s(q−b)/(s−b)(2N)b(s−q)/(s−b)‖f‖pγp , (22)

where

γ = β + (q − b)
σ − β

s− b
= β

s− q

s− b
+ σ

q − b

s− b

= t(q/a) + (1− t)(q/r) = q/p,

by the relations (20) and β = b/a, σ = s/r. By (20), the exponents of 2M and 2N
in (22) are equal to (1− t)q and tq, respectively. By (21) and (22), we conclude
that

‖Tf‖q ≤ KM1−tN t‖f‖p,
where

K := 2q1/q[(r/p)s/r(s− q)−1 + (a/p)b/a(q − b)−1]1/q

does not depend on f . Thus T is of strong type (p, q), with strong (p, q)-norm
≤ KM1−tN t. Note that the constant K depends only on the parameters a, r, b, s
and p, q; it tends to ∞ when q approachs either b or s.

A similar argument (which we shall omit) yields the same conclusion in case
s < b. The result (which we proved for r �= a and finite b, s) is also valid when
r = a and one or both exponents b, s are infinite (again, we omit the details).
We formalize our conclusion in the following

Theorem 5.41 (Marcinkiewicz’s interpolation theorem). Let 1 ≤ a ≤
b ≤ ∞ and 1 ≤ r ≤ s ≤ ∞. For 0 < t < 1, let p, q be such that

1
p
= (1− t)

1
r
+ t

1
a

and
1
q
= (1− t)

1
s
+ t

1
b
. (23)
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Suppose that the sublinear operator T is of weak types (r, s) and (a, b), with
respective weak norms M and N . Then T is of strong type (p, q), with strong
(p, q)-norm ≤KM1−tN t.

The constant K depends only on the parameters a, b, r, s and t. For a, b, r, s
fixed, K = K(t) is bounded for t bounded away from the end points 0, 1.

Corollary 5.42. Let a, b, r, s, t be as in Theorem 5.41. For any p, q ∈ [1,∞],
denote the strong (p, q)-norm of the sublinear operator T by ‖T‖p,q. If T is of
strong types (r, s) and (a, b), then T is of stong type (p, q) whenever (23) is
satisfied, and

‖T‖p,q ≤ K‖T‖1−t
r,s ‖T‖ta,b,

with K as in Theorem 5.41.

In particular,

B(Lr(X,A, µ), Ls(Y,B, ν)) ∩B(La(X,A, µ), Lb(Y,B, ν))
⊂ B(Lp(X,A, µ), Lq(Y,B, ν)).

Exercises

1. A Banach space X is separable if it contains a countable dense subset. Prove
that if X∗ is separable, then X is separable (but the converse is false). Hint:
let {x∗

n} be a sequence of unit vectors dense in the unit sphere of X∗. Pick
unit vectors xn in X such that |x∗

nxn| > 1/2. Use Corollary 5.5 to show
that span {xn} is dense in X; the same is true when the scalars are complex
numbers with rational real and imaginary parts.

2. Consider the normed space

Cn
c (R) := {f ∈ Cc(R); f (k) ∈ Cc(R), k = 1, . . . , n},

with the norm

‖f‖ =
n∑

k=0

‖f (k)‖u.

Given φ ∈ Cn
c (R), prove that there exist complex Borel measures µk (k =

0, . . . , n) such that

φ(f) =
∑
k

∫
R

f (k) dµk

for all f ∈ Cn
c (R). Hint: consider the subspace

Z = {[f, f ′, . . . , f (n)]; f ∈ Cn
c (R)}

of Cc × · · ·×Cc (n+1 times). Define ψ on Z by ψ([f, f ′, . . . , f (n)]) = φ(f).
(Cf. Exercise 3, Chapter 4.)
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3. Let X be a Banach space, and let Γ ⊂ X∗ be (norm) bounded and weak∗-
closed. Prove:

(a) Γ is weak∗-compact.

(b) If Γ is also convex, then it is the weak∗-closed convex hull of its extremal
points.

4. Let X,Y be normed spaces and T ∈ B(X,Y ). Prove that T is continuous
with respect to the weak topologies on X and Y , and T ∗ : Y ∗ → X∗

is continuous with respect to the weak∗-topologies on Y ∗ and X∗. (Recall
that the Banach adjoint T ∗ of T ∈ B(X) is defined by means of the identity
(T ∗y∗)x = y∗(Tx), x ∈ X, y∗ ∈ Y ∗.)

5. Let p, q ∈ [1,∞] be conjugate exponents, and let (X,A, µ) be a positive
measure space. Let g be a complex measurable function on X such that
||g||q ≤ M for some constant M . Then ||fg||1 ≤ M ||f ||p for all f ∈ Lp(µ)
(by Theorems 1.26 and 1.33). Prove the converse!

Uniform convexity

6. Let X be a normed space, and let B and S denote its closed unit ball and
its unit sphere, respectively. We say that X is uniformly convex (u.c.) if
for each ε > 0 there exists δ = δ(ε) > 0 such that ‖x − y‖ < ε whenever
x, y ∈ B are such that ‖(x+ y)/2‖ > 1 − δ. Prove:

(a) X is u.c. iff whenever xn, yn ∈ S are such that ‖xn +yn‖ → 2, it follows
that ‖xn − yn‖ → 0.

(b) Every inner product space is u.c.

(c) Let X be a u.c. normed space and {xn} ⊂ X. Then xn → x ∈ X
strongly iff xn → x weakly and ‖xn‖ → ‖x‖. (Hint: suppose xn → x
weakly and ‖xn‖ → ‖x‖. We may assume that xn, x ∈ S. Pick x∗

0 ∈ X∗

such that x∗
0x = 1 = ‖x∗

0‖, cf. Corollary 5.7.)

(d) The ‘distance theorem’ (Theorem 1.35) is valid for a u.c. Banach space
X.

The following parts are steps in the proof of the result stated in Part
(i) below.

(e) Let X be a u.c. Banach space, and let ε, δ be as in the definition above.
Denote by S∗ and S∗∗ the unit spheres of X∗ and X∗∗, respectively.
Given x∗∗

0 ∈ S∗∗, there exists x∗
0 ∈ S∗ such that |x∗∗

0 x
∗
0 − 1| < δ. Also

there exists x ∈ B such that |x∗
0x− 1| < δ. Define

Eδ = {x ∈ B; |x∗
0x− 1| < δ}(�= ∅!).

Show that ‖x− y‖ < ε for all x, y ∈ Eδ.
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(f) In any normed space X, the set

U := {x∗∗ ∈ X∗∗; |x∗∗x∗
0 − 1| < δ}

is a weak∗-neighbourhood of x∗∗
0 .

(g) For any weak∗-neighbourhood V of x∗∗
0 , the weak∗-neighbourhood

W := V ∩ U of x∗∗
0 meets κB. (κ denotes the canonical imbedding

of X in X∗∗.) Thus V ∩ κ(Eδ) �= ∅, and therefore x∗∗
0 belongs to the

weak∗-closure of κ(Eδ). (Cf. Goldstine’s theorem.)

(h) Fix x ∈ Eδ. Then x∗∗
0 ∈ κx + εB∗∗, where B∗∗ denotes the (norm)

closed unit ball of X∗∗. (Hint: apply Parts (e) and (g), and the fact
that B∗∗ is weak∗-compact, hence weak∗-closed.)

(i) Conclude from Part (h) that d(x∗∗
0 , κB) = 0, and therefore x∗∗

0 ∈ κB
since κB is norm-closed in X∗∗ (cf. paragraph preceding Theorem 5.9).
This proves the following theorem: uniformly convex Banach spaces are
reflexive.

7. Let {βn}∞
n=0 ∈ l∞ be such that there exists a positive constant K for which

∣∣∣∣
N∑

n=0

αnβn

∣∣∣∣ ≤ K max
t∈[0, 1]

∣∣∣∣
N∑

n=0

αnt
n

∣∣∣∣.
for all α0, . . . , αN ∈ C and N = 0, 1, 2, . . . Prove that there exists a unique
regular complex Borel measure µ on [0, 1] such that βn =

∫ 1
0 tn dµ for all

n = 0, 1, 2, . . . . Moreover ‖µ‖ ≤ K. Formulate and prove the converse.

8. Prove the converse of Theorem 4.4.
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Bounded operators

We recall that B(X,Y ) denotes the normed space of all bounded linear mappings
from the normed space X to the normed space Y . The norm on B(X,Y ) is the
operator norm

‖T‖ := sup
‖x‖≤1

‖Tx‖ = sup
‖x‖<1

‖Tx‖ = sup
‖x‖=1

‖Tx‖ = sup
0 �=x∈X

‖Tx‖
‖x‖ .

The elements of B(X,Y ) will be referred to briefly as operators.
Two of the basic theorems about B(X,Y ), the Uniform Boundedness

Theorem and the Open Mapping Theorem, use so-called category arguments in
their proofs. These are based on Baire’s theorem about complete metric spaces.

6.1 Category

Theorem 6.1 (Baire’s theorem). Let X be a complete metric space (with
metric d), and let {Vi} be a sequence of open dense subsets of X. Then V :=⋂∞

i=1 Vi is dense in X.

Proof. Let U be a non-empty open subset of X. We must show that U ∩ V �= ∅.
Since V1 is dense, it follows that the open set U ∩ V1 is non-empty, and we

may then choose a closed ball B̄(x1, r1) := {x ∈ X; d(x, x1) ≤ r1} ⊂ U ∩V1 with
radius r1 < 1. Let B(x1, r1) := {x ∈ X; d(x, x1) < r1} be the corresponding open
ball. Since V2 is dense, it follows that the open set B(x1, r1) ∩ V2 is non-empty,
and we may then choose a closed ball B̄(x2, r2) ⊂ B(x1, r1) ∩ V2 with radius
r2 < 1/2. Continuing inductively, we obtain a sequence of balls B(xn, rn) with
rn < 1/n, such that

B̄(xn, rn) ⊂ B(xn−1, rn−1) ∩ Vn for n = 2, 3, . . . .

If i, j > n, we have xi, xj ∈ B(xn, rn), and therefore d(xi, xj) < 2rn < 2/n.
This means that {xi} is a Cauchy sequence. Since X is complete, the sequence
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converges to some x ∈ X. For i ≥ n, xi ∈ B̄(xn, rn) (a closed set!), and therefore
x ∈ B̄(xn, rn) ⊂ U ∩ Vn for all n, that is, x ∈ U ∩ V .

Definition 6.2. A subset E of a metric space X is nowhere dense if its closure
Ē has empty interior. A countable union of nowhere dense sets in X is called a
set of (Baire’s) first category in X. A subset of X which is not of first category
in X is said to be of (Baire’s) second category in X.

The family of subsets of first category is closed under countable unions.
Subsets of sets of first category are of first category.

Using category terminology, Baire’s theorem has the following variant form,
which is the basis for the ‘category arguments’ mentioned above.

Theorem 6.3 (Baire’s category theorem). A complete metric space is of
Baire’s second category in itself.

Proof. Suppose the complete metric space X is of Baire’s first category in itself.
Then

X =
⋃
i

Ei

with Ei nowhere dense (i = 1, 2, . . .). Hence X =
⋃

iEi. Taking complements,
we see that ⋂

i

(Ei)c = ∅.

Since Ei are nowhere dense, the sets in the above intersection are open dense
sets. By Baire’s theorem, the intersection is dense, a contradiction.

6.2 The uniform boundedness theorem

Theorem 6.4 (The uniform boundedness theorem, general version).
Let X,Y be normed spaces, and let T ⊂ B(X,Y ). Suppose the subspace

Z := {x ∈ X; sup
T∈T

‖Tx‖ <∞}

is of Baire’s second category in X. Then

sup
T∈T

‖T‖ <∞.

Proof. Denote
r(x) := sup

T∈T
‖Tx‖ (x ∈ Z).

If SY := BY (0, 1) is the closed unit ball in Y , then for all T ∈ T , Tx ∈ r(x)SY ⊂
nSY if x ∈ Z and n is an integer ≥ r(x). Thus T (x/n) ∈ SY for all T ∈ T ,
that is,

x/n ∈
⋂

T∈T
T−1SY := E
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for n ≥ r(x). This shows that

Z ⊂
⋃
n

nE.

Since Z is of Baire’s second category in X and nE are closed sets (by continuity
of each T ∈ T ), there exists n such that nE has non-empty interior. How-
ever, multiplication by scalars is a homeomorphism; therefore E has non-empty
interior Eo. Let then BX(a, δ) ⊂ E. Then for all T ∈ T ,

δTBX(0, 1) = TBX(0, δ) = T [BX(a, δ) − a] = TBX(a, δ) − Ta
⊂ TE − Ta ⊂ SY − SY ⊂ 2SY .

Hence TBX(0, 1) ⊂ (2/δ)SY for all T ∈ T . This means that

sup
T∈T

‖T‖ ≤ 2
δ
.

If X is complete, it is of Baire’s second category in itself by Theorem 6.3.
This implies the non-trivial part of the following.

Corollary 6.5 (The uniform boundedness theorem). Let X be a Banach
space, Y a normed space, and T ⊂ B(X,Y ). Then the following two statements
are equivalent

sup
T∈T

‖Tx‖ <∞ for all x ∈ X; (i)

sup
T∈T

‖T‖ <∞. (ii)

Corollary 6.6. Let X be a Banach space, Y a normed space, and let {Tn}n∈N ⊂
B(X,Y ) be such that

∃ lim
n
Tnx := Tx for all x ∈ X.

Then T ∈ B(X,Y ) and ‖T‖ ≤ lim infn ‖Tn‖ ≤ supn ‖Tn‖ <∞.

Proof. The linearity of T is trivial. For each x ∈ X, supn ‖Tnx‖ < ∞ (since
limn Tnx exists). By Corollary 6.5, it follows that supn ‖Tn‖ := M <∞. For all
unit vectors x ∈ X and all n ∈ N, ‖Tnx‖ ≤ ‖Tn‖; therefore

‖Tx‖ = lim
n

‖Tnx‖ ≤ lim inf
n

‖Tn‖ ≤M,

that is, ‖T‖ ≤ lim infn ‖Tn‖ ≤ supn ‖Tn‖ <∞.

Corollary 6.7. Let X be a normed space, and E ⊂ X. Then the following two
statements are equivalent:

sup
x∈E

|x∗x| <∞ for all x∗ ∈ X∗. (1)

sup
x∈E

‖x‖ <∞. (2)
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Proof. Let T := κE ⊂ (X∗)∗ = B(X∗,C), where κ denotes the canonical
embedding of X into X∗∗. Then (1) is equivalent to

sup
κx∈T

|(κx)x∗| <∞ for all x∗ ∈ X∗,

and since the conjugate space X∗ is complete (cf. Corollary 4.5), Corollary 6.5
shows that this is equivalent to

sup
κx∈T

‖κx‖ <∞.

Since κ is isometric, the last statement is equivalent to (2).

Combining Corollaries 6.7 and 6.5, we obtain

Corollary 6.8. Let X be a Banach space, Y a normed space, and T ⊂ B(X,Y ).
Then the following two statements are equivalent

sup
T∈T

|x∗Tx| <∞ for all x ∈ X,x∗ ∈ X∗. (3)

sup
T∈T

‖T‖ <∞. (4)

6.3 The open mapping theorem

Lemma 1. Let X,Y be normed spaces and T ∈ B(X,Y ). Suppose the range
TX of T is of Baire’s second category in Y , and let ε > 0 be given. Then there
exists δ > 0 such that

BY (0, δ) ⊂ TBX(0, ε). (1)

Moreover, one has necessarily δ ≤ ‖T‖ε.
The bar sign stands for the closure operation in Y .

Proof. We may write

X =
∞⋃

n=1

BX(0, nε/2),

and therefore

TX =
∞⋃

n=1

TBX(0, nε/2).

Since TX is of Baire’s second category in Y , there exists n such that
TBX(0, nε/2) has non-empty interior. Therefore, TBX(0, ε/2) has non-empty
interior (because T is homogeneous and multiplication by n is a homeomorph-
ism of Y onto itself). Let then BY (a, δ) be a ball contained in it. If y ∈ BY (0, δ),
then

a, a+ y ∈ BY (a, δ) ⊂ TBX(0, ε/2),

and therefore there exist sequences

{x′
k}, {x′′

k} ⊂ BX(0, ε/2)
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such that
Tx′

k → a+ y; Tx′′
k → a.

Let xk = x′
k − x′′

k . Then ‖xk‖ ≤ ‖x′
k‖ + ‖x′′

k‖ < ε and

Txk = Tx′
k − Tx′′

k → (a+ y) − a = y,

that is, {xk} ⊂ BX(0, ε) and y ∈ TBX(0, ε). This proves (1).
We show finally that the relation δ ≤ ‖T‖ε follows necessarily from (1). Fix

y ∈ Y with ‖y‖ = 1 and 0 < t < 1. Since tδy ∈ BY (0, δ), it follows from (1)
that for each k ∈ N, there exists xk ∈ BX(0, ε) such that ‖tδy − Txk‖ < 1/k.
Therefore

tδ = ‖tδy‖ ≤ ‖tδy − Txk‖ + ‖Txk‖
< 1/k + ‖T‖ ε.

Letting k → ∞ and then t→ 1, the conclusion follows.

Lemma 2. Let X be a Banach space, Y a normed space, and T ∈ B(X,Y ).
Suppose TX is of Baire’s second category in Y , and let ε > 0 be given. Then
there exists δ > 0 such that

BY (0, δ) ⊂ TBX(0, ε). (2)

Comparing the lemmas, we observe that the payoff for the added complete-
ness hypothesis is the stronger conclusion (2) (instead of (1)).

Proof. We apply Lemma 1 with εn = ε/2n+1, n = 0, 1, 2, . . . . We then obtain
δn > 0 such that

BY (0, δn) ⊂ TBX(0, εn) (n = 0, 1, 2, . . .). (3)

We shall show that (2) is satisfied with δ := δ0.
Let y ∈ BY (0, δ).
By (3) with n = 0, there exists x0 ∈ BX(0, ε0) such that

‖y − Tx0‖ < δ1,
that is, y − Tx0 ∈ BY (0, δ1).

By (3) with n = 1, there exists x1 ∈ BX(0, ε1) such that

‖(y − Tx0) − Tx1‖ < δ2.
Proceeding inductively, we obtain a sequence {xn;n = 0, 1, 2, . . .} such that (for
n = 0, 1, 2, . . .)

xn ∈ BX(0, εn) (4)

and
‖y − T (x0 + · · · + xn)‖ < δn+1. (5)
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Write
sn = x0 + · · · + xn.

Then for non-negative integers n > m

‖sn − sm‖ = ‖xm+1 · · · + xn‖ ≤ ‖xm+1‖ + · · · + ‖xn‖
<

ε

2m+2 + · · · +
ε

2n+1 <
ε

2m+1 , (6)

so that {sn} is a Cauchy sequence in X.
Since X is complete, s := lim sn exists in X. By continuity of T and of the

norm, the left-hand side of (5) converges to ‖y − Ts‖ as n → ∞. The right-
hand side of (5) converges to 0 (cf. Lemma 1). Therefore y = Ts. However by
(6) with m = 0, ‖sn − s0‖ < ε/2 for all n; hence ‖s − x0‖ ≤ ε/2, and by (4)
‖s‖ ≤ ‖x0‖ + ‖s− x0‖ < ε. This shows that y ∈ TBX(0, ε).

Theorem 6.9 (The open mapping theorem). Let X be a Banach space,
and T ∈ B(X,Y ) for some normed space Y . Suppose TX is of Baire’s second
category in Y . Then T is an open mapping.

Proof. Let V be a non-empty open subset of X, and let y ∈ TV . Let then x ∈ V
be such that y = Tx. Since V is open, there exists ε > 0 such that BX(x, ε) ⊂ V .
Let δ correspond to ε as in Lemma 2. Then

BY (y, δ) = y +BY (0, δ) ⊂ Tx+ TBX(0, ε) = T [x+BX(0, ε)]

= TBX(x, ε) ⊂ TV.
This shows that TV is an open set in Y .

Corollary 6.10. Let X,Y be Banach spaces, and let T ∈ B(X,Y ) be onto.
Then T is an open map.

Proof. Since T is onto, its range TX = Y is a Banach space, and is therefore
of Baire’s second category in Y by Theorem 6.3. The result then follows from
Theorem 6.9.

Corollary 6.11 (Continuity of the inverse). Let X,Y be Banach spaces,
and let T ∈ B(X,Y ) be one-to-one and onto. Then T−1 ∈ B(Y,X).

Proof. By Corollary 6.10, T is a (linear) bijective continuous open map, that
is, a (linear) homeomorphism. This means in particular that the inverse map is
continuous.

Corollary 6.12. Suppose the vector space X is a Banach space under two norms
‖ · ‖k, k = 1, 2. If there exists a constant M > 0 such that ‖x‖2 ≤ M ‖x‖1 for
all x ∈ X, then there exists a constant N > 0 such that ‖x‖1 ≤ N ‖x‖2 for all
x ∈ X.

Norms satisfying inequalities of the form

1
N

‖x‖1 ≤ ‖x‖2 ≤M ‖x‖1 (x ∈ X)
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for suitable constants M,N > 0 are said to be equivalent. They induce the same
metric topology on X.

Proof. Let T be the identity map from the Banach space (X, ‖ · ‖1) to the
Banach space (X, ‖ · ‖2). Then T is bounded (by the hypothesis on the norms),
and clearly one-to-one and onto. The result then follows from Corollary 6.11.

6.4 Graphs

For the next corollary, we consider the cartesian product X × Y of two normed
spaces, as a normed space with the usual operations and with the norm

‖[x, y]‖ = ‖x‖+ ‖y‖ ([x, y] ∈ X × Y ).

Clearly the sequence {[xn, yn]} is Cauchy in X×Y if and only if both sequences
{xn} and {yn} are Cauchy in X and Y , respectively, and it converges to [x, y]
in X × Y if and only if both xn → x in X and yn → y in Y . Therefore, X × Y
is complete if and only if both X and Y are complete.

Let T be a linear map with domain D(T ) ⊂ X and range in Y . The domain
is a subspace of X. The graph of T is the subspace of X × Y defined by

Γ(T ) := {[x, Tx];x ∈ D(T )}.
If Γ(T ) is a closed subspace of X×Y , we say that T is a closed operator. Clearly
T is closed if and only if whenever {xn} ⊂ D(T ) is such that xn → x and
Txn → y, then x ∈ D(T ) and Tx = y.

Corollary 6.13 (The closed graph theorem). Let X,Y be Banach spaces
and let T be a closed operator with D(T ) = X and range in Y . Then T ∈
B(X,Y ).

Proof. Let PX and PY be the projections of X×Y onto X and Y , respectively,
restricted to the closed subspace Γ(T ) (which is a Banach space, as a closed
subspace of the Banach space X×Y ). They are continuous, and PX is one-to-one
and onto. By Corollary 6.11, P−1

X is continuous, and therefore the composition
PY ◦ P−1

X is continuous. However

PY ◦ P−1
X x = PY [x, Tx] = Tx (x ∈ X),

that is, T is continuous.

Remark 6.14. The proof of Lemma 2 used the completeness ofX to get the con-
vergence of the sequence {sn}, which is the sequence of partial sums of the series∑
xk. The point of the argument is that, if X is complete, then the convergence

of a series
∑
xk in X follows from its absolute convergence (that is, the conver-

gence of the series
∑ ‖xk‖). This property actually characterizes completeness

of normed spaces.
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Theorem 6.15. Let X be a normed space. Then X is complete if and only if
absolute convergence implies convergence (of series in X).

Proof. Suppose X is complete. If
∑ ‖xk‖ converges and sn denote the partial

sums of
∑
xk, then for n > m

‖sn − sm‖ =

∥∥∥∥∥
n∑

k=m+1

xk

∥∥∥∥∥ ≤
n∑

k=m+1

‖xk‖ → 0

as m→ ∞, and therefore {sn} converges in X.
Conversely, suppose absolute convergence implies convergence of series in X.

Let {xn} be a Cauchy sequence in X. There exists a subsequence {xnk
} such

that
‖xnk+1 − xnk

‖ < 1
2k

(cf. proof of Lemma 1.30). The series

xn1 +
∞∑

k=1

(xnk+1 − xnk
)

converges absolutely, and therefore converges in X. Its (p− 1)-th partial sum is
xnp , and so the Cauchy sequence {xn} has the convergent subsequence {xnp}; it
follows that {xn} itself converges.

6.5 Quotient space

If M is a closed subspace of the Banach space X, the vector space X/M is a
normed space for the quotient norm

‖[x]‖ := dist{0, [x]} := inf
y∈[x]

‖y‖,

where [x] := x+M . The properties of the norm are easily verified; the assumption
that M is closed is needed for the implication ‖[x]‖ = 0 implies [x] = [0]. For
later use, we prove the following.

Theorem 6.16. Let M be a closed subspace of the Banach space X. Then X/M
is a Banach space.

Proof. Let {[xn]} be a Cauchy sequence in X/M . It has a subsequence {[x′
n]}

such that
‖[x′

n+1] − [x′
n]‖ < 1

2n+1

(cf. proof of Lemma 1.30). Pick y1 ∈ [x′
1] arbitrarily. Since

inf
y∈[x′

2]
‖y − y1‖ = ‖[x′

2 − x′
1]‖ < 1/4,
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there exists y2 ∈ [x′
2] such that ‖y2 − y1‖ < 1/2. Assuming we found yk ∈ [x′

k],
k = 1, . . . , n, such that ‖yk+1 − yk‖ < 1/2k for k ≤ n− 1, since

inf
y∈[x′

n+1]
‖y − yn‖ = ‖[x′

n+1] − [x′
n]‖ < 1

2n+1 ,

there exists yn+1 ∈ [x′
n+1] such that

‖yn+1 − yn‖ < 2
2n+1 = 1/2n.

The series

y1 +
∞∑

n=1

(yn+1 − yn)

converges absolutely, and therefore converges in X, since X is complete (cf.
Theorem 6.15). Its partial sums yn converge therefore to some y ∈ X. Then

‖[x′
n] − [y]‖ = ‖[yn] − [y]‖ = ‖[yn − y]‖ ≤ ‖yn − y‖ → 0.

Since the Cauchy sequence {[xn]} has the convergent subsequence {[x′
n]}, it

follows that it converges as well.

Corollary 6.17. The natural map π : x → [x] of the Banach space X onto the
Banach space X/M (for a given closed subspace M of X) is an open mapping.

Proof. The map π is a norm-decreasing, hence continuous, linear map of the
Banach space X onto the Banach space X/M ; therefore, π is an open map by
Corollary 6.10.

6.6 Operator topologies

The norm topology on B(X,Y ) is also called the uniform operator topology. This
terminology is motivated by the fact that a sequence {Tn} ⊂ B(X,Y ) converges
in the norm topology of B(X,Y ) iff it converges (strongly) pointwise, uniformly
on every bounded subset of X (that is, the sequence {Tnx} converges strongly
in Y , uniformly in x on any bounded subset of X). Indeed, if ‖Tn − T‖ → 0,
then for any bounded set Q ⊂ X,

sup
x∈Q

‖Tnx− Tx‖ ≤ ‖Tn − T‖ sup
x∈Q

‖x‖ → 0,

so that Tnx → Tx strongly in Y , uniformly on Q. Conversely, if Tnx converge
strongly in Y uniformly for x in bounded subsets of X, this is true in particular
for x in the unit ball S = SX . Hence as n,m→ ∞,

‖Tn − Tm‖ := sup
x∈S

‖(Tn − Tm)x‖ = sup
x∈S

‖Tnx− Tmx‖ → 0.
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If Y is complete, B(X,Y ) is complete by Theorem 4.4, and therefore Tn converge
in the norm topology of B(X,Y ).

We shall consider two additional topologies on B(X,Y ), weaker than the
uniform operator topology (u.o.t.). A net {Tj ; j ∈ J} converges to T in the
strong operator topology (s.o.t.) of B(X,Y ) if Tjx → Tx strongly in Y , for
each x ∈ X (this is strong pointwise convergence of the functions Tj !). Since
the uniformity requirement has been dropped, this convergence is clearly weaker
than convergence in the u.o.t. If one requires that Tjx converge weakly to Tx
(rather than strongly!), for each x ∈ X, one get a still weaker convergence
concept, called convergence in the weak operator topology (w.o.t.).

The s.o.t. and the w.o.t. may be defined by giving bases as follows.

Definition 6.18.

1. A base for the strong operator topology on B(X,Y ) consists of all the sets
of the form

N(T, F, ε) := {S ∈ B(X,Y ); ‖(S − T )x‖ < ε, x ∈ F},

where T ∈ B(X,Y ), F ⊂ X is finite, and ε > 0.

2. A base for the weak operator topology on B(X,Y ) consists of all sets of
the form

N(T, F,Λ, ε) := {S ∈ B(X,Y ); |y∗(S − T )x| < ε, x ∈ F, y∗ ∈ Λ},

where T ∈ B(X,Y ), F ⊂ X and Λ ⊂ Y ∗ are finite sets, and ε > 0.

The sets N are referred to as basic neighbourhoods of T in the s.o.t. (w.o.t.,
respectively). It is clear that net convergence in these topologies is precisely as
described above.

Since the bases in Definition 6.18 consist of convex sets, it is clear that
B(X,Y ) is a locally convex topological vector space (t.v.s.) for each of the above
topologies. We denote by B(X,Y )s.o. and B(X,Y )w.o. the t.v.s. B(X,Y ) with
the s.o.t. and the w.o.t., respectively.

Theorem 6.19. Let X,Y be normed spaces. Then

B(X,Y )∗
s.o. = B(X,Y )∗

w.o..

Moreover, the general form of an element g of this (common) dual is

g(T ) =
∑

k

y∗
kTxk (T ∈ B(X,Y )),

where the sum is finite, xk ∈ X, and y∗
k ∈ Y ∗.

Proof. Let g ∈ B(X,Y )∗
s.o.. Since g(0) = 0, strong-operator continuity of g at

zero implies the existence of ε > 0 and of a finite set F = {x1, . . . , xn}, such that
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|g(T )| < 1 for all T ∈ N(0, F, ε). Thus, the inequalities

‖Txk‖ < ε (k = 1, . . . , n) (1)

imply |g(T )| < 1.
Consider the normed space Y n with the norm ‖[y1, . . . , yn]‖ :=

∑
k ‖yk‖. One

verifies easily that (Y n)∗ is isomorphic to (Y ∗)n: given Γ ∈ (Y n)∗, there exists
a unique vector [y∗

1 , . . . , y
∗
n] ∈ (Y ∗)n such that

Γ([y1, . . . , yn]) =
∑

k

y∗
kyk (2)

for all [y1, . . . , yn] ∈ Y n.
With x1, . . . , xn as in (1), define the linear map

Φ : B(X,Y ) → Y n

by
Φ(T ) = [Tx1, . . . , Txn] (T ∈ B(X,Y )).

On the range of Φ (a subspace of Y n!), define Γ by

Γ(Φ(T )) = g(T ) (T ∈ B(X,Y )).

If T, S ∈ B(X,Y ) are such that Φ(T ) = Φ(S), then Φ(m(T − S)) = 0, so that
m(T − S) satisfy (1) for all m ∈ N. Hence m|g(T − S)| = |g(m(T − S))| < 1
for all m, and therefore g(T ) = g(S). This shows that Γ is well defined. It
is clearly a linear functional on range(Φ). If ‖Φ(T )‖ < 1, then ‖(εT )xk‖ < ε
for all k, hence |g(εT )| < 1, that is, |Γ(Φ(T ))|(= |g(T )|) < 1/ε. This shows
that Γ is bounded, with norm ≤ 1/ε. By the Hahn–Banach theorem, Γ has an
extension as an element Γ̃ ∈ (Y n)∗. As observed above, it follows that there exist
y∗
1 , . . . , y

∗
n ∈ Y ∗ such that Γ̃([y1, . . . , yn]) =

∑
k y

∗
kyk. In particular,

g(T ) = Γ([Tx1, . . . , Txn]) =
∑

k

y∗
kTxk (3)

for all T ∈ B(X,Y ).
In particular, this representation shows that g is continuous with respect to

the w.o.t. Since (linear) functionals continuous with respect to the w.o.t. are
trivially continuous with respect to the s.o.t., the theorem follows.

Corollary 6.20. A convex subset of B(X,Y ) has the same closure in the w.o.t.
and in the s.o.t.

Proof. Let K ⊂ B(X,Y ) be convex (non-empty, without loss of generality),
and denote by Ks and Kw its closures with respect to the s.o.t. and the w.o.t.,
respectively. Since the w.o.t. is weaker than the s.o.t., we clearly have Ks ⊂ Kw.
Suppose there exists T ∈ Kw such that T /∈ Ks. By Corollary 5.21, there exists
f ∈ B(X,Y )∗

s.o. such that

�f(T ) < inf
S∈Ks

�f(S). (4)

By Theorem 6.19, f ∈ B(X,Y )∗
w.o.. Since T ∈ Kw and K ⊂ Ks, it follows that

infS∈Ks �f(S) ≤ infS∈K �f(S) ≤ �f(T ), a contradiction.
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Exercises

1. Let X be a Banach space, Y a normed space, and T ∈ B(X,Y ). Prove
that if TX �= Y , then TX is of Baire’s first category in Y .

2. Let X,Y be normed spaces, and T ∈ B(X,Y ). Prove that

‖T‖ = sup{|y∗Tx|;x ∈ X, y∗ ∈ Y ∗, ‖x‖ = ‖y∗‖ = 1}.

3. Let (S,A, µ) be a positive measure space, and let p, q ∈ [1,∞] be
conjugate exponents. Let T : Lp(µ) → Lp(µ). Prove that

‖T‖ = sup
{∣∣∣∣
∫

S

(Tf)g dµ
∣∣∣∣; f ∈ Lp(µ), g ∈ Lq(µ), ‖f‖p = ‖g‖q = 1

}
.

(In case p = 1 or p = ∞, assume that the measure space is σ-finite.)

4. Let X be a Banach space, {Yα;α ∈ I} a family of normed spaces, and
Tα ∈ B(X,Yα), (α ∈ I). Define

Z =
{
x ∈ X; sup

α∈I
‖Tαx‖ = ∞

}
.

Prove that Z is either empty or a dense Gδ in X.

5. Let X,Y be Banach spaces, and let T : D(T ) ⊂ X → Y be a closed
operator with range R(T ) of the second category in Y . Prove:

(a) R(T ) = Y .

(b) There exists a constant c > 0 such that, for each y ∈ Y , there exists
x ∈ D(T ) such that y = Tx and ‖x‖ ≤ c‖y‖.

(c) If T is one-to-one, then it is bounded.
(Hint: adapt the proof of Theorem 6.9.)

6. Letm denote Lebesgue measure on the interval [0, 1], and let 1 ≤ p < r ≤
∞. Prove that the identity map of Lr(m) into Lp(m) is norm decreasing
with range of Baire’s first category in Lp(m).

7. Let X be a Banach space, and let T : D(T ) ⊂ X → X be a linear
operator. Suppose there exists α ∈ C such that (αI − T )−1 ∈ B(X).
Let p(λ) =

∑
ckλ

k be any polynomial (over C) of degree n ≥ 1. Prove
that the operator p(T ) :=

∑
ckT

k (with domain D(Tn)) is closed. (Hint:
induction on n. Write p(λ) = (λ− α)q(λ) + r, where the constant r may
be assumed to be zero, without loss of generality, and q is a polynomial
of degree n− 1.)

8. Let X,Y be Banach spaces. The operator T ∈ B(X,Y ) is compact if
the set TBX is conditionally compact in Y (where BX denotes here the



“chap06” — 2006/6/2 — page 165 — #13

Exercises 165

closed unit ball of X). Let K(X,Y ) be the set of all compact operators
in B(X,Y ). Prove:

(a) K(X,Y ) is a (norm-)closed subspace of B(X,Y ).

(b) If Z is a Banach space, then

K(X,Y )B(Z,X) ⊂ K(Z, Y ) and B(Y,Z)K(X,Y ) ⊂ K(X,Z).

In particular, K(X) := K(X,X) is a closed two-sided ideal in B(X).

(c) T ∈ B(X,Y ) is a finite range operator if its range TX is finite
dimensional. Prove that every finite range operator is compact.

Adjoints

9. Let X,Y be Banach spaces, and let T : X → Y be a linear operator with
domain D(T ) ⊂ X and range R(T ). If T is one-to-one, the inverse map
T−1 is a linear operator with domain R(T ) and range D(T ).
If D(T ) is dense in X, the (Banach) adjoint T ∗ of T is defined as

follows:

D(T ∗) = {y∗ ∈ Y ∗; y∗ ◦ T is continuous on D(T )}.

Since D(T ) is dense in X, it follows that for each y∗ ∈ D(T ∗) there exists
a unique extension x∗ ∈ X∗ of y∗ ◦ T (cf. Exercise 1, Chapter 4); we set
x∗ = T ∗y∗. Thus, T ∗ is uniquely defined on D(T ∗) by the relation

(T ∗y∗)x = y∗(Tx) (x ∈ D(T )).

Prove:

(a) T ∗ is closed. If T is closed, D(T ∗) is weak∗-dense in Y ∗, and if Y is
reflexive, D(T ∗) is strongly dense in Y ∗.

(b) If T ∈ B(X,Y ), then T ∗ ∈ B(Y ∗, X∗), and ‖T ∗‖ = ‖T‖. If S, T ∈
B(X,Y ), then (αS + βT )∗ = αS∗ + βT ∗ for all α, β ∈ C. If T ∈
B(X,Y ) and S ∈ B(Y,Z), then (ST )∗ = T ∗S∗.

(c) If T ∈ B(X,Y ), then T ∗∗ := (T ∗)∗ ∈ B(X∗∗, Y ∗∗), T ∗∗|X = T , and
‖T ∗∗‖ = ‖T‖. In particular, if X is reflexive, then T ∗∗ = T (note that
κX is identified with X).

(d) If T ∈ B(X,Y ), then T ∗ is continuous with respect to the weak∗-
topologies on Y ∗ and X∗ (cf. Exercise 4, Chapter 5). Conversely, if
S ∈ B(Y ∗, X∗) is continuous with respect to the weak∗-topologies on
Y ∗ and X∗, then S = T ∗ for some T ∈ B(X,Y ). Hint: given x ∈ X,
consider the functional φx(y∗) = (Sy∗)x on Y ∗.

(e) R(T ) =
⋂{ker(y∗); y∗ ∈ ker(T ∗)}. In particular, T ∗ is one-to-one iff

R(T ) is dense in Y .
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(f) Let x∗ ∈ X∗ and M > 0 be given. Then there exists y∗ ∈ D(T ∗) with
‖y∗‖ ≤M such that x∗ = T ∗y∗ if and only if

|x∗x| ≤M‖Tx‖ (x ∈ D(T )).

In particular, x∗ ∈ R(T ∗) if and only if

sup
x∈D(T ), Tx�=0

|x∗x|
‖Tx‖ <∞.

(Hint: Hahn–Banach.)

(g) Let T ∈ B(X,Y ) and let S∗ be the (norm-)closed unit ball of Y ∗.
Then T ∗S∗ is weak∗-compact.

(h) Let T ∈ B(X,Y ) have closed range TX. Suppose x∗ ∈ X∗ vanishes
on ker(T ). Show that the map φ : TX → C defined by φ(Tx) =
x∗x is a well-defined continuous linear functional, and therefore there
exists y∗ ∈ Y ∗ such that φ = y∗|TX . (Hint: apply Corollary 6.10
to T ∈ B(X,TX) to conclude that there exists r > 0 such that
{y ∈ TX; ‖y‖ < r} ⊂ TBX(0, 1), and deduce that ‖φ‖ ≤ (1/r)‖x∗‖.)

(k) With T as in Part (h), prove that

T ∗Y ∗ = {x∗ ∈ X∗; ker(T ) ⊂ ker(x∗)}.

In particular, T ∗ has (norm-)closed range in X∗.

10. Let X be a Banach space, and let T be a one-to-one linear operator with
domain and range dense in X. Prove that (T ∗)−1 = (T−1)∗, and T−1 is
bounded (on its domain) iff (T ∗)−1 ∈ B(X∗).

11. Let T : D(T ) ⊂ X → X have dense domain in the Banach space X.
Prove:

(a) If the range R(T ∗) of T ∗ is weak∗-dense in X∗, then T is one-to-one.

(b) T−1 exists and is bounded (on its domain) iff R(T ∗) = X∗.

12. Let X be a Banach space, and T ∈ B(X). We say that T is bounded below
if

inf
0 �=x∈X

‖Tx‖
‖x‖ > 0.

Prove:

(a) If T is bounded below, then it is one-to-one and has closed range.

(b) T is non-singular (that is, invertible in B(X)) if and only if it is
bounded below and T ∗ is one-to-one.
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Hilbert adjoint

13. Let X be a Hilbert space, and T : D(T ) ⊂ X → X a linear operator with
dense domain. The Hilbert adjoint T ∗ of T is defined in a way analogous
to that of Exercise 9, through the Riesz representation:

D(T ∗) := {y ∈ X;x→ (Tx, y) is continuous on D(T )}.
Since D(T ) is dense, given y ∈ D(T ∗), there exists a unique vector in X,
which we denote by T ∗y, such that

(Tx, y) = (x, T ∗y) (x ∈ D(T )).

Prove:

(a) If T ∈ B(X), then T ∗ ∈ B(X), ‖T ∗‖ = ‖T‖, T ∗∗ = T , and (αT )∗ =
ᾱT ∗ for all α ∈ C. Also I∗ = I.

(b) If S, T ∈ B(X), then (S + T )∗ = S∗ + T ∗ and (ST )∗ = T ∗S∗.

(c) T ∈ B(X) is called a normal operator if T ∗T = TT ∗. Prove that T
is normal iff

(T ∗x, T ∗y) = (Tx, Ty) (x, y ∈ X) (1)

(d) If T ∈ B(X) is normal, then ‖T ∗x‖ = ‖Tx‖ and ‖T ∗Tx‖ = ‖T 2x‖
for all x ∈ X. Conclude that ‖T ∗T‖ = ‖T 2‖ and ‖T 2‖ = ‖T‖2. (Hint:
apply (1).)

14. Let X be a Hilbert space, and T : D(T ) ⊂ X → X be a linear operator.
T is symmetric if (Tx, y) = (x, Ty) for all x, y ∈ D(T ). Prove that if T is
symmetric and everywhere defined, then T ∈ B(X) and T = T ∗. (Hint:
Corollary 6.13.)

15. Let X be a Hilbert space, and B : X × X → C be a sesquilinear form
such that

|B(x, y)| ≤M‖x‖ ‖y‖ and B(x, x) ≥ m‖x‖2

for all x, y ∈ X, for some constants M <∞ and m > 0. Prove that there
exists a unique non-singular T ∈ B(X) such that B(x, y) = (x, Ty) for
all x, y ∈ X. Moreover,

‖T‖ ≤M and ‖T−1‖ ≤ 1/m.

(This is the Lax–Milgram theorem.) Hint: apply Theorem 1.37 to get T ;
show that R(T ) is closed and dense (cf. Theorem 1.36), and apply
Corollary 6.11.

16. Let X,Y be normed spaces, and T : X → Y be linear. Prove that T is
an open map iff TB̄X(0, 1) contains B̄Y (0, r) for some r > 0. When this
is the case, T is onto.
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17. Let X be a Banach space, Y a normed space, and T ∈ B(X,Y ). Suppose
the closure of TB̄X(0, 1) contains some ball B̄Y (0, r). Prove that T is
open. (Hint: adapt the proof of Lemma 2 in the proof of Theorem 6.9,
and use Exercise 16.)

18. Let X be a Banach space, and let P ∈ B(X) be such that P 2 = P . Such
an operator is called a projection. Verify:

(a) I − P is a projection (called the complementary projection).

(b) The ranges PX and (I − P )X are closed subspaces such that X =
PX ⊕ (I − P )X. Moreover PX = ker(I − P ) = {x;Px = x} and
(I − P )X = ker P .

(c) Conversely, if Y,Z are closed subspaces of X such that X = Y ⊕ Z
(‘complementary subspaces’), and P : X → Y is defined by P (y+z) =
y for all y ∈ Y, z ∈ Z, then P is a projection with PX = Y .

(d) If Y,Z are closed subspaces of X such that Y ∩Z = {0}, then Y +Z
is closed iff there exists a positive constant c such that ‖y‖ ≤ c‖y+z‖
for all y ∈ Y and z ∈ Z. (Hint: Corollary 6.13.)

19. Let X,Y be Banach spaces, and let {Tn}n∈N ⊂ B(X,Y ) be Cauchy in
the s.o.t. (that is, {Tnx} is Cauchy for each x ∈ X). Prove that {Tn} is
convergent in B(X,Y ) in the s.o.t.

20. Let X,Y be Banach spaces and T ∈ B(X,Y ). Prove that T is one-
to-one with closed range iff there exists a positive constant c such that
‖Tx‖ ≥ c‖x‖ for all x ∈ X. In that case, T−1 ∈ B(TX,X).

21. Let X be a Banach space, and let C ∈ B(X) be a contraction, that is,
‖C‖ ≤ 1. Prove:

(a) et(C−I) (defined by means of the usual series) is a contraction for all
t ≥ 0.

(b) ‖Cmx− x‖ ≤ m‖Cx− x‖ for all m ∈ N and x ∈ X.

(c) Let Qn := en(C−I) − Cn (n ∈ N). Then

‖Qnx‖ ≤ e−n
∞∑

k=0

(nk/k!)‖C |k−n|x− x‖ (2)

for all n ∈ N and x ∈ X. (Hint: note that Cnx = e−n
∑

k(nk/k!)Cnx;
break the ensuing series for Qnx into series over k ≤ n and over
k > n).

(d) ‖Qnx‖ ≤∑k≥0 e−n(nk/k!)|k − n| ‖Cx− x‖.

(e) ‖Qnx‖ ≤ √
n‖(C − I)x‖ for all n ∈ N and x ∈ X. Hint: consider the

Poisson probability measure µ (with ‘parameter’ n) on P(N), defined



“chap06” — 2002/11/21 — page 169 — #17

Exercises 169

by µ({k}) = e−nnk/k!; apply Schwarz’s inequality in L2(µ) and Part
(d) to get the inequality

‖Qnx‖ ≤ ‖k − n‖L2(µ)‖Cx− x‖ =
√
n‖Cx− x‖. (3)

(f) Let F : [0,∞) → B(X) be contraction-valued. For t > 0 fixed, set
An := (n/t)[F (t/n) − I], n ∈ N. Suppose supn ‖Anx‖ < ∞ for all x
in a dense subspace D of X. Then

lim
n→∞ ‖etAnx− F (t/n)nx‖ = 0 (4)

for all t > 0 and x ∈ X. Hint: by Part (a), ‖etAn‖ ≤ 1, and therefore
‖etAn − F (t/n)n‖ ≤ 2. By Part (e) with C = F (t/n), the limit in (4)
is 0 for all x ∈ D.
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Banach algebras

If X is a Banach space, the Banach space B(X) (cf. Notation 4.3) is also an
algebra under the composition of operators as multiplication. The operator norm
(cf. Definition 4.1) clearly satisfies the relations

‖ST‖ ≤ ‖S‖‖T‖ (S, T ∈ B(X))

and
‖I‖ = 1,

where I denotes the identity operator, defined by Ix = x for all x ∈ X.
If the dimension of X is at least 2, it is immediate that B(X) is not com-

mutative. On the other hand, if X is a compact Hausdorff space, the Banach
space C(X) of all complex continuous functions on X with pointwise operations
and the supremum norm ‖f‖ = supX |f | is a commutative algebra, and again
‖fg‖ ≤ ‖f‖‖g‖ for all f, g ∈ C(X) and ‖1‖ = 1, where 1, the unit of the algebra,
is the function with the constant value 1 on X.

7.1 Basics

This section is an introduction to the theory of abstract Banach algebras, of
which B(X) and C(X) are two important examples.

Definition 7.1. A (unital, complex) Banach algebra is an (associative) algebra
A over C with a unit e, which is a Banach space (as a vector space over C) under
a norm that satisfies the relations:

(1) ‖xy‖ ≤ ‖x‖‖y‖ for all x, y ∈ A, and
(2) ‖e‖ = 1.
If we omit the completeness requirement in Definition 7.1, A is called a

normed algebra.
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Note that the submultiplicativity of the norm implies the boundedness
(i.e. the continuity) of the linear map of left multiplication by a, La : x → ax
(for any given a ∈ A), and clearly ‖La‖ = ‖a‖. The same is true for the right
multiplication map Ra : x → xa. Actually, multiplication is continuous as a map
from A2 to A, since

‖xy − x′y′‖ ≤ ‖x‖‖y − y′‖+ ‖x− x′‖‖y′‖ → 0

as [x′, y′] → [x, y] in A2.

Definition 7.2. Let A be a Banach algebra, and a ∈ A. We say that a is regular
(or non-singular) if it is invertible in A, that is, if there exists b ∈ A such that
ab = ba = e. If a is not regular, we say that it is singular.

If a is regular, the element b in Definition 7.2 is uniquely determined (if also
b′ satisfies the requirement, then b′ = b′e = b′(ab) = (b′a)b = eb = b), and is
called the inverse of a, denoted a−1. Thus aa−1 = a−1a = e. In particular, a �= 0
(otherwise 1 = ‖e‖ = ‖aa−1‖ = ‖0‖ = 0).

We denote by G(A) the set of all regular elements of A. It is a group under
the multiplication of A, and the map x → x−1 is an anti-automorphism of G(A).
Topologically, we have

Theorem 7.3. Let A be a Banach algebra, and let G(A) be the group of reg-
ular elements of A. Then G(A) is open in A, and the map x → x−1 is a
homeomorphism of G(A) onto itself.
Proof. Let y ∈ G := G(A) and δ := 1/‖y−1‖ (note that ‖y−1‖ �= 0, since
y−1 ∈ G). We show that the ball B(y, δ) is contained in G (so that G is indeed
open).

Let x ∈ B(y, δ), and set a := y−1x. We have

‖e− a‖ = ‖y−1(y − x)‖ ≤ ‖y−1‖‖y − x‖ < ‖y−1‖δ = 1. (1)

Therefore, the geometric series
∑

n ‖e−a‖n converges. By submultiplicativity of
the norm, the series

∑
n ‖(e − a)n‖ converges as well, and since A is complete,

it follows (cf. Theorem 6.15) that the series

∞∑
n=0

(e− a)n

converges in A to some element z ∈ A (v0 = e by definition, for any v ∈ A).
By continuity of La and Ra (with a = y−1x),

az =
∑
n

a(e− a)n =
∑
n

[e− (e− a)](e− a)n =
∑
n

[(e− a)n − (e− a)n+1] = e,

and similarly za = e. Hence a ∈ G and a−1 = z. Since x = ya, also x ∈ G, as
wanted.
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Furthermore (for x ∈ B(y, δ)!)

x−1 = a−1y−1 = zy−1, (2)

and therefore by (1)

‖x−1 − y−1‖ = ‖(z − e)y−1‖ =
∥∥∥∥

∞∑
n=1

(e− a)ny−1
∥∥∥∥

≤
∞∑

n=1

‖e− a‖n‖y−1‖ = (1/δ)
‖e− a‖

1 − ‖e− a‖

≤ (1/δ2)
‖x− y‖

1 − (‖x− y‖/δ) → 0

as x → y. This proves the continuity of the map x → x−1 at y ∈ G. Since this
map is its own inverse (on G), it is a homeomorphism.

Remark 7.4. If we take in the preceding proof y = e (so that δ = 1 and a = x),
we obtain in particular that B(e, 1) ⊂ G and

x−1 =
∞∑

n=0

(e− x)n (x ∈ B(e, 1)). (3)

Since B(e, 1) = e−B(0, 1), this is equivalent to

(e− u)−1 =
∞∑

n=0

un (u ∈ B(0, 1)). (4)

Relation (4) is the abstract version of the elementary geometric series summation
formula.

For x ∈ A arbitrary and λ complex with modulus >‖x‖, since u := x/λ ∈
B(0, 1), we then have e− x/λ ∈ G, and

(e− x/λ)−1 =
∞∑

n=0

(x/λ)n.

Therefore λe− x = λ(e− x/λ) ∈ G and

(λe− x)−1 =
∞∑

n=0

xn

λn+1 (5)

(for all complex λ with modulus >‖x‖).

Definition 7.5. The resolvent set of x ∈ A is the set

ρ(x) := {λ ∈ C;λe− x ∈ G} = f−1(G),

where f : C → A is the continuous function f(λ) := λe− x.
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The complement of ρ(x) in C is called the spectrum of x, denoted σ(x). Thus
λ ∈ σ(x) iff λe−x is singular. The spectral radius of x, denoted r(x) is defined by

r(x) = sup{|λ|;λ ∈ σ(x)}.

By Theorem 7.3, ρ(x) is open, as the inverse image of the open set G by the
continuous function f above. Therefore, σ(x) is a closed subset of C.

The resolvent of x, denoted R(·;x), is the function from ρ(x) to G defined by

R(λ;x) = (λe− x)−1 (λ ∈ ρ(x)).

The series expansion (5) of the resolvent, valid for |λ| > ‖x‖, is called the
Neumann expansion.

Note the trivial but useful identity

xR(λ;x) = λR(λ;x)− e (λ ∈ ρ(x)).

If x, y ∈ A and 1 ∈ ρ(xy), then

(e− yx)[e+ yR(1;xy)x] = (e− yx) + y(e− xy)R(1;xy)x = e,

and
[e+ yR(1;xy)x](e− yx) = (e− yx) + yR(1;xy)(e− xy)x = e.

Therefore 1 ∈ ρ(yx) and

R(1; yx) = e+ yR(1;xy)x.

Next, for any λ �= 0, write λe − xy = λ[e − (x/λ)y]. If λ ∈ ρ(xy), then 1 ∈
ρ((x/λ)y); hence 1 ∈ ρ(y(x/λ)), and therefore λ ∈ ρ(yx). By symmetry, this
proves that

σ(xy) ∪ {0} = σ(yx) ∪ {0}.
Hence

r(yx) = r(xy).

With f as above restricted to ρ(x), R(λ;x) = f(λ)−1; by Theorem 7.3, R(·;x) is
therefore continuous on the open set ρ(x).

By Remark 7.4,
{λ ∈ C; |λ| > ‖x‖} ⊂ ρ(x) (6)

and

R(λ;x) =
∞∑
n=0

xn

λn+1 (|λ| > ‖x‖). (7)

Thus
σ(x) ⊂ ∆(0, ‖x‖) := {λ ∈ C; |λ| ≤ ‖x‖} (8)

and so
r(x) ≤ ‖x‖. (9)

The spectrum of x is closed and bounded (since it is contained in ∆(0, ‖x‖)).
Thus σ(x) is a compact subset of the plane.
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Theorem 7.6. Let A be a Banach algebra and x ∈ A. Then σ(x) is a non-empty
compact set, and R(·;x) is an analytic function on ρ(x) that vanishes at ∞.

Proof. We observed already that σ(x) is compact. By continuity of the map
y → y−1, (e− λ−1x)−1 → e−1 = e as λ → ∞, and therefore

lim
λ→∞

R(λ;x) = lim
λ→∞

λ−1(e− λ−1x)−1 = 0.

For λ ∈ ρ(x), since λe − x and x commute, also the inverse R(λ;x) commutes
with x. If also µ ∈ ρ(x), writing R(·) := R(·;x), we have

R(µ) = (λe− x)R(λ)R(µ) = λR(λ)R(µ)− xR(λ)R(µ)

and
R(λ) = R(λ)(µe− x)R(µ) = µR(λ)R(µ)− xR(λ)R(µ).

Subtracting, we obtain the so-called resolvent identity

R(µ)−R(λ) = (λ− µ)R(λ)R(µ). (10)

For µ �= λ in ρ(x), rewrite (10) as

R(µ)−R(λ)
µ− λ

= −R(λ)R(µ).

Since R(·) is continuous on ρ(x), we have

∃ lim
µ→λ

R(µ)−R(λ)
µ− λ

= −R(λ)2.

This shows that R(·) is analytic on ρ(x), and R′(·) = −R(·)2.
For any x∗ ∈ A∗, it follows that x∗R(·) is a complex analytic function in ρ(x).

If σ(x) is empty, x∗R(·) is entire and vanishes at ∞. By Liouville’s theorem,
x∗R(·) is identically 0, for all x∗ ∈ A∗. Therefore, R(·) = 0, which is absurd
since R(·) has values in G(A). This shows that σ(x) �= ∅.

Corollary 7.7 (The Gelfand–Mazur theorem). A (complex unital) Banach
algebra which is a division algebra is isomorphic and isometric to the complex
field.

Proof. Suppose the Banach algebra A is a division algebra. If x ∈ A, σ(x) �= ∅
(by Theorem 7.6); pick then λ ∈ σ(x). Since λe−x is singular, and A is a division
algebra, we must have λe− x = 0. Hence x = λe and therefore A = Ce.

If p(λ) =
∑
αkλ

k is a polynomial with complex coefficients, and x ∈ A,
we denote as usual p(x) :=

∑
αkx

k (where x0 := e). The map p → p(x) is an
algebra homomorphism τ of the algebra of polynomials (over C) into A, that
sends 1 to e and λ to x.
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Theorem 7.8 (The spectral mapping theorem). For any polynomial p
(over C) and any x ∈ A

σ(p(x)) = p(σ(x)).

Proof. Let µ = p(λ0). Then λ0 is a root of the polynomial µ− p, and therefore

µ− p(λ) = (λ− λ0)q(λ)

for some polynomial q over C. Applying the homomorphism τ , we get

µe− p(x) = (x− λ0e)q(x) = q(x)(x− λ0e).

If µ ∈ ρ(p(x)), it follows that

(x− λ0e)(q(x)R(µ; p(x))) = (R(µ; p(x))q(x))(x− λ0e) = e,

so that λ0 ∈ ρ(x). Therefore, if λ0 ∈ σ(x), it follows that µ := p(λ0) ∈ σ(p(x)).
This shows that

p(σ(x)) ⊂ σ(p(x)).

On the other hand, factor the polynomial µ− p into linear factors

µ− p(λ) = α
n∏

k=1

(λ− λk).

Note that µ = p(λk) for all k = 1, . . . , n. Applying the homomorphism τ , we get

µe− p(x) = α

n∏
k=1

(x− λke).

If λk ∈ ρ(x) for all k, then the product above is in G(A), and therefore µ ∈
ρ(p(x)). Consequently, if µ ∈ σ(p(x)), there exists k ∈ {1, . . . , n} such that λk ∈
σ(x), and therefore µ = p(λk) ∈ p(σ(x)). This shows that σ(p(x)) ⊂ p(σ(x)).

Theorem 7.9 (The Beurling–Gelfand spectral radius formula). For any
element x of a Banach algebra A,

∃ lim
n

‖xn‖1/n = r(x).

Proof. By Theorem 7.8 with the polynomial p(λ) = λn (n ∈ N),

σ(xn) = σ(x)n := {λn;λ ∈ σ(x)}.
Hence by (8) applied to xn, |λn| ≤ ‖xn‖ for all n and λ ∈ σ(x). Thus |λ| ≤
‖xn‖1/n for all n, and therefore

|λ| ≤ lim inf
n

‖xn‖1/n

for all λ ∈ σ(x). Taking the supremum over all such λ, we obtain

r(x) ≤ lim inf
n

‖xn‖1/n. (11)
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For each x∗ ∈ A∗, the complex function x∗R(·) is analytic in ρ(x), and since σ(x)
is contained in the closed disc around 0 with radius r(x), ρ(x) contains the open
‘annulus’ r(x) < |λ| < ∞. By Laurent’s theorem, x∗R(·) has a unique Laurent
series expansion in this annulus. In the possibly smaller annulus ‖x‖ < |λ| < ∞
(cf. (9)), this function has the expansion (cf. (7))

x∗R(λ) =
∞∑

n=0

x∗(xn)
λn+1 .

This is a Laurent expansion; by uniqueness, this is the Laurent expansion of
x∗R(·) in the full annulus r(x) < |λ| < ∞. The convergence of the series implies
in particular that

sup
n

|x∗(
xn

λn+1 )| < ∞ (|λ| > r(x))

for all x∗ ∈ A∗. By Corollary 6.7, it follows that (whenever |λ| > r(x))

sup
n

∥∥∥∥ xn

λn+1

∥∥∥∥ :=Mλ < ∞.

Hence, for all n ∈ N and |λ| > r(x),

‖xn‖ ≤ Mλ|λ|n+1,

so that
lim sup

n
‖xn‖1/n ≤ |λ|,

and therefore
lim sup

n
‖xn‖1/n ≤ r(x). (12)

The conclusion of the theorem follows from (11) and (12).

Definition 7.10. The element x (of a Banach algebra) is said to be quasi-
nilpotent if lim ‖xn‖1/n = 0.

By Theorem 7.9, the element x is quasi-nilpotent if and only if r(x) = 0, that
is, iff σ(x) = {0}.

In particular, nilpotent elements (xn = 0 for some n) are quasi-nilpotent.
We consider now the boundary points of the open set G(A).

Theorem 7.11. Let x be a boundary point of G(A). Then x is a (two-sided)
topological divisor of zero, that is, there exists sequences of unit vectors {xn}
and {x′

n} such that xnx → 0 and xx′
n → 0.

Proof. Let x ∈ ∂G (:= the boundary of G := G(A)). Since G is open, there
exists a sequence {yn} ⊂ G such that yn → x and x /∈ G.

If {‖y−1
n ‖} is bounded (say by 0 < M < ∞), and n is so large that ‖x−yn‖ <

1/M , then

‖y−1
n x− e‖ = ‖y−1

n (x− yn)‖ ≤ ‖y−1
n ‖‖x− yn‖ < 1,
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and therefore z := y−1
n x ∈ G by Remark 7.4. Hence x = ynz ∈ G, contradiction.

Thus {‖y−1
n ‖} is unbounded, and has therefore a subsequence {‖y−1

nk
‖} diverging

to infinity. Define

xk :=
y−1
nk

‖y−1
nk ‖ (k ∈ N).

Then ‖xk‖ = 1 and

‖xkx‖ = ‖xkynk
+ xk(x− ynk

)‖ ≤ 1
‖y−1

nk ‖ + ‖xk‖‖x− ynk
‖ → 0,

and similarly xxk → 0.

Theorem 7.12. Let B be a Banach subalgebra of the Banach algebra A. If
x ∈ B, denote the spectrum of x as an element of B by σB(x). Then

(1) σ(x) ⊂ σB(x) and

(2) ∂σB(x) ⊂ ∂σ(x).

Proof. The first inclusion is trivial, since G(B) ⊂ G(A), so that ρB(x) ⊂ ρ(x).
Let λ ∈ ∂σB(x). Equivalently, λe − x ∈ ∂G(B), and therefore, by

Theorem 7.11, λe − x is a topological divisor of zero in B, hence in A. In par-
ticular, λe− x /∈ G(A), that is, λ ∈ σ(x). This shows that ∂σB(x) ⊂ σ(x). Since
ρB(x) ⊂ ρ(x), we obtain (using (1)):

∂σB(x) = ρB(x) ∩ σB(x) ⊂ [ρ(x) ∩ σB(x)] ∩ σ(x)

= ρ(x) ∩ σ(x) = ∂σ(x).

Corollary 7.13. Let B be a Banach subalgebra of the Banach algebra A, and
x ∈ B. Then σB(x) = σ(x) if either σB(x) is nowhere dense or ρ(x) is connected.

Proof. If σB(x) is nowhere dense, Theorem 7.12 implies that

σB(x) = ∂σB(x) ⊂ ∂σ(x) ⊂ σ(x) ⊂ σB(x),

and the conclusion follows.
If ρ(x) is connected and σ(x) is a proper subset of σB(x), there exists λ ∈

σB(x)∩ρ(x), and it can be connected with the point at ∞ by a continuous curve
lying in ρ(x). Since σB(x) is compact, the curve meets ∂σB(x) at some point, and
therefore ∂σB(x) ∩ ρ(x) �= ∅, contradicting Statement 2. of Theorem 7.12.

IfM is an (two sided, �= A) ideal in A, the quotient space A/M is an algebra.
If M is closed, the quotient norm on the Banach space A/M (cf. Theorem 6.16)
satisfies the requirements 1. and 2. of Definition 7.1, that is, A/M is a Banach
algebra. We shall discuss the case of commutative Banach algebras with more
detail.
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7.2 Commutative Banach algebras

Let A be a (complex, unital) commutative Banach algebra.
1. Let x ∈ A. Then x ∈ G(A) if and only if xA = A. Equivalently, x is

singular if and only if xA �= A, that is, iff x is contained in an ideal (xA). Ideals
are contained therefore in the closed set G(A)c, and it follows that the closure
of an ideal is an ideal (recall that we reserve the word ‘ideal’ to A-invariant
subspaces not equal to A).

2. A maximal ideal M (in A) is an ideal in A with the property that if N
is an ideal in A containing M , then N = M . Since the closure of M is an ideal
containing M , it follows that maximal ideals are closed. In particular A/M is a
Banach algebra, and is also a field (by a well-known elementary algebraic char-
acterization of maximal ideals). By the Gelfand–Mazur theorem (Theorem 7.7),
A/M is isomorphic (and isometric) to C. Composing the natural homomorphism
A → A/M with this isomorphism, we obtain a (norm-decreasing) homomorph-
ism φM of A onto C, whose kernel is M . Thus, for any x ∈ A, φM (x) is the
unique scalar λ such that x +M = λe +M . Equivalently, φM (x) is uniquely
determined by the relation φM (x)e− x ∈ M .

Let Φ denote the set of all homomorphisms of A onto C. Note that φ ∈ Φ
iff φ is a homomorphism of A into C such that φ(e) = 1 (equivalently, iff φ is a
non-zero homomorphism of A into C).

The mapping M → φM described above is a mapping of the set M of all
maximal ideals into Φ.

On the other hand, if φ ∈ Φ, and M := kerφ, then (by Noether’s ‘first
homomorphism theorem’) A/M is isomorphic to C, and is therefore a field. By
the algebraic characterization of maximal ideals mentioned before, it follows that
M is a maximal ideal. We have kerφM =M = kerφ. For any x ∈ A, x−φ(x)e ∈
kerφ = kerφM , hence 0 = φM (x − φ(x)e) = φM (x) − φ(x). This shows that
φ = φM , that is, the mapping M → φM is onto. It is clearly one-to-one, because
if M,N ∈ M are such that φM = φN , then M = kerφM = kerφN = N . We
conclude that the mappingM → φM is a bijection of M onto Φ, with the inverse
mapping φ → kerφ.

3. If J is an ideal, then e /∈ J . The set U of all ideals containing J is partially
ordered by inclusion, and every totally ordered subset U0 has the upper bound⋃U0 (which is an ideal because the identity does not belong to it) in U . By Zorn’s
lemma, U has a maximal element, which is clearly a maximal ideal containing J .
Thus, every ideal is contained in a maximal ideal. Together with 1., this shows
that an element x is singular iff it is contained in a maximal ideal M . By the
bijection established above between M and Φ, this means that x is singular iff
φ(x) = 0 for some φ ∈ Φ. Therefore, for any x ∈ A, λ ∈ σ(x) iff φ(λe − x) = 0
for some φ ∈ Φ, that is, iff λ = φ(x) for some φ. Thus

σ(x) = {φ(x);φ ∈ Φ}. (1)

Therefore
sup
φ∈Φ

|φ(x)| = sup
λ∈σ(x)

|λ| := r(x). (2)
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By (9) in Section 7.1, it follows in particular that |φ(x)| ≤ ‖x‖, so that the
homomorphism φ is necessarily continuous, with norm ≤1. Actually, since ‖φ‖ ≥
|φ(e)| = 1, we have ‖φ‖ = 1 (for all φ ∈ Φ).

We have then Φ ⊂ S∗, where S∗ is the strongly closed unit ball of A∗. By
Theorem 5.24 (Alaoglu’s theorem), S∗ is compact in the weak∗ topology. If φα
is a net in Φ converging weak∗ to h ∈ S∗, then

h(xy) = lim
α
φα(xy) = lim

α
φα(x)φα(y) = h(x)h(y)

and h(e) = limα φα(e) = 1, so that h ∈ Φ. This shows that Φ is a closed
subset of the compact space S∗ (with the weak∗ topology), hence Φ is compact
(in this topology). If φ, ψ ∈ Φ are distinct, then there exists x0 ∈ A such that
ε := |φ(x0)−ψ(x0)| > 0. Then N(φ;x0; ε/2)∩Φ and N(ψ;x0; ε/2)∩Φ are disjoint
neighbourhoods of φ and ψ in the relative weak∗ topology on Φ (cf. notations
preceding Theorem 5.24). We conclude that Φ with this topology (called the
Gelfand topology on Φ) is a compact Hausdorff space.

4. For any x ∈ A, let x̂ := (κx)
∣∣
Φ, the restriction of κx : A∗ → C to Φ

(where κ is the canonical embedding of A in its second dual). By definition of
the weak∗ topology, κx is continuous on A∗ (with the weak∗ topology), therefore
its restriction x̂ to Φ (with the Gelfand topology) is continuous. The function
x̂ ∈ C(Φ) is called the Gelfand transform of x. By definition

x̂(φ) = φ(x) (φ ∈ Φ), (3)

and therefore, by (1),
x̂(Φ) = σ(x) (4)

and
‖x̂‖C(Φ) = r(x). (5)

Note that the subalgebra Â := {x̂;x ∈ A} of C(Φ) contains 1 = ê and separates
the points of Φ (if φ �= ψ are elements of Φ, there exists x ∈ A such that
φ(x) �= ψ(x), that is, x̂(φ) �= x̂(ψ), by (3)).

5. It is also customary to consider M with the Gelfand topology of Φ trans-
ferred to it through the bijection M → φM . In this case the compact Hausdorff
space M (with this Gelfand topology) is called the maximal ideal space of A,
and x̂ is considered as defined on M through the above bijection, that is, we
write x̂(M) instead of x̂(φM ), so that

x̂(M) = φM (x) (M ∈ M). (6)

The basic neighbourhoods for the Gelfand topology on M are of the form

N(M0;x1, . . . , xn; ε) := {M ∈ M; |x̂k(M)− x̂k(M0)| < ε, k = 1, . . . , n}.
6. The mapping Γ : x → x̂ is clearly a representation of the algebra A into

the algebra C(Φ) (or C(M)), that is, an algebra homomorphism sending e to 1:

[Γ(x+ y)](φ) = φ(x+ y) = φ(x) + φ(y) = (Γx+ Γy)(φ)
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for all φ ∈ Φ, etc. It is called the Gelfand representation of A. By (5), the map
Γ is also norm-decreasing (hence continuous), and (cf. also (3))

ker Γ = {x ∈ A; r(x) = 0} = {x ∈ A;σ(x) = {0}}
= {x ∈ A;x is quasi-nilpotent} =

⋂
M. (7)

Note that since Γ is a homomorphism, it follows from (5) that for all x, y ∈ A,

r(x+ y) ≤ r(x) + r(y); r(xy) ≤ r(x)r(y). (8)

Since r(e) = 1 trivially, it follows that A is a normed algebra for the so-called
spectral norm r(·) if and only if r(x) = 0 implies x = 0, that is (in view of (7)!),
iff the so called radical of A, radA := ker Γ, is trivial. In that case we say that
A is semi-simple. By (7) and (3), equivalent characterizations of semi-simplicity
are:

(i) The Gelfand representation Γ of A is injective.

(ii) A contains no non-zero quasi-nilpotent elements.

(iii) A is a normed algebra for the spectral norm.

(iv) The maximal ideals of A have trivial intersection.

(v) Φ separates the points of A.
Theorem 7.14. Let A be a commutative Banach algebra. Then A is semi-simple
and Â is closed in C(Φ) if and only if there exists K > 0 such that

‖x‖2 ≤ K‖x2‖ (x ∈ A).

In that case, the spectral norm is equivalent to the given norm on A and Γ is a
homeomorphism of A onto Â. Γ is isometric iff K = 1 (i.e. ‖x‖2 = ‖x2‖ for all
x ∈ A).
Proof. If A is semi-simple and Â is closed, Γ is a one-to-one continuous linear
map of the Banach space A onto the Banach space Â. By Corollary 6.11, Γ is
a homeomorphism. The continuity of Γ−1 means that there exists a constant
K > 0 such that ‖x‖ ≤ √

K‖x̂‖C(Φ) for all x ∈ A. Therefore

‖x‖2 ≤ K

(
sup
φ∈Φ

|x̂(φ)|
)2

= K sup
φ∈Φ

|x̂2(φ)|

= K‖x̂2‖C(Φ) ≤ K‖x2‖. (9)

Conversely, if there exists K > 0 such that ‖x‖2 ≤ K‖x2‖ for all x ∈ A, it
follows by induction that

‖x‖ ≤ K(1/2)+···+(1/2n)‖x2n‖1/2n
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for all n ∈ N and x ∈ A. Letting n → ∞, it follows that

‖x‖ ≤ Kr(x) = K‖x̂‖C(Φ) (x ∈ A). (10)

Hence ker Γ = {0}, that is, A is semi-simple, and Γ is a homeomorphism of A
onto Â. Since A is complete, so is Â, that is, Â is closed in C(Φ).

If K = 1 (i.e. if ‖x‖2 = ‖x2‖ for all x ∈ A), it follows from (10) that
‖x‖ = r(x) = ‖x̂‖C(Φ) and Γ is isometric. Conversely, if Γ is isometric, it follows
from (9) (with K = 1 and equality throughout) that ‖x‖2 = ‖x2‖ for all x.

7.3 Involution

Let A be a semi-simple commutative Banach algebra. Since Φ is a compact
Hausdorff space (with the Gelfand topology), and Â is a separating subal-
gebra of C(Φ) containing 1, it follows from the Stone–Weierstrass theorem
(Theorem 5.39) that Â is dense in C(Φ) if it is selfadjoint. In that case, if
J : f → f is the conjugation conjugate automorphism of C(Φ), define C : A → A
by

C = Γ−1JΓ. (1)

Since JÂ ⊂ Â and Γ mapsA bijectively onto Â (whenA is semi-simple), C is well
defined. As a composition of two isomorphisms and the conjugate isomorphism
J, C is a conjugate isomorphism of A onto itself such that C2 = I (because
J2 = I, where I denotes the identity operator in the relevant space). Such a
map C is called an involution. In the non-commutative case, multiplicativity of
the involution is replaced by anti-multiplicativity:

C(xy) = C(y)C(x).

It is also customary to denote Cx = x∗ whenever C is an involution on A (not to
be confused with elements of the conjugate space!). An algebra with an involution
is then called a ∗-algebra.

If A and B are ∗-algebras, a ∗-homomorphism (or isomorphism) f : A → B
is a homomorphism (or isomorphism) such that f(x∗) = f(x)∗ for all x ∈ A.

An element x in a ∗-algebra is normal if it commutes with its adjoint x∗.
Special normal elements are the selfadjoint (x∗ = x) and the unitary (x∗ = x−1)
elements. The identity is necessarily selfadjoint (and unitary), because

e∗ = ee∗ = e∗∗e∗ = (ee∗)∗ = e∗∗ = e.

Every element x can be uniquely written as x = a+ ib with a, b ∈ A selfadjoint:
we have a = �x := (x+ x∗)/2, b = �x := (x− x∗)/2i, and x∗ = a− ib. Clearly,
x is normal iff a, b commute.

The ‘canonical involution’ C defined by (1) on a semi-simple commutative
Banach algebra is uniquely determined by the natural relation ΓC = JΓ, that is,
by the relation

x̂∗ = x̂ (x ∈ A), (2)

which is equivalent to the property that â is real whenever a is selfadjoint.
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In case the Gelfand representation Γ is isometric, Relation (2) implies the
norm-identity:

‖x∗x‖ = ‖x‖2 (x ∈ A). (3)

Indeed

‖x∗x‖ = ‖Γ(x∗x)‖C(Φ) = ‖x̂x̂‖C(Φ) = ‖|x̂|2‖C(Φ)

= ‖x̂‖2
C(Φ) = ‖x‖2.

A Banach algebra with an involution satisfying the norm-identity (3) is called
a B∗-algebra. If X is any compact Hausdorff space, C(X) is a (commutative)
B∗-algebra for the involution J . The Gelfand–Naimark theorem (Theorem 7.16)
establishes that this is a universal model (up to B∗-algebras isomorphism) for
commutative B∗-algebras.

Note that in any B∗-algebra, the norm-identity (3) implies that the involution
is isometric:

Since ‖x‖2 = ‖x∗x‖ ≤ ||x∗|| ||x||, we have ||x|| ≤ ||x∗||, hence ||x∗|| ≤
||x∗∗|| = ||x||, and therefore ||x∗|| = ||x||

It follows in particular that ‖�x‖ = ‖(x + x∗)/2‖ ≤ ‖x‖, and similarly
‖�x‖ ≤ ‖x‖.
We prove now the following converse to some of the preceding remarks.

Lemma 7.15. Let A be a commutative B∗-algebra. Then it is semi-simple, and
its involution coincides with the canonical involution.

Proof. By the norm-identity (3) successively applied to x, x∗x, and x2, we have

‖x‖4 = ‖x∗x‖2 = ‖(x∗x)∗(x∗x)‖ = ‖(x2)∗x2‖ = ‖x2‖2.

Thus ‖x‖2 = ‖x2‖, and Theorem 7.14 implies that Γ is isometric. In particular
A is semi-simple, so that the canonical involution C is well-defined and uniquely
determined by the relation ΓC = JΓ. The conclusion of the lemma will follow if
we prove that the given involution satisfies (2), or equivalently, if we show that
â is real whenever a ∈ A is selfadjoint (with respect to the given involution).

Suppose then that a ∈ A is selfadjoint, but β := �â(φ) �= 0 for some φ ∈ Φ.
Let α := �â(φ) and b := (1/β)(a− αe). Then b is selfadjoint, and b̂(φ) = i. For
any real λ, since Γ is isometric,

(1 + λ)2 = |(1 + λ)i|2 = | (Γ(b+ iλe)) (φ)|2

≤ ‖Γ(b+ iλe)‖2
C(Φ) = ‖b+ iλe‖2 = ‖(b+ iλe)∗(b+ iλe)‖

= ‖(b− iλe)(b+ iλe)‖ = ‖b2 + λ2e‖ ≤ ‖b2‖+ λ2.

Therefore 2λ < ‖b2‖, which is absurd since λ is arbitrary.
Putting together all the ingredients accumulated above, we obtain the

following important result.
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Theorem 7.16 (The Gelfand–Naimark theorem). Let A be a commutative
B∗-algebra. Then the Gelfand representation Γ is an isometric ∗-isomorphism of
A onto C(Φ).

Proof. It was observed in the preceding proof that Γ is an isometry of A onto Â.
It follows in particular that Â is a closed subalgebra of C(Φ). By Lemma 7.15,
Â is selfadjoint, and coincides therefore with C(Φ), by the Stone–Weierstrass
theorem (Corollary 5.35). Since the involution on C(Φ) is J , it follows from
Lemma 7.15 that Γ is a ∗-isomorphism.

LetA be any (not necessarily commutative!) B∗-algebra, and let x ∈ A be sel-
fadjoint. Denote by [x] the closure in A of the set {p(x); p complex polynomial}.
Then [x] is clearly the B∗-subalgebra of A generated by x, and it is commutative.
Let Γ : y → ŷ be the Gelfand representation of [x]. Since it is a ∗-isomorphism
and x is selfadjoint, x̂ is real. By (4) in Section 7.2, this means that σ[x](x) is
real. In particular, it is nowhere dense in C, and therefore, by Corollary 7.13,
σ(x) = σ[x](x) is real. In this argument, we could replaceA by any B∗-subalgebra
B of A that contains x. Hence σB(x) = σ[x](x) = σ(x). This proves the following

Lemma 7.17. Let B be a B∗-subalgebra of the B∗-algebra A, and let x ∈ B be
selfadjoint. Then σ(x) = σB(x) ⊂ R.

For arbitrary elements of the subalgebra B we still have

Theorem 7.18. Let B be a B∗-subalgebra of the B∗-algebra A. Then G(B) =
G(A) ∩ B and σB(x) = σ(x) for all x ∈ B.
Proof. Since G(B) ⊂ G(A) ∩ B trivially, we must show that if x ∈ B has an
inverse x−1 ∈ A, then x−1 ∈ B. The element x∗x ∈ B is selfadjoint, and has
clearly the inverse x−1(x−1)∗ in A:

[x−1(x−1)∗][x∗x] = x−1(xx−1)∗x = x−1x = e,

and similarly for multiplication in reversed order. Thus 0 /∈ σ(x∗x) = σB(x∗x)
by Lemma 7.17. Hence x∗x ∈ G(B), and therefore the inverse x−1(x−1)∗ belongs
to G(B). Consequently x−1 = [x−1(x−1)∗]x∗ ∈ B, as wanted.

It now follows that ρB(x) = ρ(x), hence σB(x) = σ(x), for all x ∈ B.

7.4 Normal elements

Terminology 7.19. If x is a normal element of the arbitrary B∗-algebra A,
we still denote by [x] the B∗-subalgebra generated by x, that is, the closure
in A of all complex polynomials in x and x∗,

∑
αkjx

k(x∗)j (finite sums, with
αkj ∈ C). Since x is normal, it is clear that [x] is a commutative B∗-algebra. By
Theorem 7.16, the Gelfand representation Γ is an isometric ∗-isomorphism of [x]
onto C(Φ), where Φ denotes the space of all non-zero complex homomorphisms
of [x] (with the Gelfand topology).
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If φ, ψ ∈ Φ are such that x̂(φ) = x̂(ψ), then x̂∗(φ) = x̂(φ) = x̂(ψ) = x̂∗(ψ),
and therefore ŷ(φ) = ŷ(ψ) for all y ∈ [x]. Since {ŷ; y ∈ [x]} separates the points
of Φ, it follows that φ = ψ, so that x̂ : Φ → σ(x) (cf. (4) in Section 7.2) is a
continuous bijective map. Since both Φ and σ(x) are compact Hausdorff spaces,
the map x̂ is a homeomorphism. It induces the isometric ∗-isomorphism

Ξ : f ∈ C(σ(x)) → f ◦ x̂ ∈ C(Φ).

The composition τ = Γ−1 ◦ Ξ is an isometric ∗-isomorphism of C(σ(x)) and
[x], that carries the function f1(λ) = λ onto Γ−1(x̂) = x. This isometric
∗-isomorphism is called the C(σ(x))-operational calculus for the normal element
x of A.

The C(σ(x))-operational calculus for x is uniquely determined by the weaker
property: τ : C(σ(x)) → A is a continuous ∗-representation (that is, a ∗-algebra
homomorphism sending identity to identity) that sends f1 onto x. Indeed, τ
sends any polynomial

∑
αkjλ

k(λ)j onto
∑
αkjx

k(x∗)j , and by continuity, τ is
then uniquely determined on C(σ(x)), since the above polynomials are dense in
C(σ(x)) by the Stone–Weierstrass theorem (cf. Theorem 5.39).

It is customary to write f(x) instead of τ(f). Note that f(x) is a normal
element of A, for each f ∈ C(σ(x)). Its adjoint is f(x).

Remarks.

(1) Since τ is onto [x], we have

[x] = {f(x); f ∈ C(σ(x))}.

This means that f(x) is the limit in A of a sequence of polynomials in x
and x∗.

(2) Since τ is isometric, we have

‖f(x)‖ = ‖f‖C(σ(x))

for all f ∈ C(σ(x)). Taking in particular f = f1, this shows that

‖x‖ = ‖f1‖C(σ(x)) = sup
λ∈σ(x)

|λ| := r(x).

Thus, the spectral radius of a normal element coincides with its norm.
Obvious consequences of this fact are that a normal quasi-nilpotent element
is necessarily zero, and that the spectrum of a normal element x contains a com-
plex number with modulus equal to ‖x‖. In particular, if x is selfadjoint, σ(x) is
contained in the closed interval [−‖x‖, ‖x‖] (cf. (8) following Definition 7.5 and
Lemma 7.17), and either ‖x‖ or −‖x‖ (or both) belong to σ(x).
Theorem 7.20 (The spectral mapping and composition theorems).
Let x be a normal element of the B∗-algebra A, and let f → f(x) be its
C(σ(x))-operational calculus. Then for all f ∈ C(σ(x)), σ(f(x)) = f(σ(x)),
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and furthermore, for all g ∈ C(σ(f(x))) (so that necessarily g ◦ f ∈ C(σ(x))),
the identity g(f(x)) = (g ◦ f)(x) is valid.

If x, y ∈ A are normal, and f ∈ C(σ(x) ∪ σ(y)) has a continuous inverse,
then f(x) = f(y) implies x = y.

Proof. Since τ is an isomorphism of C(σ(x)) and [x] that sends 1 to e, it follows
that µe− f(x) = τ(µ− f) is singular in [x] iff µ− f is singular in C(σ(x)), that
is, iff there exists λ ∈ σ(x) such that µ = f(λ). Since σ(f(x)) = σ[x](f(x)) by
Theorem 7.18, we conclude that µ ∈ σ(f(x)) iff µ ∈ f(σ(x)).

The maps g → g ◦ f and g ◦ f → (g ◦ f)(x) are isometric ∗-isomorphisms
of C(σ(f(x))) = C(f(σ(x))) onto C(σ(x)) and of C(σ(x)) into A, respectively.
Their composition g → (g ◦ f)(x) is an isometric ∗-isomorphism of C(σ(f(x)))
into A, that carries 1 onto e and f1 onto f(x). By the uniqueness of the opera-
tional calculus for the normal element f(x), we have (g ◦ f)(x) = g(f(x)) for all
g ∈ C(σ(f(x))).

The last statement of the theorem follows by taking g = f−1 in the last
formula applied to both x and y:

x = f1(x) = (g ◦ f)(x) = g(f(x)) = g(f(y)) = (g ◦ f)(y) = f1(y) = y.

7.5 General B∗-algebras

A standard example of a generally non-commutative B∗-algebra is the Banach
algebra B(X) of all bounded linear operators on a Hilbert space X. The
involution is the Hilbert adjoint operation T → T ∗. Given y ∈ X, the map
x ∈ X → (Tx, y) is a continuous linear functional on X. By the ‘Little’ Riesz
Representation theorem (Theorem 1.37), there exists a unique vector (depending
on T and y, hence denoted T ∗y) such that (Tx, y) = (x, T ∗y) for all x, y ∈ X.
The uniqueness implies that T ∗ : X → X is linear, and (with the suprema below
taken over all unit vectors x, y)

‖T ∗‖ = sup |(x, T ∗y)| = sup |(Tx, y)| = ‖T‖ < ∞.

Thus, T ∗ ∈ B(X), and an easy calculation shows that the map T → T ∗ is an
(isometric) involution on B(X).Moreover

‖T‖2 = ‖T ∗‖‖T‖ ≥ ‖T ∗T‖ = sup
x,y

|(T ∗Tx, y)|

= sup
x,y

|(Tx, Ty)| ≥ sup
x

‖Tx‖2 = ‖T‖2.

Therefore, ‖T ∗T‖ = ‖T‖2, and B(X) is indeed a B∗-algebra. Any closed selfad-
joint subalgebra of B(X) containing the identity (that is, any B∗-subalgebra of
B(X)) is likewise an example of a generally non-commutative B∗-algebra. The
Gelfand–Naimark theorem (Theorem 7.29) establishes that this example is (up
to B∗-algebra isomorphism) the most general example of a B∗-algebra.
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We begin with some preliminaries.
Let A be a B∗-algebra. An element x ∈ A is positive if it is selfadjoint and

σ(x) ⊂ R
+ := [0,∞).

Since the operational calculus for a normal element x is a ∗-isomorphism of
C(σ(x)) and [x], the element f(x) is selfadjoint iff f is real on σ(x), and by
Theorem 7.20, it is positive iff f(σ(x)) ⊂ R

+, that is, iff f ≥ 0 on σ(x). In
particular, for x selfadjoint, decompose the real function f1(λ) = λ (λ ∈ R) as
f1 = f+

1 − f−
1 , so that x = x+ − x−, where x+ := f+

1 (x) and x
− := f−

1 (x) are
both positive elements (since f+

1 ≥ 0 on σ(x), etc. . .) and x+x− = x−x+ = 0
(since f+

1 f
−
1 = 0 on the spectrum of x). We call x+ and x− the positive part and

the negative part of x respectively.
Denote by A+ the set of all positive elements of A.
If x ∈ A+, σ(x) ⊂ [0, ‖x‖] and ‖x‖ ∈ σ(x) (cf. last observation in

Section 7.19).
For any real scalar α ≥ ‖x‖, αe− x is selfadjoint, and by Theorem 7.20,

σ(αe− x) = α− σ(x) ⊂ α− [0, ‖x‖] ⊂ [α− ‖x‖, α] ⊂ [0, α].

Therefore
‖αe− x‖ = r(αe− x) ≤ α. (1)

Conversely, if x is selfadjoint and (1) is satisfied, then

α− σ(x) = σ(αe− x) ⊂ [−α, α],

hence
σ(x) ⊂ α+ [−α, α] = [0, 2α],

and therefore x ∈ A+. This proves the following

Lemma 7.21. Let x ∈ A be selfadjoint and fix α ≥ ‖x‖. Then x is positive iff
‖αe− x‖ ≤ α.

Theorem 7.22. A+ is a closed positive cone in A (i.e. a closed subset of A,
closed under addition and multiplication by non-negative scalars, such that A+ ∩
(−A+) = {0}).
Proof. Let xn ∈ A+, xn → x. Then x is selfadjoint (because xn are selfadjoint
and the involution is continuous). By Lemma 7.21 with αn := ‖xn‖(→ ‖x‖ := α),

‖αe− x‖ = lim
n

‖αne− xn‖ ≤ limαn = α,

hence x ∈ A+ (by the same lemma).
Let xn ∈ A+, αn := ‖xn‖, n = 1, 2 , x := x1 + x2, and α = α1 + α2 (≥ ‖x‖).

Again by Lemma 7.21,

‖αe−x‖ = ‖(α1e−x1)+ (α2e−x2)‖ ≤ ‖α1e−x1‖+ ‖α2e−x2‖ ≤ α1+α2 = α,

hence x ∈ A+.
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If x ∈ A+ and α ≥ 0, then αx is selfadjoint and σ(αx) = ασ(x) ⊂ R
+, so

that αx ∈ A+.
Finally, if x ∈ A+ ∩ (−A+), then σ(x) ⊂ R

+ ∩ (−R
+) = {0}, so that x

is both selfadjoint and quasi-nilpotent, hence x = 0 (see remarks preceding
Theorem 7.20).

Let f : R
+ → R

+ be the positive square root function. Since it belongs
to C(σ(x)) for any x ∈ A+, it ‘operates’ on each element x ∈ A+ through the
C(σ(x))-operational calculus. The element f(x) is positive (since f ≥ 0 on σ(x)),
and f(x)2 = x (since the operational calculus is a homomorphism). It is called
the positive square root of x, denoted x1/2. Note that x1/2 ∈ [x], which means
that it is the limit of polynomials in x, pn(x), where pn → f uniformly on σ(x).
Suppose also y ∈ A+ satisfies y2 = x. The polynomials qn(λ) = pn(λ2) converge
uniformly to f(λ2) = λ on σ(y) (since λ2 ∈ σ(x) = σ(y)2 when λ ∈ σ(y)).
Therefore (by continuity of the operational calculus) qn(y) → y. But qn(y) =
pn(y2) = pn(x) → x1/2. Hence y = x1/2, which means that the positive square
root is unique.
The representation x = y2 (with y ∈ A+) of the positive element x shows in

particular that x = y∗y (since y is selfadjoint). This last property characterizes
positive elements:

Theorem 7.23.

(i) The element x ∈ A is positive if and only if x = y∗y for some y ∈ A.
(ii) If x is positive, then z∗xz is positive for all z ∈ A.
(iii) If A is a B∗-subalgebra of B(X) for some Hilbert space X, then T ∈ A

is positive if and only if (Tx, x) ≥ 0 for all x ∈ X.

Proof.
(i) The preceding remarks show that we need only to prove that x := y∗y

is positive (for any y ∈ A). Since it is trivially selfadjoint, we decompose it as
x = x+ − x−, and we need only to show that x− = 0. Let z = yx−. Then since
x+x− = 0,

z∗z = x−y∗yx− = x−xx− = x−(x+ − x−)x− = −(x−)3. (2)

But (x−)3 is positive; therefore

−z∗z ∈ A+. (3)

Write z = a + ib with a, b selfadjoint elements of A. Then a2, b2 ∈ A+, and
therefore, by Theorem 7.22,

z∗z + zz∗ = 2a2 + 2b2 ∈ A+. (4)

By the remarks following Definition 7.5 and (3)

σ(−zz∗) ⊂ σ(−z∗z) ∪ {0} ⊂ R
+.
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Thus, −zz∗ ∈ A+, and so by (4) (cf. Theorem 7.22)

z∗z = (z∗z + zz∗) + (−zz∗) ∈ A+.

Together with (3), this shows that z∗z ∈ A+ ∩ (−A+), hence z∗z = 0 by
Theorem 7.22 (and therefore z = 0 because ‖z‖2 = ‖z∗z‖ = 0). By (2), we
conclude that x− = 0 (because x− is both selfadjoint and nilpotent), as wanted.
(ii) Write the positive element x in the form x = y∗y with y ∈ A (by (i)).

Then (again by (i)) z∗xz = z∗(y∗y)z = (yz)∗(yz) ∈ A+.
(iii) If T is positive, write T = S∗S for some S ∈ A (by (i)). Then (Tx, x) =

(Sx, Sx) ≥ 0 for all x ∈ X.
Conversely, if (Tx, x) ∈ R for all x ∈ X, then (T ∗x, x) = (x, Tx) = (Tx, x) =

(Tx, x) for all x, and by polarization (cf. identity (11) following Definition 1.34)
(T ∗x, y) = (Tx, y) for all x, y ∈ X, hence T ∗ = T .
For any δ > 0, we have

‖(−δI − T )x‖2 = ‖δx+ Tx‖2 = δ2‖x‖2 + 2�[δ(x, Tx)] + ‖Tx‖2 ≥ δ2‖x‖2,

because (x, Tx) ≥ 0. Therefore
‖(−δI − T )x‖ ≥ δ‖x‖ (x ∈ X).

This implies that Tδ := −δI−T is injective (trivially) and has closed range := Y
(indeed, if Tδxn → y, then

‖xn − xm‖ ≤ δ−1‖Tδ(xn − xm)‖ → 0;

hence ∃ lim xn := x, and y := limn Tδxn = Tδx ∈ Y ).
If z ∈ Y ⊥, then for all x ∈ X, since Tδ is selfadjoint,

(x, Tδz) = (Tδx, z) = 0.

Hence Tδz = 0, and therefore z = 0 since Tδ is injective. Consequently Y = X,
by Theorem 1.36. This shows that Tδ is bijective, and therefore T−1

δ ∈ B(X),
by Corollary 6.11. Thus, −δ ∈ ρB(X)(T ) = ρA(T ), by Theorem 7.18. However,
since T is selfadjoint, σA(T ) ⊂ R by Lemma 7.17. Therefore, σA(T ) ⊂ R

+.

Definition 7.24. Let A be a B∗-algebra, and let As denote the set of all sel-
fadjoint elements of A. A linear functional on A is hermitian (positive) if it is
real-valued on As (non-negative on A+, respectively).

Note that since e ∈ A+ (σ(e) = {1} ⊂ R
+), we have φ(e) ≥ 0 for any positive

linear functional φ. In particular, if φ is normalized, that is, φ(e) = 1, we call
it a state. The set of all states on A will be denoted by S = S(A). It will play
in the non-commutative case a role as crucial as the role that Φ played in the
commutative Gelfand–Naimark theorem.
Clearly, the linear functional φ is hermitian iff φ(x∗) = φ(x) for all x ∈ A

(this relation evidently implies that φ(x) is real for x selfadjoint; on the other
hand, if φ is hermitian, write x = a + ib with a, b ∈ As; then x∗ = a − ib, and
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therefore φ(x∗) = φ(a) − iφ(b) is the conjugate of φ(x) = φ(a) + iφ(b), since
φ(a), φ(b) ∈ R).
Note that �φ(x) = φ(a) = φ(�x).
If φ is positive, it is necessarily hermitian (write any selfadjoint x as x+ −x−;

since φ(x+), φ(x−) ∈ R
+, we have φ(x) = φ(x+)− φ(x−) ∈ R).

If x ∈ As, the element ‖x‖e−x is positive (it is selfadjoint and σ(‖x‖e−x) =
‖x‖ − σ(x) ⊂ ‖x‖ − [−‖x‖, ‖x‖] = [0, 2‖x‖] ⊂ R

+). Therefore, for any positive
linear functional φ, φ(‖x‖e−x) ≥ 0, that is, φ(x) ≤ φ(e)‖x‖. Replacing x by −x,
we get also −φ(x) = φ(−x) ≤ φ(e)‖−x‖ = φ(e)‖x‖. Therefore, |φ(x)| ≤ φ(e)‖x‖
for all x ∈ As.
Next, for x ∈ A arbitrary, write the complex number φ(x) in its polar form

|φ(x)|eiθ. Then
|φ(x)| = e−iθφ(x) = φ(e−iθx)

= �φ(e−iθx) = φ(�[e−iθx]) ≤ φ(e)‖�[e−iθx]‖ ≤ φ(e)‖x‖.
This shows that φ is bounded with norm ≤ φ(e). On the other hand, φ(e) ≤
‖φ‖‖e‖ = ‖φ‖. Therefore ‖φ‖ = φ(e) (in particular, states satisfy ‖φ‖ =
φ(e) = 1). Conversely, we show below that a bounded linear functional φ such
that ‖φ‖ = φ(e) is positive.

Theorem 7.25. A linear functional φ on the B∗-algebra A is positive if and
only if it is bounded with norm equal to φ(e).

Proof. It remains to prove that if φ is a bounded linear functional with norm
equal to φ(e), then it is positive. This is trivial if ‖φ‖ = 0 (the zero functional is
positive!), so we may assume that ‖φ‖ = φ(e) = 1 (replace φ by ψ := φ/‖φ‖; if
we prove that ψ is positive, the same is true for φ = ‖φ‖ψ).
It suffices to prove that φ(x) ≥ 0 for unit vectors x ∈ A+. Write φ(x) = α+iβ

with α, β real. If β �= 0, define y = β−1(x−αe). Then y is selfadjoint and φ(y) = i.
For all n ∈ N,

|(1 + n)i|2 = |φ(y + ine)|2 ≤ ‖y + ine‖2 = ‖(y + ine)∗(y + ine)‖
= ‖(y − ine)(y + ine)‖ = ‖y2 + n2e‖ ≤ ‖y‖2 + n2,

and we get the absurd statement 1 + 2n ≤ ‖y‖2 for all n ∈ N. Therefore, β = 0
and φ(x) = α.
Since σ(x) ⊂ [0, ‖x‖] = [0, 1], we have σ(e − x/2) = 1 − (1/2)σ(x) ⊂ 1 −

(1/2)[0, 1] = [1/2, 1], and therefore ‖e− x/2‖ = r(e− x/2) ≤ 1. Now
1− α/2 ≤ |1− α/2| = |φ(e− x/2)| ≤ ‖e− x/2‖ ≤ 1,

hence α ≥ 0.
It is now clear that the set of states S = S(A) is not empty. Indeed, consider

the linear functional φ0 on Ce defined by φ0(λe) = λ. Then clearly ‖φ0‖ = 1 =
φ0(e). By the Hahn–Banach theorem, φ0 extends to a bounded linear functional
φ on A satisfying ‖φ‖ = 1 = φ(e). By Theorem 7.25, φ ∈ S (actually, any state
on A is an extension of φ0).
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7.6 The Gelfand–Naimark–Segal construction

Let A be any B∗-algebra. Given a state s ∈ S := S(A), we set

(x, y)s := s(y∗x) (x, y ∈ A).

By Theorem 7.23, the form (· , ·)s is a semi-inner product (s.i.p.). The induced
semi-norm

‖ · ‖s := (x, x)1/2 = s(x∗x)1/2 (x ∈ A)
is ‘normalized’, that is, ‖e‖s = 1 (because s(e) = 1), and continuous on A (by
continuity of s, of the involution, and the multiplication).

Let
Js := {x ∈ A; ‖x‖s = 0} = ‖ · ‖−1

s ({0}).
The properties of the semi-norm imply that Js is a closed subspace of A.

By the Cauchy–Schwarz inequality for the semi inner product, if x ∈ Js, then
(x, y)s = (y, x)s = 0 for all y ∈ A.

This implies that Js is left A-invariant (i.e. a left ideal), because for all x ∈ Js
and y ∈ A

‖yx‖2
s := s

(
(yx)∗(yx)

)
= s
(
(y∗yx)∗x

)
= (x, y∗yx)s = 0.

Lemma 7.26. Let s ∈ S(A). Then for all x, y ∈ A,

‖xy‖s ≤ ‖x‖‖y‖s.

Proof. By Theorem 7.23, x∗x ∈ A+, and since ‖x∗x‖ = ‖x‖2, it follows that
σ(x∗x) ⊂ [0, ‖x‖2]. Therefore, the selfadjoint element ‖x‖2e− x∗x has spectrum
contained in ‖x‖2 − [0, ‖x‖2] = [0, ‖x‖2], and is therefore positive. By the second
statement in Theorem 7.23, it follows that y∗(‖x‖2e − x∗x)y is positive, that
is, ‖x‖2y∗y − (xy)∗(xy) ∈ A+. Hence s

(
‖x‖2y∗y − (xy)∗(xy)

)
≥ 0, that is,

‖x‖2 ‖y‖2
s − ‖xy‖2

s ≥ 0.

The s.i.p. (· , ·)s induces an inner product (same notation) on the quotient
space A/Js:

(x+ Js, y + Js)s := (x, y)s (x, y ∈ A).
This definition is independent on the cosets representatives, because if x+ Js =
x′ + Js and y + Js = y′ + Js, then x − x′, y − y′ ∈ Js, and therefore (dropping
the subscript s)

(x′, y′) = (x′ − x, y′) + (x, y) + (x, y′ − y) = (x, y)

(the first and third summands vanish, because one of the factors of the s.i.p. is
in Js).

If ‖x+Js‖2
s := (x+Js, x+Js)s = 0, then ‖x‖2

s = (x, x)s = 0, that is, x ∈ Js,
hence x+Js is the zero coset Js. This means that ‖·‖s is a norm on A/Js. Let Xs
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be the completion of A/Js with respect to this norm. Then Xs is a Hilbert space
(its inner product is the unique continuous extension of (· , ·)s from the dense
subspace A/Js × A/Js to Xs ×Xs; the extension is also denoted by (· , ·)s).

For each x ∈ A, consider the map
Lx := Ls

x : A/Js → A/Js
defined by

Lx(y + Js) = xy + Js (y ∈ A).
It is well defined, because if y, y′ represent the same coset, then ‖y − y′‖s = 0,
and therefore, by Lemma 7.26, ‖x(y − y′)‖s = 0, which means that xy and xy′

represent the same coset.
The map Lx is clearly linear. It is also bounded, with operator norm (on the

normed space A/Js) ‖Lx‖ ≤ ‖x‖: indeed, by Lemma 7.26, for all y ∈ A,
‖Lx(y + Js)‖s = ‖xy + Js‖s = ‖xy‖s ≤ ‖x‖‖y‖s = ‖x‖‖y + Js‖s.

Therefore, Lx extends uniquely by continuity to a bounded operator on Xs (also
denoted Lx), with operator norm ‖Lx‖ ≤ ‖x‖.

Since Le is the identity operator on A/Js, then Le = I, the identity operator
on Xs. Routine calculation shows that x → Lx is an algebra homomorphism of
A into B(A/Js), and a continuity argument implies that it is a homomorphism
of A into B(Xs).

For all x, y, z ∈ A, we have (dropping the index s)
(Lx(y + J), z + J) = (xy + J, z + J) = (xy, z) = s(z∗xy) = s ((x∗z)∗y)

= (y, x∗z) = (y + J, x∗z + J) = (y + J, Lx∗(z + J)) .

By continuity, we obtain the identity

(Lxu, v) = (u, Lx∗v) (u, v ∈ Xs),

that is
(Lx)∗ = Lx∗ (x ∈ A).

We conclude that L : x → Lx is a (norm-decreasing) *-homomorphism of A into
B(Xs) that sends e onto I (such a homomorphism is called a representation of A
on the Hilbert space Xs). The construction of the ‘canonical’ representation L
is referred to as the Gelfand–Naimark–Segal (GNS) construction; accordingly,
L := Ls : x → Lx will be called the GNS representation (associated with the
given state s on A).

Consider the unit vector vs := e + Js ∈ Xs (it is a unit vector because
‖vs‖s = ‖e‖s = s(e∗e)1/2 = 1). By definition of Xs, the set

{Lxvs;x ∈ A} = {x+ Js;x ∈ A} = A/Js,
is dense in Xs. We express this fact by saying that the representation L : x → Lx

is cyclic, with cyclic vector vs.



“chap07” — 2002/11/21 — page 192 — #23

192 7. Banach algebras

Note also the identity (dropping the index s)

s(x) = s(e∗x) = (x, e) = (x+ J, e+ J) = (Lx(e+ J), e+ J) = (Lxv, v). (1)

Thus, the state s is realized through the representation L as the composition
sv ◦L, where sv is the so-called vector state on B(Xs) defined (through the unit
vector v) by

sv(T ) = (Tv, v) (T ∈ B(Xs)).

The GNS representation is ‘universal’ in a certain sense which we proceed to
specify.

Suppose Λ : x → Λx is any cyclic representation of A on a Hilbert space Z,
with unit cyclic vector u ∈ Z such that s = su ◦ Λ. Then by (1), for all x ∈ A,

‖Λxu‖2
Z = (Λxu,Λxu)Z = (Λx∗xu, u)Z

= (su ◦ Λ)(x∗x) = s(x∗x) = (Lx∗xv, v)s = ‖Lxv‖2
s. (2)

Since L and Λ are cyclic representations on Xs and Z with respective cyclic
vectors v and u, the subspaces X̃s := {Lxv;x ∈ A} and Z̃ := {Λxu;x ∈ A} are
dense in Xs and Z, respectively. Define U : X̃s → Z̃ by

ULxv = Λxu (x ∈ A).

It follows from (2) that U is a linear isometry of X̃s onto Z̃. It extends uniquely
by continuity as a linear isometry of Xs onto Z. Thus, U is a Hilbert space
isomorphism of Xs onto Z, that carries v onto u (because Uv = UIv = ULev :=
Λeu = Iu = u, where we use the notation I for the identity operator in both
Hilbert spaces). We have

(ULx) (Lyv) = ULxyv = Λxyu = ΛxΛyu

= Λx(ULyv) = (ΛxU) (Lyv).

Thus, ULx = ΛxU on the dense subspace X̃s of Xs; by continuity of the operat-
ors, it follows that ULx = ΛxU , that is, Λx = ULxU

−1 for all x ∈ A (one says
that the representations Λ and L are unitarily equivalent, through the unitary
equivalence U : Xs → Z). This concludes the proof of the following

Theorem 7.27 (The Gelfand–Naimark–Segal–theorem). Let s be a state
of the B∗-algebra A. Then the associated GNS representation L := Ls is a cyclic
norm-decreasing representation of A on the Hilbert space X = Xs, with a unit
cyclic vector v = vs such that s = sv ◦ L. If Λ is any cyclic representation of
A on a Hilbert space Z with unit cyclic vector u such that s = su ◦ Λ, then Λ
is unitarily equivalent to L under a unitary equivalence U : X → Z such that
Uv = u.
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Lemma 7.28. Let A be a B∗-algebra, and let S be the set of all states of A.
Then, for each x ∈ A,

(i) σ(x) ⊂ {s(x); s ∈ S};
(ii) if x is normal, then ‖x‖ = maxs∈S |s(x)|; for x arbitrary, ‖x‖ =

maxs∈S ‖x‖s, where ‖x‖2
s := s(x∗x);

(iii) if s(x) = 0 for all s ∈ S, then x = 0;
(iv) if s(x) ∈ R for all s ∈ S, then x is selfadjoint;
(v) if s(x) ∈ R

+ for all s ∈ S, then x ∈ A+.

Proof. (i) Let λ ∈ σ(x). Then for any α, β ∈ C, αλ + β ∈ σ(αx + βe), and
therefore

|αλ+ β| ≤ ‖αx+ βe‖. (3)

Define s0 : Z := Cx+ Ce → C by

s0(αx+ βe) = αλ+ β.

If αx+ βe = α′x+ β′e, then by (3)

|(αλ+ β)− (α′λ+ β′)| = |(α− α′)λ+ (β − β′)|
≤ ‖(α− α′)x+ (β − β′)e‖ = 0.

Therefore s0 is well defined. It is clearly linear and bounded, with norm ≤ 1
by (3). Since s0(e) = 1, we have ‖s0‖ = 1. By the Hahn–Banach theorem, s0 has
an extension s as a bounded linear functional on A with norm ‖s‖ = ‖s0‖ = 1.
Since also s(e) = s0(e) = 1, it follows from Theorem 7.25 that s ∈ S, and
λ = s0(x) = s(x).

(ii) Since |s(x)| ≤ ‖x‖, we have sups∈S |s(x)| ≤ ‖x‖ for any x. When x is
normal, we have r(x) = ‖x‖, and therefore there exists λ1 ∈ σ(x) such that
|λ1| = ‖x‖. By (i), λ1 = s1(x) for some s1 ∈ S. This shows that the above
supremum is a maximum, attained at s1, and is equal to ‖x‖.

For x arbitrary, we apply the preceding identity to the selfadjoint (hence
normal!) element x∗x:

‖x‖2 = ‖x∗x‖ = max
s∈S

|s(x∗x)| := max
s∈S

‖x‖2
s.

(iii) Suppose s(x) = 0 for all s ∈ S. Write x = a+ib with a, b ∈ A selfadjoint.
Since s is real on selfadjoint elements (being a positive linear functional, hence
hermitian!), the relation 0 = s(x) = s(a) + is(b) implies that s(a) = s(b) = 0 for
all s ∈ S. By (ii), it follows that a = b = 0, hence x = 0.

(iv) If s(x) ∈ R for all s, then (with notation as in (iii)) s(b) = 0 for all s,
and therefore b = 0 by (iii). Hence x = a is selfadjoint.

(v) If s(x) ∈ R
+ for all s, then x is selfadjoint by (iv), and σ(x) ⊂ R

+ by (i);
hence x ∈ A+.
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Let X be the vector space (under pointwise operations) of all f ∈ ∏s∈S Xs

such that S(f) := {s ∈ S; f(s) �= 0} is at most countable, and

‖f‖2 :=
∑
s∈S

‖f(s)‖2
s < ∞.

By the Cauchy–Schwarz inequality in C
n, if f, g ∈ X, the series

(f, g) :=
∑
s∈S

(f(s), g(s))s

converges absolutely (hence unconditionally), and defines an inner product on
X with induced norm ‖ · ‖. Let {fn} be a Cauchy sequence with respect to this
norm. For all s ∈ S, the inequality ‖f‖ ≥ ‖f(s)‖s (f ∈ X) implies that {fn(s)}
is a Cauchy sequence in the Hilbert space Xs. Let f(s) := limn fn(s) ∈ Xs.
Then f ∈ ∏s∈S Xs and S(f) ⊂ ⋃n S(fn) is at most countable. Given ε > 0, let
n0 ∈ N be such that ‖fn − fm‖ < ε for all n,m > n0. By Fatou’s lemma for the
counting measure on S, for n,m > n0,

‖fn − f‖2 =
∑
s∈S

‖fn(s) − f(s)‖2
s =

∑
s∈S

lim inf
m

‖fn(s) − fm(s)‖2
s

≤ lim inf
m

∑
s∈S

‖(fn − fm)(s)‖2
s = lim inf

m
‖fn − fm‖2 ≤ ε2.

This shows that f = fn − (fn − f) ∈ X and fn → f in the X-norm, so that X is
a Hilbert space. It is usually called the direct sum of the Hilbert spaces Xs and
is denoted

X =
∑
s∈S

⊕Xs.

The elements of X are usually denoted by
∑

s∈S ⊕xs (rather than the functional
notation f). We shall keep up with the preceding notation for simplicity of
symbols.

Given x ∈ A, consider the operators Ls
x ∈ B(Xs) defined above (the fixed

superscript s, often omitted above, will be allowed now to vary over S!). We
define a new map Lx : X → X by

(Lxf)(s) = Ls
xf(s) (s ∈ S).

Clearly Lxf ∈∏s∈S Xs and S(Lxf) ⊂ S(f) is at most countable. Also, since Ls

is norm-decreasing,

‖Lxf‖2 =
∑
s∈S

‖Ls
xf(s)‖2

s ≤
∑
s∈S

‖x‖2‖f(s)‖2
s = ‖x‖2‖f‖2 < ∞.

Therefore Lxf ∈ X, and Lx is a bounded linear operator on X with operator
norm ≤ ‖x‖. The usual notation for the operator Lx is

∑
s∈S ⊕Ls

x. Actually, we
have ‖Lx‖ = ‖x‖. Indeed, for each s ∈ S, consider the function fs ∈ X defined
by

fs(s) = vs; fs(t) = 0 (t ∈ S, t �= s).
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Then ‖fs‖ = ‖vs‖s = 1 and
‖Lxfs‖ = ‖Ls

xvs‖s = ‖x+ Js‖s = ‖x‖s.
Hence ‖Lx‖ ≥ ‖x‖s for all s ∈ S, and therefore

‖Lx‖ ≥ sup
s∈S

‖x‖s = ‖x‖,

by Lemma 7.28 (ii). Together with the preceding inequality, we obtain ‖Lx‖ =
‖x‖ for all x ∈ A.

An easy calculation shows that the map L : x → Lx of A into B(X) is an
algebra homomorphism that sends e onto the identity operator I. Also Lx∗ =
(Lx)∗ because for all f, g ∈ X,

(Lx∗f, g) : =
∑
s∈S

(
Ls
x∗f(s), g(s)

)
s

=
∑
s

(
(Ls

x)
∗f(s), g(s)

)
s

=
∑
s

(
f(s), Ls

xg(s)
)
s
= (f, Lxg).

Thus, L is an isometric ∗-isomorphism of the B∗-algebra A onto the B∗-
subalgebra LA of B(X). The usual notation for L is

∑
s∈S ⊕Ls; it is called

the direct sum of the representations Ls, (s ∈ S). This particular representation
of A is usually referred to as the universal representation of A. It is faithful (that
is, injective), since it is isometric. Our construction proves the following

Theorem 7.29 (The Gelfand–Naimark theorem). Any B∗-algebra is
isometrically ∗-isomorphic to a B∗-subalgebra of B(X) for some Hilbert space X.

A special isometric ∗-isomorphism L : A → LA ⊂ B(X) (called the
‘universal representation’) of the B∗-algebra A is the direct sum representation
L =

∑
s∈S ⊕Ls on X =

∑
s∈S ⊕Xs of the GNS representations {Ls; s ∈ S :=

S(A)}.

Exercises

1. A general Banach algebraA is not required to possess an identity. Consider
then the cartesian product Banach space Ae := A × C with the norm
‖[x, λ]‖ = ‖x‖+ |λ| and the multiplication

[x, λ] [y, µ] = [xy + λy + µx, λµ].

Prove that Ae is a unital Banach algebra with the identity e := [0, 1],
commutative if A is commutative, and the map x ∈ A → [x, 0] ∈ Ae is
an isometric isomorphism of A onto a maximal two-sided ideal (identified
with A) in Ae. (With this identification, we have Ae = A+ Ce.)

If φ is a homomorphism of the commutative Banach algebra A into C,
it extends uniquely to a homomorphism (also denoted by φ) of Ae into C

by the identity φ([x, λ]) = φ(x) + λ. Conclude that ‖φ‖ = 1.
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2. The requirement ‖xy‖ ≤ ‖x‖‖y‖ in the definition of a Banach algebra
implies the joint continuity of multiplication. Prove:

(a) If A is a Banach space and also an algebra for which multiplication is
separately continuous, then multiplication is jointly continuous. Hint:
consider the bounded operators Lx : y → xy and Ry : x → xy on A
and use the uniform boundedness theorem.

(b) (Notation as in Part (a)) The norm |x| := ‖Lx‖ (where the norm on
the right is the B(A)-norm) is equivalent to the given norm on A, and
satisfies the submultiplicativity requirement |xy| ≤ |x‖y|. If A has an
identity e, then |e| = 1.

3. LetA be a unital complex Banach algebra. If F ⊂ A consists of commuting
elements, denote by CF the maximal commutative Banach subalgebra of
A containing F . Prove:

(a) σCF
(a) = σ(a) for all a ∈ CF .

(b) If a, b ∈ A commute, then

σ(a+ b) ⊂ σ(a) + σ(b) and σ(ab) ⊂ σ(a)σ(b).

Conclude that

r(a+ b) ≤ r(a) + r(b) and r(ab) ≤ r(a)r(b).

(c) For all a ∈ A and λ ∈ ρ(a),

r(R(λ; a)) =
1

d(λ, σ(a))
.

Hint: use the Gelfand representation of C{a,b}.

4. Let A be a commutative (unital) Banach algebra (over C). A set E ⊂ A
generates A if the minimal closed subalgebra of A containing E and the
identity e coincides with A. In that case, prove that the maximal ideal
space of A is homeomorphic to a closed subset of the cartesian product∏

a∈E σ(a).

5. Let A be a unital (complex) Banach algebra, and let G be the group of
regular elements of A. Suppose {an} ⊂ G has the following properties:

(i) an → a and ana = aan for all n;

(ii) the sequence {r(a−1
n )} is bounded.

Prove that a ∈ G. Hint: observe that r(e− a−1
n a) ≤ r(a−1

n )r(an − a) → 0,
hence 1 − σ(a−1

n a) = σ(e − a−1
n a) ⊂ B(0, 1/2) for n large enough, and

therefore 0 /∈ σ(a−1
n a).
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6. Let A be a unital (complex) Banach algebra, a ∈ A, and λ ∈ ρ(a). Prove
that λ ∈ ρ(b) for all b ∈ A for which the series s(λ) :=

∑
n[(b−a)R(λ; a)]n

converges in A, and for such b, R(λ; b) = R(λ; a)s(λ).

7. Let A and a be as in Exercise 6, and let V be an open set in C such that
σ(a) ⊂ V . Prove that there exists δ > 0 such that σ(b) ⊂ V for all b in
the ball B(a, δ). Hint: if M is a bound for R(·; a) on the complement of V
in the Riemann sphere, take δ = 1/M and apply Exercise 6.

8. Let φ be a non-zero linear functional on the Banach algebra A. Trivially,
if φ is multiplicative, then φ(e) = 1 and φ �= 0 on G(A). The following
steps provide a proof of the converse. Suppose φ(e) = 1 and φ �= 0 on
G(A). Denote N = kerφ (note that N ∩G(A) = ∅). Prove:

(a) d(e,N) = 1. Hint: if ‖e− x‖ < 1, then x ∈ G(A), hence x /∈ N .

(b) φ ∈ A∗ and has norm 1. Hint: if a /∈ N , a1 := e−φ(a)−1a ∈ N , hence
d(e, a1) ≥ 1 by Part a.

(c) Fix a ∈ N with norm 1, and let f(λ) := φ(exp(λa)) (where the
exponential is defined by means of the usual power series, conver-
ging absolutely in A for all λ ∈ C). Then f is an entire function with
no zeros such that f(0) = 1, f ′(0) = 0, and |f(λ)| ≤ e|λ|.

(d) (This is a result about entire functions.) If f has the properties listed
in Part (c), then f = 1 identically. Sketch of proof : since f has no
zeros, it can be represented as f = eg with g entire; necessarily g(0) =
g′(0) = 0, so that g(λ) = λ2h(λ) with h entire, and �g(λ) ≤ |λ|. For
any r > 0, verify that |2r− g| ≥ |g| in the disc |λ| ≤ r and |2r− g| > 0
in the disc |λ| < 2r. Therefore F (λ) := [r2h(λ)]/[2r− g(λ)] is analytic
in |λ| < 2r, and |F | ≤ 1 on the circle |λ| = r, hence in the disc |λ| ≤ r
by the maximum modulus principle. Thus

|h|
|2− g/r| ≤ 1/r (|λ| < r).

Given λ, let r → ∞ to conclude that h = 0.

(e) If a ∈ N , then a2 ∈ N . Hint: apply Parts (c) and (d) and look at the
coefficient of λ2 in the series for f .

(f) φ(x2) = φ(x)2 for all x ∈ A. (Represent x = x1 + φ(x)e with x1 ∈ N
and apply Part (e).) In particular, x ∈ N iff x2 ∈ N .

(g) If either x or y belong to N , then (i) xy+yx ∈ N ; (ii) (xy)2+(yx)2 ∈
N ; and (iii) xy − yx ∈ N . (For (i), apply Part (f) to x + y; for (ii),
apply (i) to yxy instead of y, when x ∈ N ; for (iii), write (xy−yx)2 =
2[(xy)2 + (yx)2] − (xy + yx)2 and use Part (f).) Conclude that N is
a two-sided ideal in A and φ is multiplicative (use the representation
x = x1 + φ(x)e with x1 ∈ N).
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9. LetA be a (unital complex) Banach algebra. For a, b ∈ A, denote C(a, b) =
La −Rb (cf. Section 7.1), and consider the series

bL(λ) =
∞∑
j=0

(−1)jR(λ; a)j+1[C(a, b)je];

bR(λ) =
∞∑
j=0

[C(b, a)je]R(λ; a)j+1

for λ ∈ ρ(a). Prove that if bL(λ) ( bR(λ)) converges in A for some λ ∈ ρ(a),
then its sum is a left inverse (right inverse, respectively) for λe − b. In
particular, if λ ∈ ρ(a) is such that both series converge in A, then λ ∈ ρ(b)
and R(λ; b) = bL(λ) = bR(λ).

10. (Notation as in Exercise 9.) Set

r(a, b) = lim sup
n

‖C(a, b)ne‖1/n,

and consider the compact subsets of C

σL(a, b) = {λ ∈ C; d(λ, σ(a)) ≤ r(a, b)};
σR(a, b) = {λ ∈ C; d(λ, σ(a)) ≤ r(b, a)};
σ(a, b) = σL(a, b) ∪ σR(a, b).

Prove that the series bL(λ) ( bR(λ)) converge absolutely and uniformly
on compact subsets of σL(a, b)c (σR(a, b)c, respectively). In particular,
σ(b) ⊂ σ(a, b), and R(·; b) = bL = bR on σ(a, b)c.

11. (Notation as in Exercise 10.) Set

d(a, b) = max{r(a, b), r(b, a)},

so that trivially

σ(a, b) = {λ; d(λ, σ(a)) ≤ d(a, b)}

and σ(a, b) = σ(a) iff d(a, b) = 0. In this case, it follows from Exercise 10
(and symmetry) that σ(b) = σ(a) (for this reason, elements a, b such that
d(a, b) = 0 are said to be spectrally equivalent).

12. Let D be a derivation on A, that is, a linear map D : A → A such that
D(ab) = (Da)b+ a(Db) for all a, b ∈ A. (Example: given s ∈ A, the map
Ds := Ls −Rs is a derivation; it is called an inner derivation.) Prove:

(a) If D is a derivation on A and Dv commutes with v for some v, then
Df(v) = f ′(v)Dv for all polynomials f .
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(b) Let s ∈ A. The element v ∈ A is s-Volterra if Dsv = v2. (Example:
in A = B(Lp([0, 1])), take S : f(t) → tf(t) and V : f(t) → ∫ t

0 f(u)du,
the so-called classical Volterra operator.) Prove: (i) Dsv

n = nvn+1;
(ii) vn+1 = Dn

s v/n!; and (iii) C(s+ αv, s+ βv)ne = (−1)nn!
(
β−α

n

)
vn,

for all n ∈ N and α, β ∈ C.

(c) If v ∈ A is s-Volterra, then (i) ‖vn‖1/n = O(1/n). In particu-
lar, v is quasi-nilpotent. (ii) r(s + αv, s + βv) = 0 if β − α ∈
N∪{0}, and = lim sup(n!‖vn‖)1/n otherwise. (iii) d(s+αv, s+βv) =
lim sup(n!‖vn‖)1/n) if α 	= β. (iv) For α 	= β, s + αv and s + βv are
spectrally equivalent iff ‖vn‖1/n = o(1/n). (v) d(s + αv, s + βv) ≤
diamσ(s). (vi) d(S + αV, S + βV ) = 1 when α 	= β (cf. Part (b) for
notation). In particular, S+αV and S+βV are spectrally equivalent
iff α = β (however, they all have the same spectrum, but do not try to
prove this here!) Note that if β − α ∈ N, then r(S + αV, S + βV ) = 0
while r(S + βV, S + αV ) = 1.

(d) If v is s-Volterra, then

R(λ; v) = λ−1e + λ−2 exp(s/λ)v exp(−s/λ) (λ 	= 0).

(e) If v is s-Volterra, then for all α, λ ∈ C

exp[λ(s + αv)] = exp(λs)(e + λv)α = (e − λv)−α exp(λv),

where the binomials are defined by means of the usual series (note
that v is quasi-nilpotent, so that the binomial series converge for all
complex λ).

(f) If v is s-Volterra and ρ(s) is connected, then σ(s + kv) ⊂ σ(s) for all
k ∈ Z. For all λ ∈ ρ(s),

R(λ; s + kv) =
k∑

j=0

(
k

j

)
j!R(λ; s)j+1vj (k ≥ 0);

=
|k|∑

j=0

(−1)j
(|k|

j

)
j!vjR(λ; s)j+1 (k < 0).

(Apply Exercise 9.) If ρ(s) and ρ(s+ kv) are both connected for some
integer k, then σ(s + kv) = σ(s). In particular, if σ(s) ⊂ R, then
σ(s + kv) = σ(s) for all k ∈ Z.

13. Let A be a (unital, complex) Banach algebra, and let a, b, c ∈ A be such
that C(a, b)c = 0 (i.e. ac = cb). Prove:

(a) C(ea, eb)c = 0 (i.e. eac = ceb, where the exponential function ea is
defined by the usual absolutely convergent series; the base of the
exponential should not be confused with the identity of A!)
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(b) If A is a B∗-algebra, then ex−x∗
is unitary, for any x ∈ A. (In

particular, ‖ex−x∗‖ = 1.)
(c) If A is a B∗-algebra and a, b are normal elements (such that ac = cb,

as before!), then

ea
∗
c e−b∗

= ea
∗−ac eb−b∗

;

‖ea∗
c e−b∗‖ ≤ ‖c‖.

(d) For a, b, c as in Part (c), define

f(λ) = eλa
∗
c e−λb∗

(λ ∈ C).

Prove that ‖f(λ)‖ ≤ ‖c‖ for all λ ∈ C, and conclude that f(λ) = c for
all λ (i.e. eλa

∗
c = c eλb

∗
for all λ ∈ C).

(e) If A is a B∗-algebra, and a, b are normal elements of A such that
ac = cb for some c ∈ A, then a∗c = cb∗. (Consider the coefficient of λ
in the last identity in Part (d).)

In particular, if c commutes with a normal element a, it commutes also
with its adjoint; this is Fuglede’s theorem.

14. Consider L1(R) (with respect to Lebesgue measure) with convolu-
tion as multiplication. Prove that L1(R) is a commutative Banach
algebra with no identity, and the Fourier transform F is a contract-
ive (i.e. norm-decreasing) homomorphism of L1(R) into C0(R). (Cf.
Exercise 7, Chapter 2.)

15. Let φ be a non-zero homomorphism of the Banach algebra L1 = L1(R)
into C (cf. Exercises 14 and 1). Prove:

(a) There exists a unique h ∈ L∞ = L∞(R) such that φ(f) =
∫
fh dx for

all f ∈ L1, and ‖h‖∞ = 1. Moreover

φ(fy)φ(g) = φ(f)φ(gy) (f, g ∈ L1; y ∈ R),

where fy(x) = f(x− y).

(b) For any f ∈ L1 such that φ(f) �= 0,
(i) h(y) = φ(fy)/φ(f) a.e. (in particular, h may be chosen to be

continuous).

(ii) φ(fy) �= 0 for all y ∈ R.

(iii) |h(y)| = 1 for all y ∈ R.

(iv) h(x+ y) = h(x)h(y) for all x, y ∈ R and h(0) = 1.

Conclude that h(y) = e−ity for some t ∈ R (for all y) and that φ(f) =
(Ff)(t), where F is the Fourier transform.
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Conversely, each t ∈ R determines the homomorphism φt(f) =
(Ff)(t). Conclude that the map t → φt is a homeomorphism of R onto
the Gelfand space Φ of L1 (that is, the space of non-zero complex homo-
morphisms of L1 with the Gelfand topology). (Hint: the Gelfand topology
is Hausdorff and is weaker than the metric topology on R.)

16. Let A,B be commutative Banach algebras, B semi-simple. Let τ : A → B
be an algebra homomorphism. Prove that τ is continuous. Hint: for each
φ ∈ Φ(B) (the Gelfand space of B), φ ◦ τ ∈ Φ(A). Use the closed graph
theorem.

17. Let X be a compact Hausdorff space, and let A = C(X). Prove that the
Gelfand space Φ of A (terminology as in Exercise 15) is homeomorphic to
X. Hint: consider the map t ∈ X → φt ∈ Φ, where φt(f) = f(t), (f ∈
C(X)) (this is the so-called ‘evaluation at t’ homomorphism). If ∃φ ∈ Φ
such that φ �= φt for all t ∈ X and M = ker φ, then for each t ∈ X there
exists ft ∈ M such that ft(t) �= 0. Use continuity of the functions and
compactness of X to get a finite set {ftj } ⊂ M such that h :=

∑ |ftj |2 > 0
on X, hence h ∈ G(A); however, h ∈ M , contradiction. Thus t → φt
is onto Φ, and one-to-one (by Urysohn’s lemma). Identifying Φ with X
through this map, observe that the Gelfand topology is weaker than the
given topology on X and is Hausdorff.

18. Let U be the open unit disc in C. For n ∈ N, let A = A(Un) denote the
Banach algebra of all complex functions analytic in Un := U × · · · × U
and continuous on the closure Un of Un in C

n, with pointwise operations
and supremum norm ‖f‖u := sup{|f(z)|; z ∈ Un}. Let Φ be the Gelfand
space of A (terminology as in Exercise 15). Given f ∈ A and 0 < r < 1,
denote fr(z) = f(rz) and Z(f) = {z ∈ Un; f(z) = 0}. Prove:
(a) fr is the sum of an absolutely and uniformly convergent power series

in Un. Conclude that the polynomials (in n variables) are dense in A.
(b) Each φ ∈ Φ is an ‘evaluation homomorphism’ φw for some w ∈ Un,

where φw(f) = f(w). Hint: consider the polynomials pj(z) = zj
(where z = (z1, . . . , zn)). Then w := (φ(p1), . . . , φ(pn)) ∈ Un and
φ(pj) = pj(w). Hence φ(p) = p(w) for all polynomials p. Apply
Part (a) to conclude that φ = φw. The map w → φw is the wanted
homeomorphism of Un onto Φ.

(c) Given f1, . . . , fm ∈ A such that
⋂m

k=1 Z(fk) = ∅, there exist
g1, . . . , gm ∈ A such that

∑
k fkgk = 1 (on Un). Hint: otherwise, the

ideal J generated by f1, . . . , fm is proper, and therefore there exists
φ ∈ Φ vanishing on J . Apply Part (b) to reach a contradiction.

19. Let A be a (unital, complex) Banach algebra such that

K := sup
0 �=a∈A

‖a‖2

‖a2‖ < ∞.
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Prove:

(a) ‖a‖ ≤ K r(a) for all a ∈ A.
(b) ‖p(a)‖ ≤ K ‖p‖C(σ(a)) for all p ∈ P, where P denotes the algebra of

all polynomials of one complex variable over C.

(c) If a ∈ A has the property that P is dense in C(σ(a)), then there exists
a continuous algebra homomorphism (with norm ≤ K) τ : C(σ(a)) →
A such that τ(p) = p(a) for all p ∈ P.

20. Let K ⊂ C be compact �= ∅, and let C(K) be the corresponding
Banach algebra of continuous functions with the supremum norm ‖f‖K :=
supK |f |. Denote P1 := {p ∈ P; ‖p‖K ≤ 1} (cf. Exercise 19 b).

Let X be a Banach space, and T ∈ B(X). For x ∈ X, denote

‖x‖T := sup
p∈P1

‖p(T )x‖;

ZT := {x ∈ X; ‖x‖T < ∞}.

Prove:

(a) ZT is a Banach space for the norm ‖ · ‖T (which is greater than the
given norm on X).

(b) ‖p(T )‖B(ZT ) ≤ 1.

(c) If the compact set K is such that P is dense in C(K), there exists
a contractive algebra homomorphism τ : C(K) → B(ZT ) such that
τ(p) = p(T ) for all p ∈ P.
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Hilbert spaces

8.1 Orthonormal sets

We recall that the vectors x, y in an inner product space X are (mutually)
orthogonal if (x, y) = 0 (cf. Theorem 1.35). The set A ⊂ X is orthogonal if any
two distinct vectors of A are orthogonal; it is orthonormal if it is orthogonal and
all vectors in A are unit vectors, that is, if

(a, b) = δa,b (a, b ∈ A)

where δa,b is Kronecker’s delta, which equals zero for a �= b and equals one for
a = b.

A classical example is the set A = {eint;n ∈ N} in the Hilbert space X =
L2([0, 2π]) with the normalized Lebesgue measure dt/2π.

Lemma 8.1 (Pythagores’ theorem). Let {xk; k = 1, . . . , n}, be an orthogonal
subset of the inner product space X. Then

‖
n∑

k=1

xk‖2 =
n∑

k=1

‖xk‖2.

Proof. By ‘sesqui-linearity’ of the inner product, the left-hand side equals
∑

k

xk,
∑

j

xj


 =

∑
k,j

(xk, xj).

Since (xk, xj) = 0 for k �= j, the last sum equals
∑

k(xk, xk) =
∑

k ‖xk‖2.

If A := {a1, . . . , an} ⊂ X is orthonormal and {λ1, . . . , λn} ⊂ C, then (taking
xk = λkak in Lemma 8.1),

‖
n∑

k=1

λkak‖2 =
n∑

k=1

|λk|2. (1)
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Theorem 8.2. Let {ak; k = 1, 2, . . .} be an orthonormal sequence in the Hilbert
space X, and let Λ := {λk; k = 1, 2, . . .} be a complex sequence. Then

(a) The series
∑

k λkak converges in X iff ‖Λ‖2
2 :=

∑
k |λk|2 < ∞.

(b) In this case, the above series converges unconditionally in X, and
‖∑k λkak‖ = ‖Λ‖2.

Proof. By (1) applied to the orthonormal set {am+1, . . . , an} and the set of
scalars {λm+1, . . . , λn} with n > m ≥ 0,∥∥∥∥

n∑
k=m+1

λkak

∥∥∥∥
2

=
n∑

k=m+1

|λk|2. (2)

This means that the series
∑

λkak satisfies Cauchy’s condition iff the series∑ |λk|2 satisfies Cauchy’s condition. Since X is complete, this is equivalent to
Statement (a) of the theorem.

Suppose now that ‖Λ‖2 < ∞, and let then s ∈ X denote the sum of the
series

∑
k λkak. Taking m = 0 and letting n → ∞ in (2), we obtain ‖s‖ = ‖Λ‖2.

Since (· , x) is a continuous linear functional (for any fixed x ∈ X), we have

(s, x) =
∞∑

k=1

λk(ak, x). (3)

If π : N → N is any permutation of N, the series
∑

k |λπ(k)|2 converges to ‖Λ‖2
2 by

a well-known property of positive series. Therefore, by what we already proved,
the series

∑
k λπ(k)aπ(k) converges in X; denoting its sum by t, we also have

‖t‖ = ‖Λ‖2, and by (3), for any x ∈ X,

(t, x) =
∑

k

λπ(k)(aπ(k), x).

Choose x = aj for j ∈ N fixed. By orthonormality, we get (t, aj) = λj , and
therefore, by (3) with x = t,

(t, s) = (s, t) =
∑

k

λk(ak, t) =
∑

k

λk(t, ak) =
∑

k

|λk|2 = ‖Λ‖2
2.

Hence ‖t − s‖2 = ‖t‖2 − 2
(t, s) + ‖s‖2 = 0, and t = s.

Lemma 8.3 (Bessel’s inequality). Let {a1, . . . , an} be an orthonormal set in
the inner product space X. Then for all x ∈ X,∑

k

|(x, ak)|2 ≤ ‖x‖2.

Proof. Given x ∈ X, denote y :=
∑

k(x, ak)ak. Then by (1)

(y, x − y) = (y, x) − (y, y) =
∑

k

(x, ak)(ak, x) − ‖y‖2 =
∑

k

|(x, ak)|2 − ‖y‖2 = 0.
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Therefore, by Lemma 8.1,

‖x‖2 = ‖(x − y) + y‖2 = ‖x − y‖2 + ‖y‖2 ≥ ‖y‖2 =
∑

k

|(x, ak)|2.

Corollary 8.4. Let {ak; k = 1, 2, . . .} be an orthonormal sequence in the Hilbert
space X. Then for any x ∈ X, the series

∑
k(x, ak)ak converges unconditionally

in X to an element Px, and P ∈ B(X) has the following properties:

(a) ‖P‖ = 1;

(b) P 2 = P ;

(c) the ranges PX and (I − P )X are orthogonal

(d) P ∗ = P.

Proof. Let x ∈ X. By Bessel’s inequality (Lemma 8.3), the partial sums of the
positive series

∑
k |(x, ak)|2 are bounded by ‖x‖2; the series therefore converges,

and consequently
∑

k(x, ak)ak converges unconditionally to an element Px ∈ X,
by Theorem 8.2. The linearity of P is trivial, and by Theorem 8.2, ‖Px‖2 =∑

k |(x, ak)|2 ≤ ‖x‖2, so that P ∈ B(X) and ‖P‖ ≤ 1. By (3)

(Px, aj) =
∞∑

k=1

(x, ak)(ak, aj) = (x, aj). (4)

Therefore

P 2x = P (Px) =
∑

j

(Px, aj)aj =
∑

j

(x, aj)aj = Px.

This proves Property (b)
By Property (b), ‖P‖ = ‖P 2‖ ≤ ‖P‖2. Since P �= 0 (e.g. Paj = aj �= 0 for

all j ∈ N), it follows that ‖P‖ ≥ 1, and therefore ‖P‖ = 1, by our previous
inequality. This proves Property (a). By (3) with the proper choices of scalars
and vectors, we have for all x, y ∈ X

(Py, x) =
∑

k

(y, ak)(ak, x) =
∑

k

(x, ak)(ak, y) = (Px, y) = (y, Px).

This proves Property (d), and therefore by Property (b),

(Px, (I − P )y) = (x, P (I − P )y) = (x, (P − P 2)y) = 0,

which verifies Property (c).
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8.2 Projections

Terminology 8.5.

(a) Any P ∈ B(X) satisfying Property (b) in Corollary 8.4 is called a pro-
jection (X could be any Banach space!). If P is a projection, so is I − P
(because (I−P )2 = I−2P +P = I−P ); I−P is called the complementary
projection of P . Note that the complementary projections P and I − P
commute and have product equal to zero.

(b) For any projection P on a Banach space X,

PX = {x ∈ X;Px = x} = ker(I − P ) (1)

(if x = Py for some y ∈ X, then Px = P 2y = Py = x). Since I −
P is continuous, it follows from (1) that the range PX is closed. The
closed subspaces PX and (I −P )X have trivial intersection (if x is in the
intersection, then x = Px, and x = (I − P )x = x − Px = 0), and their
sum is X (every x can be written as Px + (I − P )x). This means that X
is the direct sum of the closed subspaces PX and (I − P )X.

A closed subspace M ⊂ X is T -invariant (for a given T ∈ B(X)) if
TM ⊂ M . By (1), the closed subspace PX is T -invariant iff P (TPx) =
TPx for all x ∈ X, that is, iff TP = PTP . Applying this to the comple-
mentary projection I − P , we conclude that (I − P )X is T -invariant iff
T (I −P ) = (I −P )T (I −P ), that is (expand and cancel!), iff PT = PTP .
Therefore both complementary subspaces PX and (I−P )X are T -invariant
iff P commutes with T . One says in this case that PX is a reducing
subspace for T (or that P reduces T ).

(c) When X is a Hilbert space and a projection P in X satisfies Property (c) in
Corollary 8.4, it is called an orthogonal projection. In that case the direct
sum decomposition X = PX ⊕ (I − P )X is an orthogonal decomposition.
Conversely, if Y is any closed subspace of X, we may use the orthogonal
decomposition X = Y ⊕ Y ⊥ (Theorem 1.36) to define an orthogonal pro-
jection P in X with range equal to Y : given any x ∈ X, it has the unique
orthogonal decomposition x = y + z with y ∈ Y and z ∈ Y ⊥; define
Px = y. It is easy to verify that P is the wanted (selfadjoint!) projection;
it is called the orthogonal projection onto Y . Given T ∈ B(X), Y is a redu-
cing subspace for T iff P commutes with T (by Point (b) above); since
P is selfadjoint, the relations PT = TP and T ∗P = PT ∗ are equivalent
(since one follows from the other by taking adjoints). Thus Y reduces T
iff it reduces T ∗. If Y is invariant for both T and T ∗, then (cf. Point (b))
TP = PTP and T ∗P = PT ∗P ; taking adjoints in the second relation, we
get PT = PTP , hence TP = PT . As observed before, this last relation
implies in particular that Y is invariant for both T and T ∗. Thus, if Y
is a closed subspace of the Hilbert space X and P is the corresponding
orthogonal projection, then for any T ∈ B(X), the following propositions
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are equivalent:

(i) Y reduces T ;

(ii) Y is invariant for both T and T ∗;

(iii) P commutes with T .

(d) In the proof of Corollary 8.4, we deduced Property (c) from Property (d)
Conversely, if P is an orthogonal projection, then it is selfadjoint. Indeed,
for any x, y ∈ X, (Px, (I − P )y) = 0, that is, (Px, y) = (Px, Py).
Interchanging the roles of x and y and taking complex adjoints, we get
(x, Py) = (Px, Py), and therefore (Px, y) = (x, Py). Thus, a projection
in Hilbert space is orthogonal if and only if it is selfadjoint.

We consider now an arbitrary orthonormal set A in the Hilbert space X.

Lemma 8.6. Let X be an inner product space and A ⊂ X be orthonormal. Let
δ > 0 and x ∈ X be given. Then the set

Aδ(x) := {a ∈ A; |(x, a)| > δ}
is finite (it has at most

[‖x‖2/δ2
]
elements).

Proof. We may assume that Aδ(x) �= ∅ (otherwise there is nothing to prove).
Let then a1, . . . , an be n ≥ 1 distinct elements in Aδ(x). By Bessel’s inequality,

nδ2 ≤
n∑

k=1

|(x, ak)|2 ≤ ‖x‖2,

so that n ≤ ‖x‖2/δ2, and the conclusion follows.

Theorem 8.7. Let X be an inner product space, and A ⊂ X be orthonormal.
Then for any given x ∈ X, the set

A(x) := {a ∈ A; (x, a) �= 0}
is at most countable.

Proof. Since

A(x) =
∞⋃

m=1

A1/m(x),

this is an immediate consequence of Lemma 8.6.

Notation 8.8. Let A be any orthonormal subset in the Hilbert space X. Given
x ∈ X, write A(x) as a (finite or infinite) sequence A(x) = {ak}. Let Px be
defined as before with respect to the orthonormal sequence {ak}. Since the
convergence is unconditional, the definition is independent of the particular
representation of A(x) as a sequence, and one may use the following notation
that ignores the sequential representation:

Px =
∑

a∈A(x)

(x, a)a.
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Since (x, a) = 0 for all a ∈ A not in A(x), one may add to the sum above the
zero terms (x, a)a for all such vectors a, that is,

Px =
∑
a∈A

(x, a)a.

By Corollary 8.4, P is an orthogonal projection.

Lemma 8.9. The ranges of the orthogonal projections P and I −P are span(A)
(the closed span of A, i.e. the closure of the linear span of A) and A⊥,
respectively.

Proof. Since Pb = b for any b ∈ A, we have A ⊂ PX, and since PX is
a closed subspace, it follows that span(A) ⊂ PX. On the other hand, given
x ∈ X, represent A(x) = {ak}; then Px =

∑
k(x, ak)ak = limn

∑n
k=1(x, ak)ak ∈

span(A), and the first statement of the lemma follows.
By uniqueness of the orthogonal decomposition, we have

(I − P )X =
(

span(A)
)⊥

. (2)

Clearly, x ∈ A⊥ iff A ⊂ ker(· , x). Since (· , x) is a continuous linear functional,
its kernel is a closed subspace, and therefore the last inclusion is equivalent to

span(A) ⊂ ker(· , x), that is, to x ∈
(

span(A)
)⊥

. This shows that the set on the

right of (2) is equal to A⊥.

8.3 Orthonormal bases

Theorem 8.10. Let A be an orthonormal set in the Hilbert space X, and let P
be the associated projection. Then the following statements are equivalent:

(1) A⊥ = {0}.
(2) If A ⊂ B ⊂ X and B is orthonormal, then A = B.

(3) X = span(A).

(4) P = I.

(5) Every x ∈ X has the representation

x =
∑
a∈A

(x, a)a.

(6) For every x, y ∈ X, one has

(x, y) =
∑
a∈A

(x, a)(y, a),

where the series, which has at most countably many non-zero terms,
converges absolutely.
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(7) For every x ∈ X, one has

‖x‖2 =
∑
a∈A

|(x, a)|2.

Proof.

(1) implies (2). Suppose A ⊂ B with B orthonormal. If B �= A, pick b ∈ B,
b /∈ A. For any a ∈ A, the vectors a, b are distinct (unit) vectors in the
orthonormal set B, and therefore (b, a) = 0. Hence b ∈ A⊥, and therefore
b = 0 by (1), contradicting the fact that b is a unit vector. Hence B = A.

(2) implies (3). If (3) does not hold, then by the orthogonal decomposition
theorem and Lemma 8.9, the subspace A⊥ in non-trivial, and contains
therefore a unit vector b. Then b /∈ A, so that the orthonormal set B :=
A ∪ {b} contains A properly, contradicting (2).

(3) implies (4). By (3) and Lemma 8.9, the range of P is X, hence Px = x for
all x ∈ X (cf. remark (b) in Terminology 8.5), that is, P = I.

(4) implies (5). By (4), for all x ∈ X, x = Ix = Px =
∑

a∈A(x, a)a.

(5) implies (6). Given x, y ∈ A and representing A(x) = {ak}, we have by the
Cauchy–Schwarz inequality in the Hilbert space C

n (for any n ∈ N):

n∑
k=1

|(x, ak)(y, ak)| ≤
(

n∑
k=1

|(x, ak)|2
)1/2( n∑

k=1

|(y, ak)|2
)1/2

≤ ‖x‖‖y‖,

where we used Bessel’s inequality for the last step.
Since the partial sums of the positive series

∑
k |(x, ak)(y, ak)| are

bounded, the series
∑

k(x, ak)(y, ak) converges absolutely, hence uncon-
ditionally, and may be written without specifying the particular order-
ing of A(x); after adding zero terms, we finally write it in the form∑

a∈A(x, a)(y, a). Now since (· , y) is a continuous linear functional, this
sum is equal to

∑
k

(x, ak)(ak, y) =

(∑
k

(x, ak)ak, y

)
= (x, y),

where we used (5) for the last step.

(6) implies (7). Take x = y in (6).

(7) implies (1). If x ∈ A⊥, (x, a) = 0 for all a ∈ A, and therefore ‖x‖ = 0 by (7).

Terminology 8.11. Let A be an orthonormal set in X. If A has Property (1), it
is called a complete orthonormal set. If it has Property (2), it is called a maximal
orthonormal set. If it has Property (3), one says that A spans X. We express
Property (5) by saying that every x ∈ X has a generalized Fourier expansion
with respect to A. Properties (6) and (7) are the Parseval and Bessel identities
for A, respectively.
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If A has any (and therefore all) of these seven properties, it is called an
orthonormal basis or a Hilbert basis for X.

Example (1) Let Γ denote the unit circle in C, and let A be the subalgebra of
C(Γ) consisting of the restrictions to Γ of all the functions in span{zk; k ∈ Z}.
Since z̄ = z−1 on Γ, A is selfadjoint. The function z ∈ A assumes distinct values
at distinct points of Γ, so that A is separating, and contains 1 = z0. By the
Stone–Weierstrass theorem (Theorem 5.39), A is dense in C(Γ).

Given f ∈ L2(Γ) (with the arc-length measure) and ε > 0, let g ∈ C(Γ) be
such that ‖f − g‖2 < ε/2 (by density of C(Γ) in L2(Γ)). Next let p ∈ A be such
that ‖g − p‖C(Γ) < ε/2

√
2π (by density of A in C(Γ)). Then ‖g − p‖2 < ε/2,

and therefore ‖f − p‖2 < ε. This shows that A is dense in L2(Γ). Equivalently,
writing z = eix with x ∈ [−π, π], we proved that the span of the (obviously)
orthonormal sequence {

eikx

√
2π

; k ∈ Z

}
(*)

in the Hilbert space L2(−π, π) is dense, that is, the sequence (*) is an
orthonormal basis for L2(−π, π). In particular, every f ∈ L2(−π, π) has the
unique so-called L2(−π, π)-convergent Fourier expansion

f =
∑
k∈Z

ckeikx,

with
ck = (1/2π)

∫ π

−π

f(x)e−ikx dx.

By Bessel’s identity, ∑
k∈Z

|ck|2 = (1/2π)‖f‖2
2. (**)

Take for example f = I(0,π). A simple calculation shows that c0 = 1/2 and ck =
(1 − e−ikπ)/2πik for k �= 0. Therefore, for k �= 0, |ck|2 = (1/4π2k2)(2 − 2 cos kπ)
vanishes for k even and equals 1/π2k2 for k odd. Substituting in (**), we get
1/4 + (1/π2)

∑
k odd(1/k2) = 1/2, hence∑

k odd

(1/k2) = π2/4.

If a :=
∑∞

k=1(1/k2), then

∑
k even≥2

(1/k2) =
∞∑

j=1

(1/4j2) = a/4,

and therefore
a =

∑
k odd≥1

(1/k2) + a/4 = π2/8 + a/4.

Solving for a, we get a = π2/6.
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(2) Let

fk(x) =
eikx

√
2π

I(−π,π)(x) (k ∈ Z, x ∈ R).

The sequence {fk} is clearly orthonormal in L2(R). If f belongs to the closure of
span {fk} and ε > 0 is given, there exists h in the span such that ‖f − h‖2

2 < ε.
Since h = 0 on (−π, π)c, we have

∫
(−π,π)c

|f |2 dx =
∫

(−π,π)c
|f − h|2 dx < ε,

and the arbitrariness of epsilon implies that the integral on the left-hand side
vanishes. Hence f = 0 a.e. outside (−π, π) (since f represents an equivalence
class of functions, we may say that f = 0 identically outside (−π, π)). On the
other hand, the density of the span of {eikx} in L2(−π, π) means that every
f ∈ L2(R) vanishing outside (−π, π) is in the closure of span {fk} in L2(R).
Thus {fk} is an orthonormal sequence in L2(R) which is not an orthonormal
basis for the space; the closure of its span consists precisely of all f ∈ L2(R)
vanishing outside (−π, π).

Theorem 8.12 (Existence of orthonormal bases). Every (non-trivial)
Hilbert space has an orthonormal base.

More specifically, given any orthonormal set A0 in the Hilbert space X, it
can be completed to an orthonormal base A.

Proof. Since a non-trivial Hilbert space contains a unit vector a0, the first
statement of the theorem follows from the second with the orthonormal set
A0 = {a0}.

To prove the second statement, consider the family A of all orthonormal sets
in X containing the given set A0. It is non-empty (since A0 ∈ A) and partially
ordered by inclusion. If A′ ⊂ A is totally ordered, it is clear that

⋃A′ is an
orthonormal set (because of the total order!) containing A0, that is, it is an
element of A, and is an upper bound for all the sets in A′. Therefore, by Zorn’s
lemma, the family A contains a maximal element A; A is a maximal orthonormal
set (hence an orthonormal base, cf. Section 8.11) containing A0.

8.4 Hilbert dimension

Theorem 8.13 (Equi-cardinality of orthonormal bases). All orthonormal
bases of a given Hilbert space have the same cardinality.

Proof. Note first that an orthonormal set A is necessarily linearly independ-
ent. Indeed, if the finite linear combination x :=

∑n
k=1 λkak of vectors ak ∈ A

vanishes, then λj = (x, aj) = (0, aj) = 0 for all j = 1, . . . , n.
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We consider two orthonormal bases A,B of the Hilbert space X.
Case 1. At least one of the bases is finite.
We may assume that A is finite, say A = {a1, . . . , an}. By Property (5) of the

orthonormal base A, the vectors a1, . . . , an span X (in the algebraic sense!), and
are linearly independent by the above remark. This means that {a1, . . . , an} is a
base (in the algebraic sense) for the vector space X, and therefore the algebraic
dimension of X is n. Since B ⊂ X is linearly independent (by the above remark),
its cardinality |B| is at most n, that is, |B| ≤ |A|. In particular, B is finite, and
the preceding conclusion applies with B and A interchanged, that is, |A| ≤ |B|,
and the equality |A| = |B| follows.

Case 2. Both bases are infinite.
With notation as in Theorem 8.7, we claim that

A =
⋃
b∈B

A(b).

Indeed, suppose some a ∈ A is not in the above union. Then a /∈ A(b) for all
b ∈ B, that is, (a, b) = 0 for all b ∈ B. Hence a ∈ B⊥ = {0} (by Property (1) of
the orthonormal base B), but this is absurd since a is a unit vector.

By Theorem 8.7, each set A(b) is at most countable; therefore the union
above has cardinality ≤ ℵ0 ×|B|. Also ℵ0 ≤ |B| (since B is infinite). Hence |A| ≤
|B|2 = |B| (the last equation is a well-known property of infinite cardinalities).
By symmetry of the present case with respect to A and B, we also have |B| ≤ |A|,
and the equality of the cardinalities follows.

Definition 8.14. The cardinality of any (hence of all) orthonormal bases of the
Hilbert space X is called the Hilbert dimension of X, denoted dimH X.

8.5 Isomorphism of Hilbert spaces

Two Hilbert spaces X and Y are isomorphic if there exists an algebraic iso-
morphism V : X → Y that preserves the inner product: (V p, V q) = (p, q) for all
p, q ∈ X (the same notation is used for the inner product in both spaces).

The map V is necessarily isometric (since it is linear and norm-preserving).
Conversely, by the polarization identity (cf. (11) following Definition 1.34),
any bijective isometric linear map between Hilbert spaces is an isomorphism
(of Hilbert spaces). Such an isomorphism is also called a unitary equivalence;
accordingly, isomorphic Hilbert spaces are said to be unitarily equivalent.

The isomorphism relation between Hilbert spaces is clearly an equival-
ence relation. Each equivalence class is completely determined by the Hilbert
dimension:

Theorem 8.15. Two Hilbert spaces are isomorphic if and only if they have the
same Hilbert dimension.

Proof. If the Hilbert spaces X,Y have the same Hilbert dimension, and A,B
are orthonormal bases for X and Y , respectively, then since |A| = |B|, we can
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choose an index set J to index the elements of both A and B:

A = {aj ; j ∈ J}; B = {bj ; j ∈ J}.
By Property (5) of orthonormal bases, there is a unique continuous linear

map V : X → Y such that V aj = bj for all j ∈ J (namely V x =
∑

j∈J(x, aj)bj

for all x ∈ X). There is also a unique continuous linear map W : Y → X such
that Wbj = aj for all j ∈ J . Clearly V W = WV = I, where I denotes the
identity map in both spaces. Therefore V is bijective, and by Parseval’s identity

(V x, V y) =


∑

j∈J

(x, aj)bj ,
∑
j∈J

(y, aj)bj


 =

∑
j∈J

(x, aj)(y, aj) = (x, y)

for all x, y ∈ X. Thus V is a Hilbert space isomorphism of X onto Y .
Conversely, suppose the Hilbert spaces X and Y are isomorphic, and let then

V : X → Y be an isomorphism (of Hilbert spaces). If A is an orthonormal
base for X, then V A is an orthonormal base for Y . Indeed, V A is orthonormal,
because

(V s, V t) = (s, t) = δs,t = δV s,V t

for all s, t ∈ A (the last equality follows from the injectiveness of V ). In order
to show completeness, let y ∈ (V A)⊥ (in Y ), and write y = V x for some x ∈ X
(since V is onto). Then for all a ∈ A

(x, a) = (V x, V a) = (y, V a) = 0,

that is, x ∈ A⊥ = {0} (by Property (1) of the orthonormal base A). Hence y = 0,
and we conclude that V A is indeed an orthonormal base for Y (cf. Section 8.11).

Now by Theorem 8.13 and the fact that V : A → V A is bijective, dimH Y =
|V A| = |A| = dimH X.

8.6 Canonical model

Given any cardinality γ, choose a set J with this cardinality. Consider the vector
space l2(J) of all functions f : J → C with J(f) := {j ∈ J ; f(j) �= 0} at most
countable and

‖f‖2 :=


∑

j∈J

|f(j)|2



1/2

< ∞.

The inner product associated with the norm ‖ · ‖2 is defined by the absolutely
convergent series

(f, g) :=
∑
j∈J

f(j)g(j) (f, g ∈ l2(J)).

The space l2(J) is the Hilbert direct sum of copies Cj (j ∈ J) of the Hilbert space
C (cf. section following Lemma 7.28). In particular, l2(J) is a Hilbert space (it is
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actually the L2 space of the measure space (J,P(J), µ), with µ the counting
measure, that is equal to one on singletons). For each j ∈ J , let aj ∈ l2(J) be
defined by aj(i) = δi,j(i, j ∈ J). Then A := {aj ; j ∈ J} is clearly orthonormal,
and (f, aj) = f(j) for all f ∈ l2(J) and j ∈ J . In particular A⊥ = {0}, so that A
is an orthonormal base for l2(J). Since |A| = |J | = γ, the space l2(J) has Hilbert
dimension γ. By Theorem 8.15, every Hilbert space with Hilbert dimension γ is
isomorphic to the ‘canonical model’ l2(J).

8.7 Commutants

Let X be a Hilbert space, and let B(X) be the B∗-algebra of all bounded
operators on X. For any subset A ⊂ B(X), the commutant A′ of A is the
set

A′ := {T ∈ B(X);TA = AT for allA ∈ A}.
(For a singleton {T}, we write T ′ instead of {T}′.)

The commutant A′ is closed in the w.o.t. Indeed, if the net {Tj ; j ∈ J} ⊂ A′

converges to the operator T in the w.o.t. (that is, by the Riesz Representation
theorem, (Tjx, y) → (Tx, y) for all x, y ∈ X), then for all x, y ∈ X and A ∈ A,

(TAx, y) = lim
j

(TjAx, y) = lim
j

(ATjx, y)

= lim
j

(Tjx,A
∗y) = (Tx,A∗y) = (ATx, y),

hence TA = AT for all A ∈ A, that is, T ∈ A′.
It follows that the second commutant

A′′ := (A′)′

is a w.o.-closed set (to be read: weak operator closed, i.e., a set closed in the
w.o.t.) that contains A (trivially). In particular, the relation A = A′′ implies
that A is w.o.-closed. We show below that the converse is also true in case A is
a ∗-subalgebra of B(X).

Theorem 8.16 (Von Neumann’s double commutant theorem). Let A be
a selfadjoint subalgebra of B(X). Then A is w.o.-closed if and only if A = A′′.

Proof. By the comments preceding the statement of the theorem, we must only
show that if T ∈ A′′, then T ∈ Aw (where Aw denotes the w.o.-closure of A).
However, since A is convex, its w.o.-closure coincides with its s.o.-closure As, by
Corollary 6.20. We must then show that any strong operator basic neighbourhood
N(T, F, ε) of T meets A.

Recall that F is an arbitrary finite subset of X, say F = {x1, . . . , xn}.
Consider first the special case when n = 1. Let then M := Ax1 (the norm-

closure of the A-cycle generated by x1 in X), and let P be the orthogonal
projection onto the closed subspace M of X. Since A is stable under multiplica-
tion, M is A-invariant for all A ∈ A. Therefore, for each A ∈ A, M is invariant
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for both A and A∗ (because A∗ ∈ A, by selfadjointness of A). By Section 8.5,
Point 3, PA = AP for all A ∈ A, that is, P ∈ A′. Therefore TP = PT (since
T ∈ A′′). In particular, M is T -invariant, and so Tx1 ∈ M . Therefore there
exists A ∈ A such that ‖Tx1 − Ax1‖ < ε, that is, A ∈ N(T, {x1}, ε), as wanted.

The case of arbitrary n is reduced to the case n = 1 by looking at the space
Xn, direct sum of n copies of X. The algebra B(Xn) is isomorphic to the matrix
algebra Mn(B(X)) (of n × n-matrices with coefficients in B(X)). In particular,
two operators on Xn commute iff their associated matrices commute.

If T ∈ B(X), let T (n) be the operator on Xn with matrix diag(T, . . . , T ) (the
diagonal matrix with T on its diagonal). For any x := [x1, . . . , xn] ∈ Xn,

‖T (n)x‖2 = ‖[Tx1, . . . , Txn]‖2

=
n∑

k=1

‖Txk‖2 ≤ ‖T‖2
∑

k

‖xk‖2 = ‖T‖2‖x‖2.

Hence ‖T (n)‖ ≤ ‖T‖. On the other hand, for any unit vector x ∈ X,

‖T (n)‖ ≥ ‖T (n)[x, 0, . . . , 0]‖ = ‖[Tx, 0, . . . , 0]‖ = ‖Tx‖,

and therefore ‖T (n)‖ ≥ ‖T‖. Hence ‖T (n)‖ = ‖T‖.
A simple calculation shows that (T (n))∗ = (T ∗)(n). It follows that A(n) :=

{A(n);A ∈ A} is a selfadjoint subalgebra of B(Xn).
One verifies easily that T ∈ (A(n))′ iff its associated matrix has entries Tij

in A′.
Let T ∈ A′′ and consider as above the s.o.-neighbourhood N(T, {x1, . . . , xn}, ε).

Then T (n) ∈ (A(n))′′, and therefore, by the case n = 1 proved above, the s.o.-
neighbourhood N(T (n), x, ε) in B(Xn) meets A(n), that is, there exists A ∈ A
such that

‖(T (n) − A(n))x‖ < ε.

Hence, for all k = 1, . . . , n,

‖(T − A)xk‖ ≤
(∑

k

‖(T − A)xk‖2

)1/2

= ‖(T − A)(n)x‖ < ε,

that is, A ∈ N(T, {x1, . . . , xn}, ε).

Exercises

The trigonometric Hilbert basis of L2

1. Let m denote the normalized Lebesgue measure on [−π, π]. (The integ-
ral of f ∈ L1(m) over this interval will be denoted by

∫
f dm.) Let
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ek(x) = eikx (k ∈ Z), and denote

sn =
∑

|k|≤n

ek (n = 0, 1, 2, . . .)

σn = (1/n)
n−1∑
j=0

sj (n ∈ N).

Note that σ1 = s0 = e0 = 1, {ek; k ∈ Z} is orthonormal in the Hilbert
space L2(m), and∫

sn dm = (sn, e0) =
∑

|k|≤n

(ek, e0) = 1

∫
σn dm = (1/n)

n−1∑
j=0

∫
sj dm = 1.

Prove

(a)

sn(x) =
cos(nx) − cos(n + 1)x

1 − cosx
=

sin(n + 1/2)x
sin(x/2)

.

(b)

σn(x) = (1/n)
1 − cos(nx)

1 − cosx
= (1/n)

(
sin(nx/2)
sin(x/2)

)2

.

(c) {σn} is an ‘approximate identity’ in the sense of Exercise 6, Chapter 4.
Consequently σn ∗ f → f uniformly on [−π, π] if f ∈ C([−π, π])
and f(π) = f(−π), and in Lp-metric if f ∈ Lp := Lp(m) (for each
p ∈ [1,∞)). (Cf. Exercise 6, Chapter 4.)

(d) Consider the orthogonal projections P and Pn associated with the
orthonormal sets {ek; k ∈ Z} and {ek; |k| ≤ n} respectively, and
denote Qn = (1/n)

∑n−1
j=0 Pj for n ∈ N.

Terminology: Pf :=
∑

k∈Z
(f, ek)ek is called the (formal) Fourier

series of f for any integrable f (it converges in L2 if f ∈ L2); (f, ek)
is the kth Fourier coefficient of f ; Pnf is the nth partial sum of the
Fourier series for f ; Qnf is the nth Cesaro mean of the Fourier series
of f .

Observe that Pnf = sn ∗ f and Qnf = σn ∗ f for any integrable
function f . Consequently Qnf → f uniformly in [−π, π] if f ∈ CT :=
{f ∈ C([−π, π]); f(π) = f(−π)}, and in Lp-norm if f ∈ Lp (for each
p ∈ [1,∞)). If f ∈ L∞ := L∞(−π, π), Qnf → f in the weak∗-
topology on L∞. (Cf. Exercise 6, Chapter 4.)

(e) {ek; k ∈ Z} is a Hilbert basis for L2(m). (Note that Qnf ∈ span{ek}
and use Part (d).)
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Fourier coefficients

2. (Notation as in Exercise 1.) Given k ∈ Z → ck ∈ C, denote gn =∑
|k|≤n ckek (n = 0, 1, 2, . . .) and Gn = (1/n)

∑n−1
j=0 gj (n ∈ N). Note

that (gn, em) = cm for n ≥ |m| and = 0 for n < |m|, and consequently
(Gn, ek) = (1 − |k|/n)ck for n > |k| and = 0 for n ≤ |k|.
(a) Let p ∈ (1,∞]. Prove that if

M := sup
n

‖Gn‖p < ∞,

then there exists f ∈ Lp such that ck = (f, ek) for all k ∈ Z,
and conversely. (Hint: the ball B̄(0,M) in Lp is weak∗-compact, cf.
Theorems 5.24 and 4.6. For the converse, see Exercise 1.)

(b) If {Gn} converges in L1-norm, then there exists f ∈ L1 such that
ck = (f, ek) for all k ∈ Z, and conversely.

(c) If {Gn} converges uniformly in [−π, π], then there exists f ∈ CT such
that ck = (f, ek) for all k ∈ Z, and conversely.

(d) If supn ‖Gn‖1 < ∞, there exists a complex Borel measure µ on [−π, π]
with µ({π}) = µ({−π}) (briefly, µ ∈ MT ) such that ck =

∫
ek dµ for

all k, and conversely. (Hint: Consider the measures dµn = Gn dm,
and apply Theorems 4.9 and 5.24.)

(e) If Gn ≥ 0 for all n ∈ N, there exists a finite positive Borel measure µ
as in Part (d), and conversely.

Poisson integrals

3. (Notation as in Exercise 1.) Let D be the open unit disc in C.

(a) Verify that (e1 + z)/(e1 − z) = 1+2
∑

k∈N
e−kz

k for all z ∈ D, where
the series converges absolutely and uniformly in z in any compact
subset of D. Conclude that for any complex Borel measure µ on
[−π, π],

g(z) :=
∫

e1 + z

e1 − z
dµ = µ([−π, π]) + 2

∑
k∈N

ckz
k, (1)

where ck =
∫
e−k dµ and integration is over [−π, π]. In particular, g

is analytic in D, and if µ is real, �g(z) =
∫ �((e1 + z)/(e1 − z)) dµ is

(real) harmonic in D. Verify that the ‘kernel’ in the last integral has
the form Pr(θ − t), where z = reiθ and

Pr(θ) :=
1 − r2

1 − 2r cos θ + r2
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is the classical Poisson kernel (for the disc). Thus

(�g)(r eiθ) = (Pr ∗ µ)(θ) :=
∫

Pr(θ − t) dµ(t). (2)

(b) Let µ be a complex Borel measure on [−π, π]. Then Pr∗µ is a complex
harmonic function in D (as a function of z = r eiθ). (This is true in
particular for Pr ∗ f , for any f ∈ L1(m).)

(c) Verify that {Pr; 0 < r < 1} is an ‘approximate identity’ for L1 in
the sense of Exercise 6, Chapter 4 (with the continuous parameter r
instead of the discrete n). Consequently, as r → 1,
(i) if f ∈ Lp for some p < ∞, then Pr ∗ f → f in Lp-norm;

(ii) if f ∈ CT , then Pr ∗ f → f uniformly in [−π, π];

(iii) if f ∈ L∞, then Pr ∗ f → f in the weak∗-topology on L∞;

(iv) if µ ∈ MT , then (Pr ∗ µ)dm → dµ in the weak∗-topology.

(d) For µ ∈ MT , denote F (t) = µ([−π, t)) and verify the identity

(Pr ∗ µ)(θ) = r

∫
Kr(t)

F (θ + t) − F (θ − t)
2 sin t

dt, (3)

where

Kr(t) =
(1 − r2) sin2 t

(1 − 2r cos t + r2)2
. (4)

Verify that {Kr; 0 < r < 1} is an approximate identity for L1(m) in
the sense of Exercise 6, Chapter 4. (Hint: integration by parts.)

(e) Let Gθ(t) denote the function integrated against Kr(t) in (3). If F
is differentiable at the point θ, Gθ(·) is continuous at 0 and Gθ(0) =
F ′(θ). Conclude from Part (d) that Pr∗µ → 2πF ′(= 2πDµ = dµ/dm)
as r → 1 at all points θ where F is differentiable, that is, m-almost
everywhere in [−π, π]. (Cf. Theorem 3.28 with k = 1 and Exercise 4e,
Chapter 3; note that here m is normalized Lebesgue measure on
[−π, π].) This is the ‘radial limit’ version of Fatou’s theorem on
‘Poisson integrals’. (The same conclusion is true with ‘non-tangential
convergence’ of reiθ to points of the unit circle.)

(f) State and prove the analogue of Exercise 2 for the representation of
harmonic functions in D as Poisson integrals.

4. Poisson integrals in the right half-plane. Let C
+ denote the right half-

plane, and
Px(y) := π−1 x

x2 + y2 (x > 0; y ∈ R).

(This is the so-called Poisson kernel of the right half-plane.) Prove:

(a) {Px;x > 0} is an approximate identity for L1(R) (as x → 0+). (Cf.
Exercise 6, Chapter 4.) Consequently, as x → 0+, Px ∗ f → f uni-
formly on R if f ∈ Cc(R), and in Lp-norm if f ∈ Lp(R) (1 ≤ p < ∞).
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(b) (Px ∗ f)(y) is a harmonic function of (x, y) in C
+.

(c) If f ∈ Lp(R), then for each δ > 0, (Px ∗f)(y) → 0 uniformly for x ≥ δ
as x2 + y2 → ∞. (Hint: use Holder’s inequality with the probability
measure (1/π)Px(y − t)dt for x, y fixed.)

(d) If f ∈ L1(dt/(1 + t2)), then Px ∗ f → f as x → 0+ pointwise a.e.
on R. (Hint: immitate the argument in Parts (d)–(e) of the preceding
exercise, or transform the disc onto the half-plane and use Fatou’s
theorem for the disc.)

5. Let µ be a complex Borel measure on [−π, π]. Show that

lim
n→∞

∫
e−n dµ = 0 (5)

if and only if

lim
n→∞

∫
e−nd|µ| = 0. (6)

(Hint: (5) for the measure µ implies (5) for the measure dν = h dµ for
any trigonometric polynomial h; use a density argument and the relation
d|µ| = h dµ for an appropriate h.)

Divergence of Fourier series

6. (Notation as in Exercise 1.) Consider the partial sums Pnf of the Fourier
series of f ∈ CT . Let

φn(f) := (Pnf)(0) = (sn ∗ f)(0) (f ∈ CT ). (7)

Prove:

(a) For each n ∈ N, φn is a bounded linear functional on CT with norm
‖sn‖1 (the L1(m)-norm of sn). Hint: ‖φn‖ ≤ ‖sn‖1 trivially. Consider
real functions fj ∈ CT such that ‖fj‖u ≤ 1 and fj → sgn sn a.e., cf.
Exercise 9, Chapter 3. Then φn(fj) → ‖sn‖1.

(b) limn ‖sn‖1 = ∞. (Use the fact that the Dirichlet integral∫∞
0 ((sin t)/t)dt does not converge absolutely.)

(c) The subspace
Z := {f ∈ CT ; sup

n
|φn(f)| < ∞}

is of Baire’s first category in the Banach space CT . Conclude that
the subspace of CT consisting of all f ∈ CT with convergent Fourier
series at 0 is of Baire’s first category in CT . (Hint: assume Z is of
Baire’s second category in CT and apply Theorem 6.4 and Parts (a)
and (b).)
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Fourier coefficients of L1 functions

7. (Notation as in Exercise 1.)

(a) If f ∈ L1 := L1(m), prove that

lim
|k|→∞

(f, ek) = 0. (8)

Hint: if f = en for some n ∈ Z, (f, ek) = 0 for all k such that |k| > |n|,
and (8) is trivial. Hence (8) is true for f ∈ span{en;n ∈ Z}, and the
general case follows by density of this span in L1, cf. Exercise 1,
Part (d).

(b) Consider Z with the discrete topology (this is a locally compact
Hausdorff space!), and let c0 := C0(Z); cf. Definition 3.23. Consider
the map

F : f ∈ L1 → {(f, ek)} ∈ c0.

(Cf. Part a) Then F ∈ B(L1, c0) is one-to-one. Hint: if (f, ek) = 0 for
all k ∈ Z, then (f, g) = 0 for all g ∈ span{ek}, hence for all g ∈ CT

by Exercise 1(d), hence for g = IE for any measurable subset E of
[−π, π]; Cf. Exercise 9, Chapter 3, and Proposition 1.22.

(c) Prove that the range of F is of Baire’s first category in the Banach
space c0 (in particular, F is not onto). Hint: if the range of F is of
Baire’s second category in c0, F−1 with domain range F is continuous,
by Theorem 6.9. Therefore there exists c > 0 such that ‖Ff‖u ≥
c‖f‖1 for all f ∈ L1. Get a contradiction by choosing f = sn; cf.
Exercise 6(b).

Miscellaneous

8. Let {an} and {bn} be two orthonormal sequences in the Hilbert space X
such that ∑

n

‖bn − an‖2 < 1.

Prove that {an} is a Hilbert basis for X iff this is true for {bn}.

9. Let {ak} be a Hilbert basis for the Hilbert space X. Define T ∈ B(X) by
Tak = ak+1, k ∈ N. Prove:

(a) T is isometric.

(b) Tn → 0 in the weak operator topology.

10. If {an} is an orthonormal (infinite) sequence in an inner product space,
then an → 0 weakly (however {an} has no strongly convergent sub-
sequence, because ‖an − am‖2 = 2; this shows in particular that the
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closed unit ball of an infinite dimensional Hilbert space is not stongly
compact.)

11. Let {xα} be a net in the inner product space X. Then xα → x ∈ X
strongly iff xα → x weakly and ‖xα‖ → ‖x‖.

12. Let A be an orthonormal basis for the Hilbert space X. Prove:

(a) If f : A → X is any map such that (f(a), a) = 0 for all a ∈ A, then
it does not necessarily follow that f = 0 (the zero map on A).

(b) If T ∈ B(X) is such that (Tx, x) = 0 for all x ∈ X, then T = 0 (the
zero operator).

(c) If S, T ∈ B(X) are such that (Tx, x) = (Sx, x) for all x ∈ X, then
S = T .

13. Let X be a Hilbert space, and let N be the set of normal operators in
B(X). Prove that the adjoint operation T → T ∗ is continuous on N in
the s.o.t.

14. Let X be a Hilbert space, and T ∈ B(X). Denote by P (T ) and Q(T )
the orthogonal projections onto the closed subspaces kerT and TX,
respectively. Prove:

(a) The complementary orthogonal projections of P (T ) and Q(T ) are
Q(T ∗) and P (T ∗), respectively.

(b) P (T ∗T ) = P (T ) and Q(T ∗T ) = Q(T ∗).

15. For any (non-empty) set A, denote by B(A) the B∗-algebra of all bounded
complex functions on A with pointwise operations, the involution f → f̄
(complex conjugation), and the supremum norm ‖f‖u = supA |f |.

Let A be an orthonormal basis of the Hilbert space X. For each
f ∈ B(A) and x ∈ X, let

Tfx =
∑
a∈A

f(a)(x, a)a.

Prove:

(a) The map f → Tf is an isometric ∗-isomorphism of the B∗-algebra
B(A) into B(X). (In particular, Tf is a normal operator.)

(b) Tf is selfadjoint (positive, unitary) iff f is real-valued (f ≥ 0, |f | = 1,
respectively).

16. Let (S,A, µ) be a σ-finite positive measure space. Consider L∞(µ) as
a B∗-algebra with pointwise multiplication and complex conjugation as
involution. Let p ∈ [1,∞). For each f ∈ L∞(µ) define

Tfg = fg (g ∈ Lp(µ)).



“chap08” — 2006/6/2 — page 222 — #20

222 8. Hilbert spaces

Prove:

(a) The map f → Tf is an isometric isomorphism of L∞(µ) into
B(Lp(µ)); in case p = 2, the map is an isometric ∗-isomorphism
of L∞(µ) onto a commutative B∗-algebra of (normal) operators on
L2(µ).

(b) (Case p = 2.) Tf is selfadjoint (positive, unitary) iff f is real-valued
(f ≥ 0, |f | = 1, respectively) almost everywhere.

17. Let X be a Hilbert space. Show that multiplication in B(X) is not
(jointly) continuous in the w.o.t., even on the norm-closed unit ballB(X)1
of B(X) in the relative w.o.t.; however it is continuous on B(X)1 in the
relative s.o.t.

18. (Notation as in Exercise 17.) Prove that B(X)1 is compact in the w.o.t.
but not in the s.o.t.

19. Let X,Y be Hilbert spaces, and T ∈ B(X,Y ). Immitate the definition of
the Hilbert adjoint of an operator in B(X) to define the (Hilbert) adjoint
T ∗ ∈ B(Y,X). Observe that T ∗T is a positive operator in B(X). Let
{an}n∈N be an orthonormal basis for X and let V x = {(x, an)}. We know
that V is a Hilbert space isomorphism of X onto l2. What are V ∗, V −1,
and V ∗V ?

20. Let {an}n∈N be an orthonormal basis for the Hilbert space X, and let
Q ∈ B(X) be invertible in B(X). Let bn = Qan, n ∈ N. Prove that there
exist positive constants A,B such that

A
∑

|λk|2 ≤ ‖
∑

λkbk‖2 ≤ B
∑

|λk|2

for all finite sets of scalars λk.

21. Let X be a Hilbert space. A sequence {an} ⊂ X is upper (lower) Bessel
if there exists a positive constant B(resp. A) such that∑

|(x, an)|2 ≤ B‖x‖2 (≥ A‖x‖2, resp.)

for all x ∈ X. The sequence is two-sided Bessel if it is both upper and lower
Bessel (e.g., an orthonormal sequence is upper Bessel with B = 1, and is
two-sided Bessel with A = B = 1 iff it is an orthonormal basis for X).

(a) Let {an} be an upper Bessel sequence in X, and define V as in
Exercise 19. Then V ∈ B(X, l2) and ‖V ‖ ≤ B1/2. On the other
hand, for any {λn} ∈ l2, the series

∑
λnan converges in X and its

sum equals V ∗{λn}. The operator S := V ∗V ∈ B(X) is a positive
operator with norm ≤ B.

(b) If {an} is two-sided Bessel, S − AI is positive, and therefore σ(S) ⊂
[A,B]. In particular, S is onto. Conclude that every x ∈ X can be
represented as x =

∑
(x, S−1an)an (convergent in X).
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Integral representation

9.1 Spectral measure on a Banach subspace

Let X be a Banach space. A Banach subspace Z of X is a subspace of X in the
algebraic sense, which is a Banach space for a norm ‖ · ‖Z larger than or equal
to the given norm ‖ · ‖ of X. Clearly, if Z and X are Banach subspaces of each
other, then they coincide as Banach spaces (with equality of norms).
Let K be a compact subset of the complex plane C, and let C(K) be the

Banach algebra of all complex continuous functions on K with the supremum
norm ‖f‖ := supK |f |.
Let T ∈ B(X), and suppose Z is a T -invariant Banach subspace of X, such

that T |Z , the restriction of T to Z, belongs to B(Z).
A (contractive) C(K)-operational calculus for T on Z is a (contractive) C(K)-

operational calculus for T |Z in B(Z), that is, a (norm-decreasing) continuous
algebra-homomorphism τ : C(K) → B(Z) such that τ(f0) = I|Z and τ(f1) =
T |Z , where fk(λ) = λk, k = 0, 1. When such τ exists, we say that T is of
(contractive) class C(K) on Z (or that T |Z is of (contractive) class C(K)).
If the complex number β is not in K, the function gβ(λ) = (β−λ)−1 belongs

to C(K) and (β − λ)gβ(λ) = 1 on K. Since τ is an algebra homomorphism of
C(K) into B(Z), it follows that (βI − T )|Z has the inverse τ(gβ) in B(Z). In
particular, σB(Z)(T |Z) ⊂ K.
Let f be any rational function with poles off K. Write

f(λ) = α
∏
k,j

(αk − λ)(βj − λ)−1,

where α ∈ C, αk are the zeroes of f and βj are its poles (reduced decomposition).
Since τ is an algebra homomorphism, τ(f) is uniquely determined as

τ(f) = α
∏
k,j

(αkI − T )|Z(βjI − T )|−1
Z . (0)



“chap09” — 2006/6/2 — page 224 — #2

224 9. Integral representation

If K has planar Lebesgue measure zero, the rational functions with poles off
K are dense in C(K), by the Hartogs–Rosenthal theorem (cf. Exercise 2). The
continuity of τ implies then that the C(K)-operational calculus for T on Z is
unique (when it exists). The operator τ(f) ∈ B(Z) is usually denoted by f(T |Z),
for f ∈ C(K).
A spectral measure on Z is a map E of the Borel algebra B(C) of C into

B(Z), such that:

(1) For each x ∈ Z and x∗ ∈ X∗, x∗E(·)x is a regular complex Borel measure;
(2) E(C) = I|Z , and E(δ ∩ ε) = E(δ)E(ε) for all δ, ε ∈ B(C).
The spectral measure E is contractive if ‖E(δ)‖B(Z) ≤ 1 for all δ ∈ B(C).
By Property (2), E(δ) is a projection in Z; therefore a contractive spectral

measure satisfies ‖E(δ)‖B(Z) = 1 whenever E(δ) �= 0. The closed subspaces
E(δ)Z of Z satisfy the relation

E(δ)Z ∩ E(ε)Z = E(δ ∩ ε)Z
for all δ, ε ∈ B(C). In particular, E(δ)Z ∩ E(ε)Z = {0} if δ ∩ ε = ∅. Therefore,
for any partition {δk; k ∈ N} of C, Z has the direct sum decomposition Z =∑

k ⊕E(δk)Z. (cf. Property (2) of E). This is equivalent to the decomposition
I|Z =

∑
k E(δk), with projections E(δk) ∈ B(Z) such that E(δk)E(δj) = 0 for

k �= j. For that reason, E is also called a resolution of the identity on Z.
Property (1) of E together with Theorem 1.43 and Corollary 6.7 imply that

E(·)x is a Z-valued additive set function and
Mx := sup

δ∈B(C)
‖E(δ)x‖ < ∞ (1)

for each x ∈ Z.

9.2 Integration

If µ is a real Borel measure on C (to fix the ideas), and {δk} is a partition of C,
let J = {k;µ(δk) > 0}. Then∑

k

|µ(δk)| =
∑
k∈J

µ(δk)−
∑

k∈N−J

µ(δk)

= µ

( ⋃
k∈J

δk

)
− µ

( ⋃
k∈N−J

δk

)
≤ 2M,

where M := supδ∈B(C) |µ(δ)|(≤ ‖µ‖, the total variation norm of µ).
If µ is a complex Borel measure, apply the above inequality to the real Borel

measures �µ and �µ to conclude that∑k |µ(δk)| ≤ 4M for all partitions, hence
‖µ‖ ≤ 4M .
By (1) of Section 9.1, for each x∗ ∈ X∗ and x ∈ Z,

sup
δ∈B(C)

|x∗E(δ)x| ≤ Mx‖x∗‖.



“chap09” — 2002/11/21 — page 225 — #3

9.2. Integration 225

Therefore
‖x∗E(·)x‖ ≤ 4Mx‖x∗‖. (1)

The Banach algebra of all bounded complex Borel functions on C or R is
denoted by B(C) or B(R), respectively (briefly, B); B0(C) and B0(R) (briefly B0)
are the respective dense subalgebras of simple Borel functions. The norm on B

is the supremum norm (denoted ‖ · ‖).
Integration with respect to the vector measure E(·)x is defined on simple

Borel functions as in Definition 1.12. It follows from (1) that for f ∈ B0, x ∈ Z,
and x∗ ∈ X∗,∣∣∣∣x∗

∫
C

f dE(·)x
∣∣∣∣ = |

∫
C

f dx∗E(·)x| ≤ ‖f‖‖x∗E(·)x‖ ≤ 4Mx‖f‖‖x∗‖.

Therefore
‖
∫

C

f dE(·)x‖ ≤ 4Mx‖f‖,

and we conclude that the map f → ∫
C

fdE(·)x is a continuous linear map from
B0 to X with norm ≤4Mx. It extends uniquely (by density of B0 in B) to
a continuous linear map (same notation!) of B into X, with the same norm
(≤4Mx).
It follows clearly from the above definition that the vector

∫
C

f dE(·)x
(belonging to X, and not necessarily in Z!) satisfies the relation

x∗
∫

C

f dE(·)x =
∫

C

f dx∗E(·)x (2)

for all f ∈ B(C), x ∈ Z, and x∗ ∈ X∗.
As for scalar measures, the support of E, suppE, is the complement in C of

the union of all open set δ such that E(δ) = 0. The support of each complex
measure x∗E(·)x is then contained in the support of E. One has∫

C

f dE(·)x =
∫

suppE
f dE(·)x

for all f ∈ B and x ∈ Z (where the right-hand side is defined as usual as the
integral over C of fχsuppE , and χV denotes in this chapter the indicator of
V ⊂ C) (cf. (2) of Section 3.5). The right-hand side of the last equation can be
used to extend the definition of the integral to complex Borel function that are
only bounded on supp E.
In case Z = X, it follows from (1) of Section 9.1 and the uniform boundedness

theorem that M := supδ∈B(C) ‖E(δ)‖ < ∞, Mx ≤ M‖x‖, and (1) takes the form
‖x∗E(·)x‖ ≤ 4M‖x‖‖x∗‖ for all x ∈ X and x∗ ∈ X∗. It then follows that the
spectral integral

∫
C

f dE, defined by(∫
C

f dE

)
x :=

∫
C

f dE(·)x (f ∈ B) (3)

belongs to B(X) and has operator norm ≤4M‖f‖.
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If X is a Hilbert space and Z = X, one may use the Riesz representation for
X∗ to express Property (1) of E and Relation (2) in the following form:

For each x, y ∈ X, (E(·)x, y) is a regular complex measure.
For each x, y ∈ X and f ∈ B(C),(∫

C

f dE(·)x, y

)
=
∫

C

f d(E(·)x, y). (4)

In the Hilbert space context, it is particularly significant to consider selfadjoint
spectral measures on X, E(·), that is, E(δ)∗ = E(δ) for all δ ∈ B(C). The
operators E(δ) are then orthogonal projections, and any partition {δk; k ∈ N}
gives an orthogonal decomposition X =

∑
k ⊕E(δk)X into mutually orthogonal

closed subspaces (by Property (2) of E(·)). Equivalently, the identity operator is
the sum of the mutually orthogonal projections E(δk) (the adjective ‘orthogonal’
is transferred from the subspace to the corresponding projection). For this reason,
E is also called a (selfadjoint) resolution of the identity.

9.3 Case Z = X

The relationship between C(K)-operational calculii and spectral measures is
especially simple in case Z = X.

Theorem 9.1.

(1) Let E be a spectral measure on the Banach space X, supported by the
compact subset K of C, and let τ(f) be the associated spectral integral, for
f ∈ B := B(C). Then τ : B → B(X) is a continuous representation of B on
X with norm ≤4M . The restriction of τ to (Borel) functions continuous
on K defines a C(K)-operational calculus for T := τ(f1) =

∫
C

λ dE(λ).
If X is a Hilbert space and the spectral measure E is selfadjoint, then

τ is a norm-decreasing ∗-representation of B, and τ |C(K) is a contractive
C(K)-operational calculus on X for T (sending adjoints to adjoints).

(2) Conversely, Let τ be a C(K)-operational calculus for a given operator T on
the reflexive Banach space X. Then there exists a unique spectral measure
E commuting with T with support in K, such that τ(f) =

∫
C

f dE for all
f ∈ C(K) (and the spectral integral on the right-hand side extends τ to a
continuous representation of B on X).

If X is a Hilbert space and τ sends adjoints to adjoints, then E is a
contractive selfadjoint spectral measure on X.

Proof.
(1) A calculation shows that Property (2) of E implies the multiplicativity

of τ on B0. Since τ : B → B(X) was shown to be linear and continuous (with
norm at most 4M), it follows from the density of B0 in B that τ is a continuous
algebra homomorphism of B into B(X) and τ(1) = E(C) = I.
If X is a Hilbert space and E is selfadjoint, then τ restricted to B0 sends

adjoints to adjoints, because if f =
∑

αkχδk , then τ(f̄) =
∑

αkE(δk) =
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[
∑

αkE(δk)]∗ = τ(f)∗. By continuity of τ and of the involutions, and by density
of B0 in B, τ(f̄) = τ(f)∗ for all f ∈ B.
Let {δk} be a partition of C. For any x ∈ X, the sequence {E(δk)x} is

orthogonal with sum equal to x. Therefore∑
k

‖E(δk)x‖2 = ‖x‖2. (1)

By Schwarz’s inequality for X and for l2, we have for all x, y ∈ X (since E(δk)
are selfadjoint projections):∑

k

|(E(δk)x, y)| =
∑
k

|(E(δk)x, E(δk)y)| ≤
∑
k

‖E(δk)x‖‖E(δk)y‖

≤
(∑

k

‖E(δk)x‖2

)1/2(∑
k

‖E(δk)y‖2

)1/2

= ‖x‖‖y‖.

Hence
‖(E(·)x, y)‖ ≤ ‖x‖‖y‖ (x, y ∈ X). (2)

Therefore

|(τ(f)x, y)| =
∣∣∣∣
∫

C

f d(E(·)x, y)
∣∣∣∣ ≤ ‖f‖‖x‖‖y‖,

that is, ‖τ(f)‖ ≤ ‖f‖ for all f ∈ B.
(2) Let τ be a C(K)-operational calculus on X for T ∈ B(X). For each

x ∈ X and x∗ ∈ X∗, x∗τ(·)x is a continuous linear functional on C(K) with
norm ≤‖τ‖‖x‖‖y‖ (where ‖τ‖ denotes the norm of the bounded linear map
τ : C(K) → B(X)). By the Riesz representation theorem, there exists a unique
regular complex Borel measure µ = µ(·;x, x∗) on B(C), with support in K, such
that

x∗τ(f)x =
∫
K

f dµ(·;x, x∗) (3)

and
‖µ(·;x, x∗)‖ ≤ ‖τ‖‖x‖‖x∗‖ (4)

for all f ∈ C(K), x ∈ X, and x∗ ∈ X∗.
For each fixed δ ∈ B(C) and x ∈ X, it follows from the uniqueness of the

Riesz representation, the linearity of the left-hand side of (3) with respect to x∗,
and (4), that the map µ(δ;x, ·) is a continuous linear functional on X∗, with
norm ≤‖τ‖‖x‖. Since X is assumed reflexive, there exists a unique vector in X,
which we denote E(δ)x, such that

µ(δ;x, x∗) = x∗E(δ)x.

A routine calculation using the uniqueness properties mentioned above and the
linearity of the left-hand side of (3) with respect to x, shows that E(δ) : X → X
is linear. By (4), E(δ) is bounded with operator norm ≤‖τ‖. By definition, E
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satisfies Property (1) of spectral measures on X, and has support in K. There-
fore, the integral

∫
C

f dE makes sense (see above construction) for any Borel
function f : C → C bounded on K, and (by (2) of Section 9.2 and (3))

τ(f) =
∫

C

f dE (f ∈ C(K)). (5)

For all f, g ∈ C(K) and x ∈ X,∫
K

f dE(·)τ(g)x = τ(f)τ(g)x = τ(g)τ(f)x =
∫
K

f dτ(g)E(·)x

= τ(fg)x =
∫
K

fg dE(·)x.

The uniqueness of the Riesz representation implies that E(·)τ(g) = τ(g)E(·) (in
particular, E commutes with τ(f1) = T ) and dE(·)τ(g)x = g dE(·)x. Therefore,
for all δ ∈ B(C) and g ∈ C(K),∫

K

g dE(·)E(δ)x = τ(g)E(δ)x = E(δ)τ(g)x

=
∫
K

χδ dE(·)τ(g)x =
∫
K

χδg dE(·)x. (6)

By uniqueness of the Riesz representation, we get dE(·)E(δ)x = χδ dE(·)x. Thus,
for all ε, δ ∈ B(C) and x ∈ X,

E(ε)E(δ)x =
∫
K

χε dE(·)E(δ)x =
∫
K

χεχδ dE(·)x

=
∫
K

χε∩δ dE(·)x = E(ε ∩ δ)x.

Taking f = f0(= 1) in (5), we get E(C) = τ(f0) = I, so that E satisfies
Property (2) of spectral measures. Relation (5) provides the wanted relation
between the operational calculus and the spectral measure E. The uniqueness of
E follows from Property (1) of spectral measures and the uniqueness of the Riesz
representation. Finally, if X is a Hilbert space and τ sends adjoints to adjoints,
then by (4) of Section 9.2∫

K

f d(E(·)x, y) = (τ(f)x, y) = (x, τ(f)∗y)

= (x, τ(f̄)y) = (τ(f̄)y, x) =
∫
K

f̄ d(E(·)y, x)

=
∫
K

f d(E(·)y, x) =
∫
K

f d(x, E(·)y)

for all f ∈ C(K) and x, y ∈ X. Therefore (by uniqueness of the Riesz repres-
entation) (E(δ)x, y) = (x, E(δ)y) for all δ, that is, E is a selfadjoint spectral
measure. By (2), it is necessarily contractive.
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Terminology 9.2. Given a spectral measure E on X with compact support,
the bounded operator T :=

∫
C

λ dE(λ) is the associated scalar operator. By
Theorem 9.1, T is of class C(K) on X for any compact set K containing the
support of E, and τ : f → ∫

C
f dE (f ∈ C(K)) is a C(K)-operational calculus

for T . Conversely, if X is reflexive, then any operator of class C(K), for a given
compact set K, is a scalar operator (the scalar operator associated with the
spectral measure E in Theorem 9.1, Part 2).
If E and F are spectral measures on X with support in the compact set

K, and their associated scalar operators coincide, it follows from Theorem 9.1
(Part 1) that their associated spectral integrals coincide for all rational functions
with poles off K. In case K has planar Lebesgue measure zero, these rational
functions are dense in C(K) (by the Hartogs–Rosenthal theorem), and the con-
tinuity of the spectral integrals on C(K) (cf. Theorem 9.1) implies that they
coincide on C(K). It then follows that E = F , by the uniqueness of the Riesz
representation. The uniqueness of the spectral measure associated with a scalar
operator can be proved without the ‘planar measure zero’ condition on K, but
this will not be done here. The unique spectral measure with compact support
associated with the scalar operator T is called the resolution of the identity for T .
For each δ ∈ B(C), the projection E(δ) commutes with T (cf. Theorem 9.1,

Part 2), and therefore the closed subspace E(δ)X reduces T . If µ is a complex
number not in the closure δ̄ of δ, the function h(λ) := χδ(λ)/(µ − λ) belongs
to B (‖h‖ ≤ 1/dist(µ, δ)) and (µ − λ)h(λ) = χδ(λ). Applying the B-operational
calculus, we get (µI − T )τ(h) = E(δ). Restricting to E(δ)X, this means that
µ ∈ ρ(T |E(δ)X). Hence

σ(T |E(δ)X) ⊂ δ̄ (δ ∈ B(C)). (7)

Remark 9.3. A bounded operator T for which there exists a spectral measure
E on X, commuting with T and with support in σ(T ), such that (7) is satisfied,
is called a spectral operator. It turns out that E is uniquely determined; it is
called the resolution of the identity for T , as before. If S is the scalar operator
associated with E, it can be proved that T has the (unique) Jordan decomposition
T = S +N with N quasi-nilpotent commuting with S. Conversely, any operator
with such a Jordan decomposition is spectral. The Jordan canonical form for
complex matrices establishes the fact that every linear operator on C

n is spectral
(for any finite n).

Combining 7.19 and Theorem 9.1, we obtain

9.4 The spectral theorem for normal operators

Theorem 9.4. Let T be a normal operator on the Hilbert space X, and let τ :
f → f(T ) be its C(σ(T ))-operational calculus (cf. Terminology 7.19). Then there
exists a unique selfadjoint spectral measure E on X, commuting with T and with
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support in σ(T ), such that

f(T ) =
∫
σ(T )

f dE

for all f ∈ C(σ(T )). The spectral integral above extends the C(σ(T ))-operational
calculus to a norm-decreasing ∗-representation τ : f → f(T ) of B(C) on X.

Remark 9.5. We can use Terminology 9.2 to restate Theorem 9.4 in the form:
normal operators are scalar, and their resolutions of the identity are selfad-
joint, with support in the spectrum. The converse is also true, since the map
τ associated with a selfadjoint spectral measure with compact support is a
∗-representation. If we consider spectral measures that are not necessarily selfad-
joint, it can be shown that a bounded operator T in Hilbert space is scalar if and
only if it is similar to a normal operator, that is, iff there exists a non-singular
Q ∈ B(X) such that QTQ−1 is normal.

Theorem 9.6. Let T be a normal operator on the Hilbert space X, and let E
be its resolution of the identity. Then

(1) For each x ∈ X, the measure (E(·)x, x) = ‖E(·)x‖2 is a positive regular
Borel measure bounded by ‖x‖2, and

‖f(T )x‖2 =
∫
σ(T )

|f |2 d(E(·)x, x)

for all Borel functions f bounded on σ(T ).

(2) If {δk} is a sequence of mutually disjoint Borel subsets of C with union δ,
then for all x ∈ X,

E(δ)x =
∑
k

E(δk)x,

where the series converges strongly in X (this is ‘strong σ-additivity’ of E).

(3) If {fn} is a sequence of Borel functions, uniformly bounded on σ(T ), such
that fn → f pointwise on σ(T ), then fn(T )→ f(T ) in the s.o.t.

(4) suppE = σ(T ).

Proof. (1) Since E(δ) is a self-adjoint projection for each δ ∈ B(C), we have
(E(δ)x, x) = (E(δ)2x, x) = (E(δ)x, E(δ)x) = ‖E(δ)x‖2 ≤ ‖x‖2,

and the stated properties of the measure follow from Property (1) of spectral
measures in Hilbert space.
If f is a Borel function bounded on σ(T ), we have for all x ∈ X

‖f(T )x‖2 = (f(T )x, f(T )x) = (f(T )∗f(T )x, x) = ((f̄f)(T )x, x)

=
∫
σ(T )

|f |2 d‖E(·)x‖2.
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(2) The sequence {E(δk)x} is orthogonal. Therefore, for each n ∈ N,

n∑
k=1

‖E(δk)x‖2 = ‖
n∑
k=1

E(δk)x‖2 = ‖E(δ)x‖2 ≤ ‖x‖2.

This shows that the series
∑
k ‖E(δk)x‖2 converges. Therefore,

‖
n∑

k=m

E(δk)x‖2 =
n∑

k=m

‖E(δk)x‖2 → 0

when m, n → ∞. By completeness of X, it follows that
∑
k E(δk)x converges

strongly in X. Hence for all y ∈ X, Property (1) of spectral measures gives

(E(δ)x, y) =
∑
k

(E(δk)x, y) =

(∑
k

E(δk)x, y

)
,

and Part (2) follows.
(3) For all x ∈ X, we have by Part (1)

‖fn(T )x − f(T )x‖2 = ‖(fn − f)(T )x‖2 =
∫
σ(T )

|fn − f |2 d‖E(·)x‖2,

and Part (3) then follows from Lebesgue’s dominated convergence theorem for
the finite positive measure ‖E(·)x‖2.
(4) We already know that suppE ⊂ σ(T ). So we need to prove that

(suppE)c ⊂ ρ(T ). Let µ ∈ (suppE)c. By definition of the support, there exists
an open neighbourhood δ of µ such that E(δ) = 0. Then r := dist(µ, δc) > 0.
Let g(λ) := χδc(λ)/(µ − λ). Then g ∈ B (in fact, ‖g‖ = 1/r < ∞),
and since (µ − λ)g(λ) = χδc(λ), the operational calculus for T implies that
(µI − T )g(T ) = g(T )(µI − T ) = E(C)− E(δ) = I. Hence µ ∈ ρ(T ).

Note that the proof of Part (4) of Theorem 9.6 is valid for any scalar operator
in Banach space.

9.5 Parts of the spectrum

Definition 9.7. Let X be a Banach space, and T ∈ B(X).

(1) The set of all λ ∈ C such that λI − T is not injective is called the point
spectrum of T , and is denoted by σp(T ); any λ ∈ σp(T ) is called an
eigenvalue of T , and the non-zero subspace ker(λI−T ) is the corresponding
eigenspace. The non-zero vectors x in the eigenspace are the eigenvectors
of T corresponding to the eigenvalue λ (briefly, the λ-eigenvectors of T ):
they are the non-trivial solutions of the equation Tx = λx.

(2) The set of all λ ∈ C such that λI − T is injective, and λI − T has range
dense but not equal to X, is called the continuous spectrum of T , and is
denoted by σc(T ).
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(3) The set of all λ ∈ C such that λI −T is injective and λI −T has range not
dense in X is called the residual spectrum of T , and is denoted by σr(T ).

Clearly, the three sets defined above are mutually disjoint subsets of σ(T ).
If λ is not in their union, then λI − T is bijective, hence invertible in B(X)
(cf. Corollary 6.11). This shows that

σ(T ) = σp(T ) ∪ σc(T ) ∪ σr(T ).

Theorem 9.8. Let X be a Hilbert space and T ∈ B(X). Then:

(1) if λ ∈ σr(T ), then λ̄ ∈ σp(T ∗);

(2) λ ∈ σp(T ) ∪ σr(T ) iff λ̄ ∈ σp(T ∗) ∪ σr(T ∗).

(3) If T is normal, then λ ∈ σp(T ) iff λ̄ ∈ σp(T ∗), and in that case the
λ-eigenspace of T coincides with the λ̄-eigenspace of T ∗.

(4) If T is normal, then σr(T ) = ∅.
(5) If T is normal and E is its resolution of the identity, then

σp(T ) = {µ ∈ C;E({µ}) �= 0}

and the range of E({µ}) coincides with the µ-eigenspace of T , for each
µ ∈ σp(T ).

Proof. (1) Let λ ∈ σr(T ). Since the range of λI − T is not dense in X, the
orthogonal decomposition theorem (Theorem 1.36) implies the existence of y �= 0
orthogonal to this range. Hence for all x ∈ X

(x, [λ̄I − T ∗]y) = ((λI − T )x, y) = 0,

and therefore y ∈ ker(λ̄I − T ∗) and λ̄ ∈ σp(T ∗).
(2) Let λ ∈ σp(T ) and let then x be an eigenvector of T corresponding to

λ. Then for all y ∈ X, (x, (λ̄I − T ∗)y) = ((λI − T )x, y) = 0, which implies
that the range of λ̄I − T ∗ is not dense in X (because x �= 0 is orthogonal to
it). Therefore λ̄ belongs to σr(T ∗) or to σp(T ∗) if λ̄I − T ∗ is injective or not,
respectively. Together with Part (1), this shows that if λ ∈ σp(T ) ∪ σr(T ), then
λ̄ ∈ σp(T ∗) ∪ σr(T ∗). Applying this to λ̄ and T ∗, we get the reverse implication
(because T ∗∗ = T ).
(3) For any normal operator S, ‖S∗x‖ = ‖Sx‖ (for all x) because

‖S∗x‖2 = (S∗x, S∗x) = (SS∗x, x) = (S∗Sx, x) = (Sx, Sx) = ‖Sx‖2.

If T is normal, so is S := λI −T , and therefore ‖(λ̄I −T ∗)x‖ = ‖(λI −T )x‖ (for
all x ∈ X and λ ∈ C). This implies Part (3).
(4) If λ ∈ σr(T ), then Part (1) implies that λ̄ ∈ σp(T ∗), and therefore, by

Part (3), λ ∈ σp(T ), contradiction. Hence σr(T ) = ∅.
(5) If E({µ}) �= 0, let x �= 0 be in the range of this projection. Then E(·)x =

E(·)E({µ})x = E(· ∩ {µ})x is the point mass measure at µ (with total mass 1)
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multiplied by x. Hence

Tx =
∫
σ(T )

λ dE(λ)x = µx,

so that µ ∈ σp(T ) and each x �= 0 in E({µ})X is a µ-eigenvector for T .
On the other hand, if µ ∈ σp(T ) and x is a µ-eigenvector for T , let δn =

{λ ∈ C; |λ − µ| > 1/n}(n = 1, 2, . . .) and fn(λ) := χδn(λ)/(µ − λ). Then fn ∈ B

(it is clearly Borel, and bounded by n), and therefore fn(T ) ∈ B(X). Since
(µ − λ)fn(λ) = χδn(λ), we have

E(δn)x = fn(T )(µI − T )x = fn(T )0 = 0.

Hence, by σ-subadditivity of the positive measure ‖E(·)x‖2,

‖E({λ;λ �= µ})x‖2 = ‖E

(⋃
n

δn

)
x‖2 ≤

∑
n

‖E(δn)x‖2 = 0.

Therefore E({λ;λ �= µ})x = 0 and so E({µ})x = Ix = x, that is, the non-zero
vector x belongs to the range of the projection E({µ}).

9.6 Spectral representation

Construction 9.9. The spectral theorem for normal operators has an interesting
interpretation through isomorphisms of Hilbert spaces. Let T be a (bounded)
normal operator on the Hilbert space X, and let E be its resolution of the
identity. Given x ∈ X, define the cycle of x (relative to T ) as the closed linear
span of the vectors Tn(T ∗)mx, n, m = 0, 1, 2, . . . . This is clearly a reducing
subspace for T . It follows from the Stone-Weierstrass theorem that the cycle of
x, [x], coincides with the closure (in X) of the subspace

[x]0 := {g(T )x; g ∈ C(σ(T ))}.

Define V0 : [x]0 → C(σ(T )) by

V0g(T )x = g.

By Theorem 9.6, Part (1), the map V0 is a well-defined linear isometry of [x]0
onto the subspace C(σ(T )) of L2(µ), where µ = µx := ‖E(·)x‖2 is a regular
finite positive Borel measure with support in σ(T ). By Corollary 3.21, C(σ(T ))
is dense in L2(µ), and therefore V0 extends uniquely as a linear isometry V of
the cycle [x] onto L2(µ). If g is a Borel function bounded on σ(T ), we may apply
Lusin’s theorem (Theorem 3.20) to get a sequence gn ∈ C(σ(T )), uniformly
bounded on the spectrum by supσ(T ) |g|, such that gn → g pointwise µ-almost
everywhere on σ(T ). It follows from the proof of Part (3) in Theorem 9.6 that
g(T )x = limn gn(T )x, hence g(T )x ∈ [x]. Also gn → g in L2(µ) by dominated
convergence, and therefore

V g(T )x = V lim
n

gn(T )x = lim
n

V0gn(T )x = lim
n

gn = g,
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where the last two limits are in the space L2(µ) and equalities are between
L2(µ)-elements.
For each y = g(T )x ∈ [x]0 and each Borel function f bounded on σ(T ), the

function fg (restricted to σ(T )) is a bounded Borel function on the spectrum,
hence (fg)(T )x makes sense and equals f(T )g(T )x = f(T )y. Applying V , we get

V f(T )y = V (fg)(T )x = fg = fV g(T )x = fV y

(in L2(µ)). Let Mf denote the multiplication by f operator in L2(µ), defined by
Mfg = fg. Since V f(T ) = MfV on the dense subspace [x]0 of [x], and both
operators are continuous, we conclude that the last relation is valid on [x]. We
express this by saying that the isomorphism V intertwines f(T )|[x] and Mf (for
all Borel functions f bounded on σ(T )). Equivalently, f(T )|[x] = V −1MfV , that
is, restricted to the cycle [x], the operators f(T ) are unitarily equivalent (through
V !) to the multiplication operators Mf on L2(µ) with µ := ‖E(·)x‖2. This is
particularly interesting when T possess a cyclic vector, that is, a vector x such
that [x] = X. Using such a cyclic vector in the above construction, we conclude
that the abstract operator f(T ) is unitarily equivalent to the concrete operator
Mf acting in the concrete Hilbert space L2(µ), through the Hilbert isomorph-
ism V : X → L2(µ), for each Borel function f bounded on the spectrum; in
particular, taking f(λ) = f1(λ) := λ, we have T = V −1MV , where M := Mf1 .
The construction is generalized to an arbitrary normal operator T by con-

sidering a maximal family of non-zero mutually orthogonal cycles {[xj ], j ∈ J}
for T (J denotes some index set). Such a family exists by Zorn’s lemma.
Let µj := ‖E(·)xj‖2 and let Vj : [xj ] → L2(µj) be the Hilbert isomorphism

constructed above, for each j ∈ J . If
∑
j ⊕[xj ] �= X, pick x �= 0 orthogonal to

the orthogonal sum; then the non-zero cycle [x] is orthogonal to all [xj ] (since
the cycles are reducing subspaces for T ), contradicting the maximality of the
family above. Hence X =

∑
j ⊕[xj ]. Consider the operator

V :=
∑
j∈J

⊕Vj

operating on X =
∑
j ⊕[xj ]. Recall that if y =

∑
j ⊕yj is any vector in X, then

V y :=
∑
j

⊕Vjyj .

Then V is a linear isometry of X onto
∑
j ⊕L2(µj):

‖V y‖2 =
∑
j

‖Vjyj‖2 =
∑
j

‖yj‖2 = ‖y‖2.

Since each cycle reduces f(T ) for all Borel function f bounded on σ(T ), we have

V f(T )y =
∑
j

⊕Vjf(T )yj =
∑
j

⊕fVjyj = MfV y,
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where Mf is now defined as the orthogonal sum Mf :=
∑
j ⊕M j

f , with M j
f equal

to the multiplication by f operator on the space L2(µj). The Hilbert isomorphism
V is usually referred to as a spectral representation of X (relative to T ). Formally

Theorem 9.10. Let T be a bounded normal operator on the Hilbert space X, and
let E be its resolution of the identity. Then there exists an isomorphism V of X
onto

∑
j∈J ⊕L2(µj) with µj := ‖E(·)xj‖2 for suitable non-zero mutually ortho-

gonal vectors xj, such that f(T ) = V −1MfV for all Borel functions f bounded
on σ(T ). The operator Mf acts on

∑⊕L2(µj) by Mf

∑
j ⊕gj :=

∑⊕fgj. In
case T has a cyclic vector x, then there exists an isomorphism V of X onto
L2(µ) with µ := ‖E(·)x‖2, such that f(T ) = V −1MfV for all f as above; here
Mf is the ordinary multiplication by f operator on L2(µ).

9.7 Renorming method

In the following, X denotes a given Banach space, and B(X) is the Banach
algebra of all bounded linear operators on X. The identity operator is denoted
by I. If A ⊂ B(X), the commutant A′ of A consists of all S ∈ B(X) that
commute with every T ∈ A.
Given an operator T , we shall construct a maximal Banach subspace Z of X

such that T has a contractive C(K)-operational calculus on Z, where K is an
adequate compact subset of C containing the spectrum of T . In case X is reflex-
ive, this construction will associate with T a contractive spectral measure on
Z such that f(T |Z) is the corresponding spectral integral for each f ∈ C(K).
This ‘maximal’ spectral integral representation is a generalization of the spectral
theorem for normal operators in Hilbert space. The construction is based on the
following

Theorem 9.11 (Renorming theorem). Let A ⊂ B(X) be such that its strong
closure contains I. Let

‖x‖A := sup
T∈A

‖Tx‖ (x ∈ X),

and
Z = Z(A) := {x ∈ X; ‖x‖A < ∞}.

Then:

(i) Z with the norm ‖ · ‖A is a Banach subspace of X;

(ii) For any S ∈ A′, SZ ⊂ Z and S|Z ∈ B(Z) with ‖S|Z‖B(Z) ≤ ‖S‖;
(iii) If A is a multiplicative semigroup (for operator multiplication), then Z

is A-invariant, and A|Z := {T |Z ;T ∈ A} is contained in the closed unit
ball B1(Z) of B(Z). Moreover, Z is maximal with this property, that is,
if W is an A-invariant Banach subspace of X such that A|W ⊂ B1(W ),
then W is a Banach subspace of Z.
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Proof. Subadditivity and homogeneity of ‖ · ‖A are clear.
Let ε > 0. The neighbourhood of I

N := N(I, ε, x) := {T ∈ B(X); ‖(T − I)x‖ < ε}

(in the strong operator topology) meets A for each x ∈ X. Fix x, and pick then
T ∈ A ∩ N . Then

‖x‖A ≥ ‖Tx‖ = ‖x+ (T − I)x‖ ≥ ‖x‖ − ε.

Therefore ‖x‖A ≥ ‖x‖ for all x ∈ X, and it follows in particular that ‖ · ‖A is a
norm on A.
Let {xn} ⊂ Z be ‖ · ‖A-Cauchy. In particular, it is ‖ · ‖A-bounded; let then

K = supn ‖xn‖A. Since ‖ · ‖ ≤ ‖ · ‖A, the sequence is ‖ · ‖-Cauchy; let x be its
X-limit. Given ε > 0, let n0 ∈ N be such that

‖xn − xm‖A < ε (n, m > n0).

Then
‖Txn − Txm‖ < ε (n, m > n0;T ∈ A).

Letting m → ∞, we see that

‖Txn − Tx‖ ≤ ε (n > n0;T ∈ A).

Hence
‖xn − x‖A ≤ ε (n > n0). (1)

Fixing n > n0, we see that

‖x‖A ≤ ‖xn‖A + ‖x − xn‖A ≤ K + ε < ∞,

that is, x ∈ Z, and xn → x in (Z, ‖ · ‖A) by (1). This proves Part (i).
If S ∈ A′, then for all x ∈ Z and T ∈ A,

‖T (Sx)‖ = ‖S(Tx)‖ ≤ ‖S‖‖Tx‖ ≤ ‖S‖‖x‖A.

Therefore ‖Sx‖A ≤ ‖S‖‖x‖A < ∞, that is, SZ ⊂ Z and S|Z ∈ B(Z) with
‖S|Z‖B(Z) ≤ ‖S‖.
In case A is a multiplicative sub-semigroup of B(X), we have for all x ∈ Z

and T, U ∈ A
‖U(Tx)‖ = ‖(UT )x‖ ≤ sup

V ∈A
‖V x‖ = ‖x‖A.

Hence ‖Tx‖A ≤ ‖x‖A, so that Z is A-invariant and A|Z ⊂ B1(Z).
Finally, if W is as stated in the theorem, and x ∈ W , then for all T ∈ A,

‖Tx‖ ≤ ‖Tx‖W ≤ ‖T‖B(W )‖x‖W ≤ ‖x‖W ,

and therefore ‖x‖A ≤ ‖x‖W .
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9.8 Semi-simplicity space

Let ∆ ⊂ R be compact, and let P1(∆) denote the set of all complex polynomials p
with

‖p‖∆ := sup
∆

|p| ≤ 1.

Given an arbitrary bounded operator T , let A be the (multiplicative) semigroup

A := {p(T ); p ∈ P1(∆)},

and let Z = Z(A).
By Theorem 9.11, Part (iii), p(T )Z ⊂ Z and

‖p(T )|Z‖B(Z) ≤ 1
for all p ∈ P1(∆). This means that the polynomial operational calculus τ :
p → p(T )|Z(= p(T |Z)) is norm-decreasing as a homomorphism of P(∆), the
subalgebra of C(∆) of all (complex) polynomials restricted to ∆, intoB(Z). Since
P(∆) is dense in C(∆), τ extends uniquely as a norm decreasing homomorphism
of the algebra C(∆) into B(Z), that is, T is of contractive class C(∆) on Z. The
Banach subspace Z in this application of the renorming theorem is called the
semi-simplicity space for T .
On the other hand, suppose W is a T -invariant Banach subspace of X, such

that T is of contractive class C(∆) on W . Then for each p ∈ P1(∆) and w ∈ W ,

‖p(T )w‖ ≤ ‖p(T )|W ‖B(W )‖w‖W ≤ ‖w‖W ,

and therefore w ∈ Z and ‖w‖A ≤ ‖w‖W . This shows that W is a Banach
subspace of Z, and concludes the proof of the following

Theorem 9.12. Let ∆ ⊂ R be compact, T ∈ B(X), and let Z be the semi-
simplicity space for T , that is, Z = Z(A), where A is the (multiplicative)
semigroup

{p(T ); p ∈ P1(∆)}.

Then T is of contractive class C(∆) on Z.
Moreover, Z is maximal in the following sense: if W is a T -invariant Banach

subspace of X such that T is of contractive class C(∆) on W, then W is a Banach
subspace of Z.

Remark 9.13. (1) If X is a Hilbert space and T is a bounded selfadjoint oper-
ator on X, it follows from Remark (2) in Terminology 7.19 that ‖p(T )‖ =
‖p‖σ(T ) ≤ 1 for all p ∈ P1(∆) for any given compact subset ∆ of R contain-
ing σ(T ). Therefore ‖x‖A ≤ ‖x‖ for all x ∈ X. Hence Z = X (with equality of
norms) in this case.
Another way to see this is by observing that the selfadjoint operator T has a

contractive C(∆)-operational calculus on X (see Terminology 7.19, Remark (2)).
Therefore, X is a Banach subspace of Z by the maximality statement in
Theorem 9.12. Hence Z = X.
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(2) If T is a normal operator (with spectrum in a compact set ∆ ⊂ C), we
may take

A = {p(T, T ∗); p ∈ P1(∆)},

where P1(∆) is now the set of all complex polynomials p in λ and λ̄ with ‖p‖∆ :=
supλ∈∆ |p(λ, λ̄)| ≤ 1.
Then A is a commutative semigroup (for operator multiplication), and since

polynomials in λ and λ̄ are dense in C(∆) (by the Stone-Weierstrass Theorem,
Theorem 5.39), we conclude as before that Z := Z(A) coincides with X (with
equality of norms).
(3) In the general Banach space setting, we took ∆ ⊂ R in the construction

leading to Theorem 9.12 to ensure the density of P(∆) in C(∆). If ∆ is any
compact subset of C, Lavrentiev’s theorem (cf. Theorem 8.7 in T.W. Gamelin,
Uniform Algebras, Prentice-Hall, Englewood Cliffs, NJ, 1969) states that the
wanted density occurs if and only if ∆ is nowhere dense and has connected
complement. Theorem 9.12 is then valid for such ∆, with the same statement
and proof.
(4) When the complement of ∆ is not connected, the choice of A may be

adapted in some cases so that Theorem 9.12 remains valid.
An important case of this kind is the unit circle:

∆ = Γ := {λ ∈ C; |λ| = 1}.

Suppose T ∈ B(X) has spectrum in Γ. Consider the algebra R(Γ) of restrictions
to Γ of all complex polynomials in λ and λ−1(= λ̄ on Γ). Following our previous
notation, let

R1(Γ) =
{

p ∈ R(Γ); ‖p‖Γ := sup
Γ

|p| ≤ 1
}

.

Since σ(T ) ⊂ Γ, T is invertible in B(X). Let p ∈ R(Γ). Writing p as the finite
sum

p(λ) =
∑
k

αkλ
k (αk ∈ C, k ∈ Z),

it makes sense to define
p(T ) =

∑
k

αkT
k.

The map τ : p → p(T ) is the unique algebra homomorphism of R(Γ) into
B(X) such that τ(p0) = I and τ(p1) = T , where pk(λ) = λk. As before, we
choose A to be the (multiplicative) semigroup

A = {p(T ); p ∈ R1(Γ)},

and we call Z = Z(A) the semi-simplicity space for T .
By Theorem 9.11, Part (iii), Z is a T -invariant Banach subspace of X, and

‖p(T )|Z‖B(Z) ≤ 1 (p ∈ R1(Γ)). (1)
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By the Stone–Weierstrass theorem (Theorem 5.39), R(Γ) is dense in C(Γ).
Consequently, it follows from (1) that

τZ : p → p(T )|Z(= p(T |Z))

extends uniquely to a norm-decreasing algebra homomorphism of C(Γ) into
B(Z), that is, T is of contractive class C(Γ) on Z.
The maximality of Z is proved word for word as in Theorem 9.12.
We restate Theorem 9.12 in the present case for future reference.

Theorem 9.14. Let T ∈ B(X) have spectrum on the unit circle Γ. Let Z be its
semi-simplicity space, as defined in Remark 9.13 (4). Then Z is a T -invariant
Banach subspace of X such that T is of contractive class C(Γ) on Z.

Moreover, Z is maximal in the following sense: if W is a T -invariant Banach
subspace of X such that T is of contractive class C(Γ) on W , then W is a Banach
subspace of Z.

Remark 9.15. With a minor change in the choice of A, Theorem 9.14 gener-
alizes (with identical statement and proof) to the case when Γ is an arbitrary
compact subset of the plane with planar Lebesgue measure zero. In this case, let
R(Γ) denote the algebra of all restrictions to Γ of rational functions with poles
off Γ. Each f ∈ R(Γ) can be written as a finite product

f(λ) = γ
∏
j,k

(λ − αj)(λ − βk)−1,

with γ, αj ∈ C and poles βk /∈ Γ. Since βk ∈ ρ(T ), we may define

f(T ) := γ
∏
j,k

(T − αjI)(T − βkI)−1.

As before, we choose A to be the (multiplicative) semigroup

A = {f(T ); f ∈ R1(Γ)},

where R1(Γ) is the set of all f ∈ R(Γ) with ‖f‖Γ ≤ 1.
The corresponding space Z = Z(A) (called as before the semi-simplicity space

for T ) is a T -invariant Banach subspace of X such that ‖f(T )|Z‖B(Z) ≤ 1 for all
f ∈ R1(T ). Since R(Γ) is dense in C(Γ) by the Hartogs–Rosenthal theorem (cf.
Exercise 2), the map f → f(T )|Z = f(T |Z) has a unique extension as a norm
decreasing algebra homomorphism of C(Γ) into B(Z), that is, T is of contractive
class C(Γ) on Z.

9.9 Resolution of the identity on Z

Theorem 9.16. Let Γ be any compact subset of C for which the semi-simplicity
space Z was defined above, for a given bounded operator T on the Banach space
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X, with spectrum in Γ (recall that, in the general case, Γ could be any compact
subset of C with planar Lebesgue measure zero). Then T is of contractive class
C(Γ) on Z, and Z is maximal with this property.

Moreover, if X is reflexive, there exists a unique contractive spectral measure
on Z, E, with support in Γ and values in T ′′, such that

f(T |Z)x =
∫

Γ
f dE(·)x (1)

for all x ∈ Z and f ∈ C(Γ), where f → f(T |Z) denotes the (unique) C(Γ)-
operational calculus for T |Z .

The integral (1) extends the C(Γ)-operational calculus for T |Z in B(Z) to
a contractive B(Γ)-operational calculus τ : f ∈ B(Γ) → f(T |Z) ∈ B(Z), where
B(Γ) stands for the Banach algebra of all bounded complex Borel functions on
Γ with the supremum norm, and τ(f) commutes with every U ∈ B(X) that
commutes with T .

Proof. The first statement of the theorem was verified in the preceding sections.
Suppose then that X is a reflexive Banach space, and let f → f(T |Z) denote

the (unique) C(Γ)-operational calculus for T |Z (in B(Z)). For each x ∈ Z and
x∗ ∈ X∗, the map

f ∈ C(Γ)→ x∗f(T |Z)x ∈ C

is a continuous linear functional on C(Γ) with norm≤‖x‖Z‖x∗‖ (where we denote
the Z-norm by ‖ · ‖Z rather than ‖ · ‖A). By the Riesz representation theorem,
there exists a unique regular complex Borel measure µ = µ(·;x, x∗) on B(C),
supported by Γ, such that

x∗f(T |Z)x =
∫

Γ
f dµ(·;x, x∗) (2)

and
‖µ(·;x, x∗)‖ ≤ ‖x‖Z‖x∗‖ (3)

for all f ∈ C(Γ), x ∈ Z, and x∗ ∈ X∗.
For each δ ∈ B(C) and x ∈ Z, the map x∗ ∈ X∗ → µ(δ;x, x∗) is a continuous

linear functional on X∗ with norm ≤‖x‖Z (by (3)). Since X is reflexive, there
exists a unique vector in X, which we denote E(δ)x, such that µ(δ;x, x∗) =
x∗E(δ)x. The map E(δ) : Z → X is clearly linear and norm-decreasing.
If U ∈ T ′, then U commutes with f(T ) for all f ∈ R(Γ) (notation as in the

preceding section), hence U ∈ A′. Let f ∈ C(Γ), and let fn ∈ R(Γ) converge to
f uniformly on Γ. Since UZ ⊂ Z and ‖U‖B(Z) ≤ ‖U‖B(X) (cf. Theorem 9.11,
Part (ii)), we have

‖Uf(T |Z)− f(T |Z)U‖B(Z) ≤ ‖U [f(T |Z)− fn(T )]‖B(Z)

+ ‖[fn(T )− f(T |Z)]U‖B(Z) ≤ 2‖U‖B(X)‖f(T |Z)− fn(T )‖B(Z)

≤ 2‖U‖B(X)‖f − fn‖C(Γ) → 0.
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Thus, U commutes with f(T |Z) for all f ∈ C(Γ). Therefore, for all x ∈ Z,
x∗ ∈ X∗, and f ∈ C(Γ),∫

Γ
f dx∗UE(·)x =

∫
Γ

f d(U∗x∗)E(·)x = (U∗x∗)f(T |Z)x

= x∗Uf(T |Z)x = x∗f(T |Z)Ux =
∫

Γ
f dx∗E(·)Ux.

By uniqueness of the Riesz representation, it follows that UE(δ) = E(δ)U for
all δ ∈ B(C) (i.e. E has values in T ′′). The last relation is true in particular for
all U ∈ A. Since A ⊂ B1(Z) (by Theorem 9.11, Part (iii)) and E(δ) : Z → X is
norm-decreasing, we have for each x ∈ Z and δ ∈ B(C),

‖E(δ)x‖Z := sup
U∈A

‖UE(δ)x‖ = sup
U∈A

‖E(δ)Ux‖

≤ sup
U∈A

‖Ux‖Z ≤ ‖x‖Z .

Thus, E(δ) ∈ B1(Z) for all δ ∈ B(C).
Since x∗[E(·)x] = µ(·;x, x∗) is a regular countably additive complex measure

on B(C) for each x∗ ∈ X∗, E satisfies Condition (1) of a spectral measure on Z
and has support in Γ. We may then rewrite (2) in the form

f(T |Z)x =
∫

Γ
f dE(·)x f ∈ C(Γ), x ∈ Z, (4)

where the integral is defined as in Section 9.2.
Taking f = f0(= 1) in (4), we see that E(C) = E(Γ) = I|Z .
Since f → f(T |Z) is an algebra homomorphism of C(Γ) into B(Z), we have

for all f, g ∈ C(Γ) and x ∈ Z (whence g(T |Z)x ∈ Z):∫
Γ

f dE(·)[g(T |Z)x] = f(T |Z)[g(T |Z)x]

= (fg)(T |Z)x =
∫

Γ
fg dE(·)x.

By uniqueness of the Riesz representation, it follows that

dE(·)[g(T |Z)x] = g dE(·)x.

This means that for all δ ∈ B(C), g ∈ C(Γ), and x ∈ Z,

E(δ)[g(T |Z)x] =
∫

Γ
χδg dE(·)x, (5)

where χδ denotes the characteristic function of δ.
We observed above that E(δ) commutes with every U ∈ B(X) that commutes

with T . In particular, E(δ) commutes with g(T ) for all g ∈ R(Γ). If g ∈ C(Γ)
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and gn ∈ R(Γ)→ g uniformly on Γ, then since E(δ) ∈ B1(Z), we have

‖E(δ)g(T |Z)− g(T |Z)E(δ)‖B(Z)

≤ ‖E(δ)[g(T |Z)− gn(T |Z)]‖B(Z) + ‖[gn(T |Z)− g(T |Z)]E(δ)‖B(Z)

≤ 2‖g − gn‖C(Γ) → 0.

Thus E(δ) commutes with g(T |Z) for all g ∈ C(Γ) and δ ∈ B(C).
We can then rewrite (5) in the form∫

Γ
gχδ dE(·)x =

∫
Γ

g dE(·)E(δ)x

for all x ∈ Z, δ ∈ B(C), and g ∈ C(Γ).
Again, by uniqueness of the Riesz representation, it follows that

χδdE(·)x = dE(·)E(δ)x.

Therefore, for each ε ∈ B(C) and x ∈ Z,

E(ε)E(δ)x =
∫

Γ
χε dE(·)E(δ)x =

∫
Γ

χεχδdE(·)x

=
∫

Γ
χε∩δ dE(·)x = E(ε ∩ δ)x.

We consider now the map f ∈ B(Γ) → ∫
Γ f dE(·)x ∈ X. Denote the integral by

τ(f)x. We have for all x ∈ Z and f ∈ B(Γ)

‖τ(f)x‖ = sup
x∗∈X∗;‖x∗‖=1

|
∫

Γ
f dx∗E(·)x|

≤ ‖x‖Z sup
Γ

|f |. (6)

If U ∈ T ′, we saw that UE(δ) = E(δ)U for all δ ∈ B(C). It follows from
the definition of the integral with respect to E(·)x (cf. Section 9.2) that for each
x ∈ Z

Uτ(f)x = τ(f)Ux.

In particular, this is true for all U ∈ A. Hence by (6) and Theorem 9.11, Part (iii),
‖τ(f)x‖Z = sup

U∈A
‖Uτ(f)x‖ = sup

U∈A
‖τ(f)Ux‖

≤ sup
Γ

|f | sup
U∈A

‖Ux‖Z ≤ ‖f‖B(Γ)‖x‖Z .

Thus τ(f) ∈ B(Z) for all f ∈ B(Γ). Furthermore, the map τ : B(Γ) → B(Z) is
linear and norm-decreasing, and clearly multiplicative on the simple Borel func-
tions on Γ. A routine density argument proves the multiplicativity of τ on B(Γ).
The uniqueness statement about E is an immediate consequence of the

uniqueness of the Riesz representation.
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Remark 9.17. Let ∆ be a closed interval. The semi-simplicity space for T ∈
B(X) is the smallest Banach subspace W0 in the increasing scale {Wm;m =
0, 1, 2, . . .} of Banach subspaces defined below.

Let Cm(∆) denote the Banach algebra of all complex functions with con-
tinuous derivatives in ∆ up to the mth order, with pointwise operations and
norm

‖f‖m :=
m∑

j=0

sup
∆

|f (j)|/j!.

We apply Theorem 9.11, Part (iii), to the multiplicative semigroup of
operators

Am := {p(T ); p ∈ P, ‖p‖m ≤ 1},
where P denotes the polynomial algebra C[t] and m = 0, 1, 2, . . . .

Fix m ∈ N ∪ {0}. By Theorem 9.11, the Banach subspace Wm := Z(Am) is
Am-invariant and Am|Wm ⊂ B1(Wm), i.e.,

‖p(T )x‖Wm
≤ ‖x‖Wm

‖p‖m

for all p ∈ P and x ∈ Wm. By density of P in Cm(∆), it follows that T |Wm is of
contractive class Cm(∆), that is, there exists a norm-decreasing algebra homo-
morphism of Cm(∆) into B(Wm) that extends the usual polynomial operational
calculus. Moreover, Wm is maximal with this property.

9.10 Analytic operational calculus

Let K ⊂ C be a non-empty compact set, and denote by H(K) the (complex)
algebra of all complex functions analytic in some neighbourhood of K (depending
on the function), with pointwise operations. A net fα ⊂ H(K) converges to f if
all fα are analytic in some fixed neighbourhood Ω of K, and fα → f pointwise
uniformly on every compact subset of Ω. When this is the case, f is analytic in
Ω (hence f ∈ H(K)), and one verifies easily that the operations in H(K) are
continuous relative to the above convergence concept (or, equivalently, relative
to the topology associated with the above convergence concept). Thus, H(K) is
a so-called topological algebra.

Throughout this section, A will denote a fixed (complex) Banach algebra
with unit e. Let F be a topological algebra of complex functions defined on some
subset of C, with pointwise operations, such that fk(λ) := λk ∈ F for k = 0, 1.
Given a ∈ A, an F-operational calculus for a is a continuous representation
τ : f → τ(f) of F into A such that τ(f1) = a (in the present context, a
representation is an algebra homomorphism sending the identity f0 of F to the
identity e of A).

Notation 9.18. Let K ⊂ Ω ⊂ C,K compact and Ω open. There exists an open
set ∆ with boundary Γ consisting of finitely many positively oriented rectifiable
Jordan curves, such that K ⊂ ∆ and ∆ ∪ Γ ⊂ Ω. Let Γ(K,Ω) denote the family
of all Γs with these properties.
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If F is an A-valued function analytic in Ω∩Kc and Γ,Γ′ ∈ Γ(K,Ω), it follows
from (the vector-valued version of) Cauchy’s theorem that∫

Γ
F (λ) dλ =

∫
Γ′

F (λ) dλ.

We apply this observation to the function F = f(·)R(·; a) when σ(a) ⊂ K and
f ∈ H(K), to conclude that the so-called Riesz–Dunford integral

τ(f) :=
1
2πi

∫
Γ

f(λ)R(λ; a) dλ (1)

(with Γ ∈ Γ(K,Ω) and f analytic in the open neighborhood Ω of K) is a well-
defined element of A (independent on the choice of Γ!).

Theorem 9.19. The element a ∈ A has an H(K)-operational calculus iff
σ(a) ⊂ K. In that case, the H(K)-operational calculus for a is unique, and
is given by (1).

Proof. Suppose σ(a) ⊂ K. For f ∈ H(K), define τ(f) by (1). As observed
above, τ : H(K)→ A is well defined and clearly linear. Let f, g ∈ H(K); suppose
both are analytic in the open neighbourhood Ω of K. Let Γ′ ∈ Γ(K,Ω), and let
∆′ be the open neighborhood of K with boundary Γ′. Choose Γ ∈ Γ(K,∆′)
(hence Γ ∈ Γ(K,Ω)). By Cauchy’s integral formula,

1
2πi

∫
Γ′

g(µ)
µ − λ

dµ = g(λ) (λ ∈ Γ), (2)

and ∫
Γ

f(λ)
λ − µ

dλ = 0 (µ ∈ Γ′). (3)

Therefore, by the resolvent identity for R(·) := R(·; a), Fubini’s theorem, and
Relations (2) and (3), we have

(2πi)2τ(f)τ(g) =
∫

Γ
f(λ)R(λ) dλ

∫
Γ′

g(µ)R(µ) dµ

=
∫

Γ

∫
Γ′

f(λ)g(µ)
R(λ)− R(µ)

µ − λ
dµ dλ

=
∫

Γ
f(λ)R(λ)

∫
Γ′

g(µ)
µ − λ

dµ dλ+
∫

Γ′
g(µ)R(µ)

∫
Γ

f(λ)
λ − µ

dλ dµ

= 2πi

∫
Γ

f(λ)g(λ)R(λ) dλ = (2πi)2τ(fg).

This proves the multiplicativity of τ .
Let {fα} be a net in H(K) converging to f , let Ω be an open neighbourhood

of K in which all fα (and f) are analytic, and let Γ ∈ Γ(K,Ω). Since R(·) is
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continuous on Γ, we have M := supΓ ‖R(·)‖ < ∞, and therefore, denoting the
(finite) length of Γ by |Γ|, we have

‖τ(fα)− τ(f)‖ = ‖τ(fα − f)‖ ≤ M |Γ|
2π

sup
Γ

|fα − f | → 0,

since fα → f uniformly on Γ. This proves the continuity of τ : H(K)→ A.
If f is analytic in the disc ∆r := {λ; |λ| < r} and K ⊂ ∆r, the (positively

oriented) circle Cρ = {λ; |λ| = ρ} is in Γ(K,∆r) for suitable ρ < r, and for any
a ∈ A with spectrum in K, the Neumann series expansion of R(λ) converges
uniformly on Cρ. Integrating term-by-term, we get

τ(f) =
∞∑
n=0

an
1
2πi

∫
Cρ

f(λ)
λn+1 dλ =

∞∑
n=0

f (n)(0)
n!

an. (4)

In particular, τ(λk) = ak for all k = 0, 1, 2, . . . , and we conclude that τ is an
H(K)-operational calculus for a.
If τ ′ is any H(K)-operational calculus for a, then necessarily τ ′(λn) = ak for

all k = 0, 1, 2, . . . , that is, τ ′ coincides with τ on all polynomials. If f is a rational
function with poles in Kc, then f ∈ H(K). Writing f = p/q with polynomials
p, q such that q �= 0 on K (so that 1/q ∈ H(K)!), we have e = τ ′(1) = τ ′(q ·
(1/q)) = τ ′(q)τ ′(1/q), hence τ ′(q) is non-singular, with inverse τ ′(1/q). Therefore
τ ′(f) = τ ′(p)τ ′(1/q) = τ ′(p)τ ′(q)−1 = τ(p)τ(q)−1 = τ(f). By Runge’s theorem
(cf. Exercise 1), the rational functions with poles in Kc are dense in H(K), and
the conclusion τ ′(f) = τ(f) for all f ∈ H(K) follows from the continuity of both
τ ′ and τ . This proves the uniqueness of the H(K)-operational calculus for a.
Finally, suppose a ∈ A has an H(K)-operational calculus τ , and let µ ∈ Kc.

The polynomial q(λ) := µ − λ does not vanish on K, so that (as was proved
above) τ(q)(= µe−a) is non-singular, and R(µ; a) = τ(1/(µ−λ)). In particular,
σ(a) ⊂ K.

Let τ be the H(σ(a))-operational calculus for a. Since τ(f) = f(a) when f
is a polynomial, it is customary to use the notation f(a) instead of τ(f) for all
f ∈ H(σ(a)).

Theorem 9.20 (Spectral mapping theorem). Let a ∈ A and f ∈ H(σ(a)).
Then σ(f(a)) = f(σ(a)).

Proof. Let µ = f(λ) with λ ∈ σ(a). Since λ is a zero of the analytic function
µ − f , there exists h ∈ H(σ(a)) such that

µ − f(ζ) = (λ − ζ)h(ζ)

in a neighbourhood of σ(a). Applying the H(σ(a))-operational calculus, we get

µe − f(a) = (λe − a)h(a) = h(a)(λe − a).

If µ ∈ ρ(f(a)), and v = R(µ; f(a)), then

(λe − a)[h(a)v] = e and [vh(a)](λe − a) = e,
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that is, λ ∈ ρ(a), contradiction. Hence µ ∈ σ(f(a)), and we proved the inclusion
f(σ(a)) ⊂ σ(f(a)).
If µ /∈ f(σ(a)), then µ − f �= 0 on σ(a), and therefore g := 1/(µ − f) ∈

H(σ(a)). Since (µ − f)g = 1 in a neighbourhood of σ(a), we have (µe −
f(a))g(a) = e, that is, µ ∈ ρ(f(a)). This proves the inclusion σ(f(a)) ⊂
f(σ(a)).

Theorem 9.21 (Composite function theorem). Let a ∈ A, f ∈ H(σ(a)),
and g ∈ H(f(σ(a))). Then g ◦ f ∈ H(σ(a)) and (g ◦ f)(a) = g(f(a)).

Proof. By Theorem 9.20, g(f(a)) is well defined.
Let Ω be an open neighbourhood of K := f(σ(a)) = σ(f(a)) in which g is

analytic, and let Γ ∈ Γ(K,Ω). Then

g(f(a)) =
1
2πi

∫
Γ

g(µ)R(µ; f(a)) dµ. (5)

Since Γ ⊂ Kc, for each fixed µ ∈ Γ, the function µ − f does not vanish on σ(a),
and consequently kµ := 1/(µ − f) ∈ H(σ(a)). The relation (µ − f)kµ = 1 (valid
in a neighbourhood of σ(a)) implies through the operational calculus for a that
kµ(a) = R(µ; f(a)), that is,

R(µ; f(a)) =
1
2πi

∫
Γ′

kµ(λ)R(λ; a) dλ (6)

for a suitable Γ′. We now substitute (6) in (5), interchange the order of
integration, and use Cauchy’s integral formula:

(2πi)2g(f(a)) =
∫

Γ
g(µ)

∫
Γ′

kµ(λ)R(λ; a) dλ dµ =
∫

Γ′

∫
Γ

g(µ)
µ − f(λ)

dµR(λ; a) dλ

= 2πi

∫
Γ′

g(f(λ))R(λ; a) dλ = (2πi)2(g ◦ f)(a).

9.11 Isolated points of the spectrum

Construction 9.22. Let µ be an isolated point of σ(a). There exists then a
function eµ ∈ H(σ(a)) that equals 1 in a neighbourhood of µ and 0 in a neigh-
bourhood of σµ := σ(a)∩ {µ}c. Set Eµ = eµ(a). The element Eµ is independent
of the choice of the function eµ, and since e2

µ = eµ in a neighbourhood of σ(a),
it is an idempotent commuting with a.
Let δ = dist(µ, σµ). By Laurent’s theorem (whose classical proof applies word

for word to vector-valued functions), we have for 0 < |λ − µ| < δ:

R(λ; a) =
∞∑

k=−∞
ak(µ − λ)k, (1)
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where
ak = − 1

2πi

∫
Γ
(µ − λ)−k−1R(λ; a) dλ, (2)

and Γ is a positively oriented circle centred at µ with radius r < δ. Choosing
a function eµ as above that equals 1 in a neighbourhood of the corresponding
closed disc, we can add the factor eµ to the integrand in (2). For k ∈ −N,
the new integrand is analytic in a neighbourhood Ω of σ(a), and therefore, by
Cauchy’s theorem, the circle Γ may be replaced by any Γ′ ∈ Γ(σ(a),Ω). By the
multiplicativity of the analytic operational calculus, it follows that

a−k = −(µe − a)k−1Eµ (k ∈ N). (3)

In particular, it follows from (3) that a−k = 0 for all k ≥ k0 iff a−k0 = 0.
Consequently the point µ is a pole of order m of R(·; a) iff

(µe − a)mEµ = 0 and (µe − a)m−1Eµ �= 0. (4)

Similarly, R(·; a) has a removable singularity at µ iff Eµ = 0. In this case, the
relation (λe−a)R(λ; a) = R(λ; a)(λe−a) = e extends by continuity to the point
λ = µ, so that µ ∈ ρ(a), contradicting our hypothesis. Consequently Eµ �= 0.
These observations have a particular significance when A = B(X) for a

Banach space X. If µ is an isolated point of the spectrum of T ∈ B(X) and Eµ
is the corresponding idempotent, the non-zero projection Eµ (called the Riesz
projection at µ for T ) commutes with T , so that its range Xµ �= {0} is a reducing
subspace for T (cf. Terminology 8.5 (2)).
Let Tµ := T |Xµ . If ζ �= µ, the function h(λ) := eµ(λ)/(ζ − λ) belongs to

H(σ(T )) for a proper choice of eµ, and (ζ − λ)h(λ) = eµ. Applying the analytic
operational calculus, we get

(ζI − T )h(T ) = h(T )(ζI − T ) = Eµ,

and therefore (since h(T )Xµ ⊂ Xµ),

(ζI − Tµ)h(T )x = h(T )(ζI − Tµ)x = x (x ∈ Xµ).

Hence ζ ∈ ρ(Tµ), and consequently σ(Tµ) ⊂ {µ}. Since Xµ �= {0}, the spectrum
of Tµ in non-empty (cf. Theorem 7.6), and therefore

σ(Tµ) = {µ}. (5)

Consider the complementary projection E′
µ := I − Eµ, and let X ′

µ := E′
µX

and T ′
µ := T |X′

µ
. The above argument (with h(λ) := (1− eµ)/(ζ − λ) for a fixed

ζ /∈ σµ) shows that σ(T ′
µ) ⊂ σµ. If the inclusion is strict, pick ζ ∈ σµ ∩ ρ(T ′

µ).
Then ζ �= µ, so that ∃R(ζ;Tµ) (by (5)), and of course ∃R(ζ;T ′

µ). Let

V := R(ζ;Tµ)Eµ +R(ζ;T ′
µ)E

′
µ. (6)

Clearly V ∈ B(X), and a simple calculation shows that (ζI − T )V = V (ζI − T )
= I. Hence ζ ∈ ρ(T ), contradicting the fact that ζ ∈ σµ(⊂ σ(T )). Consequently

σ(T ′
µ) = σµ. (7)
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We also read from (6) (and the above observation) that V = R(ζ;T ) for all
ζ /∈ σ(T ), that is,

R(ζ;Tµ) = R(ζ;T )|Xµ
(ζ �= µ); (8)

R(ζ;T ′
µ) = R(ζ;T )|X′

µ
(ζ /∈ σµ). (9)

(Rather than discussing an isolated point, we could consider any closed subset
σ of the spectrum, whose complement in the spectrum is also closed; such a set
is called a spectral set. The above arguments and conclusions go through with
very minor changes.)
By (4), the isolated point µ of σ(T ) is a pole of order m of R(·;T ) iff

(µI − T )mXµ = {0} and (µI − T )m−1Xµ �= {0}. (10)

In this case, any non-zero vector in the latter space is an eigenvector of T for
the eigenvalue µ, that is, µ ∈ σp(T ).
By (10), Xµ ⊂ ker(µI − T )m. Let x ∈ ker(µI − T )m. Since Eµ commutes

with T ,
(µI − T ′

µ)
m(I − Eµ)x = (I − Eµ)(µI − T )mx = 0.

By (7), µ ∈ ρ(T ′
µ), so that µI − T ′

µ is one-to-one; hence (I − Eµ)x = 0, and
therefore x ∈ Xµ, and we conclude that

Xµ = ker(µI − T )m. (11)

9.12 Compact operators

Definition 9.23. Let X be a Banach space, and denote by S its closed unit
ball. An operator T ∈ B(X) is compact if the set TS is conditionally compact.

Equivalently, T is compact iff it maps bounded sets onto conditionally
compact sets.
In terms of sequences, the compactness of T is characterized by the property:

if {xn} is a bounded sequence, then {Txn} has a convergent subsequence.
Denote by K(X) the set of all compact operators on X.

Proposition 9.24.

(i) K(X) is a closed two-sided ideal in B(X);

(ii) K(X) = B(X) iff X has finite dimension.

(iii) The restriction of a compact operator to a closed invariant subspace is
compact.

Proof. (i) K(X) is trivially stable under linear combinations. Let T ∈
K(X), A ∈ B(X), and let {xn} be a bounded sequence. Let then {Txnk

} be
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a convergent subsequence of {Txn}. Then {ATxnk
} converges (by continuity of

A), that is, AT ∈ K(X). Also {Axn} is bounded (by boundedness of A), and
therefore {TAxn′

k
} converges for some subsequence, that is, TA ∈ K(X), and

we conclude that K(X) is a two-sided ideal in B(X).
Suppose {Tm} ⊂ K(X) converges in B(X) to T . Let {xn} ⊂ X be bounded,

say ‖xn‖ < M for all n. By a Cantor diagonal process, we can select a subsequence
{xnk

} of {xn} such that {Tmxnk
}k converges for all m. Given ε > 0, letm0 ∈ N be

such that ‖T −Tm‖ < ε/(4M) for allm > m0. Fixm > m0, and then k0 = k0(m)
such that ||Tmxnk

− Tmxnj
|| < ε/2 for all k, j > k0. Then for all k, j > k0,

||Txnk
− Txnj || ≤ ||(T − Tm)(xnk

− xnj )||+ ||Tmxnk
− Tmxnj ||

< [ε/(4M)]2M + ε/2 = ε,

and we conclude that {Txnk
} converges to some element y.

Hence
lim sup

k
‖Txnk

− y‖ ≤ ε,

and therefore, Txnk
→ y by the arbitrariness of ε.

(ii) If X has finite dimension, any linear operator T on X maps bounded sets
onto bounded sets, and a bounded set in X is conditionally compact.

Conversely, if K(X) = B(X), then, equivalently, the identity operator I is
compact, and therefore the closed unit ball S = IS is compact. Hence X has
finite dimension, by Theorem 5.27.

The proof of (iii) is trivial.

Theorem 9.25 (Schauder). T ∈ K(X) iff T ∗ ∈ K(X∗).

Proof. (1) Let T ∈ K(X), and let {x∗
n} be a bounded sequence in X∗, say

‖x∗
n‖ ≤ M for all n. Then, for all n, |x∗

nx| ≤ M‖T‖ for all x ∈ TS and |x∗
nx −

x∗
ny| ≤ M‖x − y‖ for all x, y ∈ X, that is, the sequence of functions {x∗

n} is
uniformly bounded and equicontinuous on the compact metric space TS. By the
Arzela–Ascoli theorem (cf. Exercise 3), there exists a subsequence {x∗

nk
} of {x∗

n}
converging uniformly on TS. Hence

sup
x∈S

|x∗
nk
(Tx)− x∗

nj
(Tx)| → 0 (k, j → ∞),

that is, ‖T ∗x∗
nk

−T ∗x∗
nj

‖ → 0 as k, j → ∞, and consequently {T ∗x∗
nk

} converges
(strongly) in X∗. This proves that T ∗ is compact.

(2) Let T ∗ be compact. By Part (1) of the proof, T ∗∗ is compact. Let
{xn} ⊂ S. Then ‖x̂n‖ = ‖xn‖ ≤ 1, and therefore T ∗∗x̂nk

converges in X∗∗

for some 1 ≤ n1 < n2 < · · · , that is,
sup

‖x∗‖=1
|(T ∗∗x̂nk

)x∗ − (T ∗∗x̂nj )x
∗| → 0 (k, j → ∞).

Equivalently,
sup

‖x∗‖=1
|x∗Txnk

− x∗Txnj | → 0,

that is, ‖Txnk
− Txnj

‖ → 0 as k, j → ∞, and consequently T is compact.
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Lemma 9.26. Let Y be a proper closed subspace of the Banach space X. Then
supx∈X1

d(x, Y ) = 1. (X1 denotes the unit sphere of X.)

Proof. Let 1 > ε > 0. If d(x, Y ) = 0 for all x ∈ X1, then since Y is closed,
X1 ⊂ Y , and therefore X ⊂ Y (because Y is a subspace), contrary to the
assumption that Y is a proper subspace of X. Thus there exists x1 ∈ X1 such
that δ := d(x1, Y ) > 0. By definition of d(x1, Y ), there exists y1 ∈ Y such that
(δ ≤)d(x1, y1) < (1 + ε)δ. Let u = x1 − y1 and x = u/‖u‖. Then x ∈ X1,
‖u‖ < (1 + ε)δ, and for all y ∈ Y

(1 + ε)δ‖x− y‖ ≥ ‖u‖‖x− y‖ = ∥∥u− ‖u‖y∥∥ = ∥∥x1 − (y1 + ‖u‖y)∥∥ ≥ δ.

Hence ‖x− y‖ ≥ 1/(1 + ε) > 1 − ε for all y ∈ Y , and therefore d(x, Y ) ≥ 1 − ε.
Since we have trivially d(x, Y ) ≤ 1, the conclusion of the lemma follows.

Theorem 9.27 (Riesz–Schauder). Let T be a compact operator on the Banach
space X. Then

(i) σ(T ) is at most countable. If {µn} is a sequence of distinct non-zero points
of the spectrum, then µn → 0.

(ii) Each non-zero point µ ∈ σ(T ) is an isolated point of the spectrum, and
is an eigenvalue of T and a pole of the resolvent of T . If m is the order
of the pole µ, and Eµ is the Riesz projection for T at µ, then its range
EµX equals ker(µI − T )m and is finite dimensional. In particular, the
µ-eigenspace of T is finite dimensional.

Proof. (1) Let µ be a non-zero complex number, and let {xn} ⊂ X be such
that (µI − T )xn converge to some y. If {xn} is unbounded, say 0 < ‖xn‖ → ∞
without loss of generality (w.l.o.g.), consider the unit vectors zn := xn/‖xn‖.
Since T is compact, there exist 1 ≤ n1 < n2, · · · such that Tznk

→ v ∈ X. Then

µznk
=

1
‖xnk

‖ (µI − T )xnk
+ Tznk

→ 0y + v = v. (*)

Hence
µv = lim

k
T (µznk

) = Tv.

If µ /∈ σp(T ), we must have v = 0. Then by (*) |µ| = ‖µznk
‖ → 0, contradiction.

Therefore (if µ /∈ σp(T )!) the sequence {xn} is bounded, and has therefore a
subsequence {xnk

} such that ∃ limk Txnk
:= u. Then as above

xnk
= µ−1[(µI − T )xnk

+ Txnk
] → µ−1(y + u) := x,

and therefore y = limk(µI − T )xnk
= (µI − T )x ∈ (µI − T )X. Thus (µI − T )X

is closed. This proves that a non-zero µ is either in σp(T ) or else the range of
µI − T is closed. In the later case, if this range is dense in X, µI − T is onto
(and one-to-one!), and therefore µ ∈ ρ(T ). If the range is not dense in X, it is
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a proper closed subspace of X; by Corollary 5.4., there exists x∗ �= 0 such that
x∗(µI − T )x = 0 for all x ∈ X, i.e., (µI − T ∗)x∗ = 0. Thus µ ∈ σp(T ∗). In
conclusion, if µ ∈ σ(T ) is not zero, then µ ∈ σp(T ) ∪ σp(T ∗).
(2) Suppose µn, n = 1, 2, . . . , are distinct eigenvalues of T that do not con-

verge to zero. By passing if necessary to a subsequence, we may assume that
|µn| ≥ ε for all n, for some positive ε. Let xn be an eigenvector of T corres-
ponding to the eigenvalue µn. Then {xn} is necessarily linearly independent (an
elementary linear algebra fact!). Setting Yn := span{x1, . . . , xn}, Yn−1 is there-
fore, a proper closed T -invariant subspace of the Banach space Yn , and clearly
(µnI − T )Yn ⊂ Yn−1 (for all n > 1). By Lemma 9.26, there exists yn ∈ Yn such
that ‖yn‖ = 1 and d(yn, Yn−1) > 1/2, for each n > 1. Set zn = yn/µn. Since
‖zn‖ ≤ 1/ε, there exist 1 < n1 < n2 < · · · such that Tznk

converges. However,
for j > k,

‖Tznj
− Tznk

‖ = ‖ynj
− [(µnj

I − T )znj
+ Tznk

]‖ > 1/2,

since the vector is square brackets belongs to Ynj−1, contradiction. This proves
that if {µn} is a sequence of distinct eigenvalues of T , then µn → 0.
(3) Suppose µ ∈ σ(T ), µ �= 0, is not an isolated point of the spectrum, and

let then µn, (n ∈ N) be distinct non-zero points of the spectrum converging to µ.
By the conclusion of Part (1) of the proof, {µn} ⊂ σp(T )∪ σp(T ∗). Since the set
{µn} is infinite, at least one of its intersections with σp(T ) and σp(T ∗) is infinite.
This infinite intersection converges to zero, by Part (2) of the proof (since both T
and T ∗ are compact, by Theorem 9.25). Hence µ = 0, contradiction! This shows
that the non-zero points of σ(T ) are isolated points of the spectrum. Since σ(T )
is compact, it then follows that it is at most countable.
(4) Let µ �= 0, µ ∈ σ(T ), and let Eµ be the Riesz projection for T at (the

isolated point) µ. As before, let Xµ = EµX and Tµ = T |Xµ
. Let Sµ denote the

closed unit ball of Xµ. Since σ(Tµ) = {µ} (cf. (5) of Section 9.11), we have 0 ∈
ρ(Tµ), that is, ∃T −1

µ ∈ B(Xµ), and consequently T −1
µ Sµ is bounded. The latter’s

image by the compact operator Tµ (cf. Proposition 9.24 (iii)) is then conditionally
compact; this image is the closed set Sµ, hence Sµ is compact, and therefore Xµ
is finite dimensional (by Theorem 5.27). Since σ(µI − Tµ) = µ − σ(Tµ) = {0}
by (5) of Section 9.11, the operator µI − Tµ on the finite dimensional space
Xµ is nilpotent, that is, there exists m ∈ N such that (µI − Tµ)m = 0 but
(µI − Tµ)m−1 �= 0. Equivalently,

(µI − T )mEµ = 0 and (µI − T )m−1Eµ �= 0.

By (4) of Section 9.11, µ is a pole of order m of R(·;T ), hence an eigenvalue of
T (cf. observation following (10) of Section 9.11), and ker(µI − T )m = Xµ by
(11) of Section 9.11.
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Exercises

[The first three exercises provide the proofs of theorems used in this chapter.]

Runge theorem

1. Let S2 = C̄ denote the Riemann sphere, and let K ⊂ C be compact. Fix
a point aj in each component Vj of S2 − K, and let R({aj}) denote the
set of all rational functions with poles in the set {aj}.
If µ is a complex Borel measure on K, we define its Cauchy transform

µ̃ by

µ̃(z) =
∫
K

dµ(w)
w − z

(z ∈ S2 − K). (1)

Prove

(a) µ̃ is analytic in S2 − K.

(b) For aj �= ∞, let dj = d(aj , K) and fix z ∈ B(aj , r) ⊂ Vj (necessarily
r < dj). Observe that

1
w − z

=
∞∑
n=0

(z − aj)n

(w − aj)n+1 , (2)

and the series converges uniformly for w ∈ K.
For aj =∞, we have

1
w − z

= −
∞∑
n=0

wn

zn+1 (|z| > r), (3)

and the series converges uniformly for w ∈ K.

(c) If
∫
K

h dµ = 0 for all h ∈ R({aj}), then µ̃(z) = 0 for all z ∈ B(aj , r),
hence for all z ∈ Vj , for all j, and therefore µ̃ = 0 on S2 − K.

(d) Let Ω ⊂ C be open such that K ⊂ Ω. If f is analytic in Ω and
µ is as in Part (c), then

∫
K

f dµ = 0. (Hint: represent f(z) =
(1/2πi)

∫
Γ f(w)/(w − z)dw for all z ∈ K, where Γ ∈ Γ(K,Ω), cf.

Notation 9.18, and use Fubini’s theorem.)

(e) Prove that R({aj}) is C(K)-dense in H(Ω) (the subspace of C(K)
consisting of the analytic functions in Ω restricted to K). Hint: The-
orem 4.9, Corollary 5.3, and Part (d). The result in Part (e) is Runge’s
theorem. In particular, the rational functions with poles off K are
C(K)-dense in H(Ω).

(f) If S2 − K is connected, the polynomials are C(K)-dense in H(Ω).
Hint: apply Part (e) with a =∞ in the single component of S2 − K.
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Hartogs–Rosenthal theorem

2. (Notation as in Exercise 1) Let m denote the R
2-Lebesgue measure.

(a) The integral defining the Cauchy transform µ̃ converges absolutely
m-a.e. (Hint: show that

∫
R2

∫
K

d|µ|(w)
|w − z| dx dy < ∞

by using Tonelli’s theorem and polar coordinates.)

(b) Let R(K) denote the space of rational functions with poles off
K. Then

∫
K

h dµ = 0 for all h ∈ R(K) iff µ̃ = 0 off K.
(Hint: use Cauchy’s formula and Fubini’s theorem for the non-trivial
implication.)

(c) It can be shown that if µ̃ = 0 m-a.e., then µ = 0. Conclude that
if m(K) = 0 and µ is a complex Borel measure on K such that∫
K

h dµ = 0 for all h ∈ R(K), then µ = 0. Consequently, ifm(K) = 0,
thenR(K) is dense in C(K) (cf. Theorem 4.9 and Corollary 5.6). This
is the Hartogs–Rosenthal theorem.

Arzela–Ascoli theorem

3. Let X be a compact metric space. A set F ⊂ C(X) is equicontinuous
if for each ε > 0, there exists δ > 0 such that |f(x) − f(y)| < ε for all
f ∈ F and x, y ∈ X such that d(x, y) < δ. The set F is equibounded if
supf∈F ‖f‖u < ∞. Prove that if F is equicontinuous and equibounded,
then it is relatively compact in C(X). Sketch: X is necessarily separable.
Let {ak} be a countable dense set in X. Let {fn} ⊂ F . {fn(a1)} is a
bounded complex sequence; therefore there is a subsequence {fn,1} of
{fn} converging at a1; {fn,1(a2)} is a bounded complex sequence, and
therefore there is a subsequence {fn,2} of {fn,1} converging at a2 (and
a1). Continuing inductively, we get subsequences {fn,r} such that the
(r+1)-th subsequence is a subsequence of the rth subsequence, and the rth
subsequence converges at the points a1, . . . , ar. The diagonal subsequence
{fn,n} converges at all the points ak. Use the compactness of X and an
ε/3 argument to show that {fn,n} is Cauchy in C(X).

Compact normal operators

4. Let X be a Hilbert space, and T ∈ K(X) be normal. Prove that there
exist a sequence {λn} ∈ c0 and a sequence {En} of pairwise orthogonal
finite rank projections such that

∑N
n=1 λnEn → T in B(X) as N → ∞.
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Logarithms of Banach algebra elements

5. Let A be a (unital, complex) Banach algebra, and let x ∈ A. Prove:

(a) If 0 belongs to the unbounded component V of ρ(x), then x ∈
expA(:= {ea; a ∈ A}) (that is, x has a logarithm in A). Hint: Ω := V c

is a simply connected open subset of C containing σ(x), and the ana-
lytic function f1(λ) = λ does not vanish on Ω. Therefore, there exists
g analytic in Ω such that eg = f1.

(b) The group generated expA is an open subset of A.

6. Let A be a (unital, complex) Banach algebra, and let Ge denote the
component of G := G(A) containing the identity e. Prove:

(a) Ge is open.

(b) Ge is a normal subgroup of G.

(c) expA ⊂ Ge.

(d) expA · · · expA (finite product) is an open subset of Ge (cf. Exer-
cise 5(b)).

(e) Let H be the group generated by expA. Then H is an open and
closed subset of Ge. Conclude that H = Ge.

(f) If A is commutative, then Ge = expA.

Non-commutative Taylor theorem

7. (Notation as in Exercise 10, Chapter 7) Let A be a (unital, complex)
Banach algebra, and let a, b ∈ A. Prove the following non-commutative
Taylor theorem for each f ∈ H(σ(a, b)):

f(b) =
∞∑

j=0

(−1)j
f (j)(a)
j!

[C(a, b)je]

=
∞∑

j=0

[C(a, b)je]
f (j)(a)
j!

.

In particular, if a, b commute,

f(b) =
∑ f (j)(a)

j!
(b− a)j (*)

for all f ∈ H(σ(a, b)), where (in this special case)

σ(a, b) = {λ ∈ C; d(λ, σ(a)) ≤ r(b− a)}.

If b− a is quasi-nilpotent, (*) is valid for all f ∈ H(σ(a)).
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Positive operators

8. Let X be a Hilbert space. Recall that T ∈ B(X) is positive (in symbols,
T ≥ 0) iff (Tx, x) ≥ 0 for all x ∈ X. Prove:

(a) The positive operator T is non-singular (i.e. invertible in B(X)) iff
T − εI ≥ 0 for some ε > 0 (one writes also T ≥ εI to express the last
relation).

(b) The (arbitrary) operator T is non-singular iff both TT ∗ ≥ εI and
T ∗T ≥ εI for some ε > 0.

9. Let X be a Hilbert space, T ∈ B(X). Prove:

(a) If T is positive, then

|(Tx, y)|2 ≤ (Tx, x)(Ty, y) for all x, y ∈ X.

(b) Let {Tk} ⊂ B(X) be a sequence of positive operators. Then Tk → 0
in the s.o.t. iff it does so in the w.o.t.

(c) If 0 ≤ Tk ≤ Tk+1 ≤ K I for all k (for some positive constant K), then
{Tk} converges in B(X) in the s.o.t.

Analytic functions operate on Â
10. Let A be a complex unital commutative Banach algebra, and a ∈ A. Let

f ∈ H(σ(a)). Prove that there exists b ∈ A such that b̂ = f ◦ â. (â denotes
the Gelfand transform of a.) In particular, if â �= 0, there exists b ∈ A
such that b̂ = 1/â. (This is Wiener’s theorem.) Hint: Use the analytic
operational calculus.

Polar decomposition

11. Let X be a Hilbert space, and let T ∈ B(X) be non-singular. Prove that
there exist a unique pair of operators S, U such that S is non-singular and
positive, U is unitary, and T = US. If T is normal, the operators S, U
commute with each other and with T . Hint: assuming the result, find out
how to define S and U |SX ; verify that U is isometric on SX, etc.

Cayley transform

12. Let X be a Hilbert space, and let T ∈ B(X) be selfadjoint. Prove:

(a) The operator V := (T + iI)(T − iI)−1 (called the Cayley transform
of T ) is unitary and 1 /∈ σ(V ).

(b) Conversely, every unitary operator V such that 1 /∈ σ(V ) is the Cayley
transform of some selfadjoint operator T ∈ B(X).



“chap09” — 2002/11/21 — page 256 — #34

256 9. Integral representation

Riemann integrals of operator functions

13. Let X be a Banach space, and let T (·) : [a, b] → B(X) be strongly
continuous (that is, continuous with respect to the s.o.t. on B(X)).
Prove:

(a) ‖T (·)‖ is bounded and lower semi-continuous (l.s.c.) (cf. Exercise 6,
Chapter 3).

(b) For each x ∈ X, the Riemann integral
∫ b
a

T (t)x dt is a well-defined
element of X with norm ≤ ∫ b

a
‖T (t)‖ dt‖x‖. Therefore the oper-

ator
∫ b
a

T (t) dt defined by (
∫ b
a

T (t) dt)x =
∫ b
a

T (t)x dt has norm ≤∫ b
a

‖T (t)‖ dt. For each S ∈ B(X), ST (·) and T (·)S are strongly con-
tinuous on [a, b], and S

∫ b
a

T (t) dt =
∫ b
a

ST (t) dt; (
∫ b
a

T (t) dt)S =∫ b
a

T (t)S dt.

(c) (
∫ t
a

T (s) ds)′(c) = T (c) (derivative in the s.o.t.).

(d) If T (·) = V ′(·) (derivative in the s.o.t.) for some operator function V ,
then

∫ b
a

T (t) dt = V (b)− V (a).

(e) If T (·) : [a, ∞) → B(X) is strongly continuous and
∫∞
a

‖T (t)‖ dt <

∞, then limb→∞
∫ b
a

T (t) dt :=
∫∞
a

T (t) dt exists in the norm topology
of B(X), and ‖ ∫∞

a
T (t) dt‖ ≤ ∫∞

a
‖T (t)‖ dt. (Note that ‖T (·)‖ is l.s.c.

by Part (a), and the integral on the right makes sense as the integral
of a non-negative Borel function.)

Semigroups of operators

14. Let X be a Banach space, and let T (·) : [0, ∞) → B(X) be such that
T (t + s) = T (t)T (s) for all t, s ≥ 0 and T (0) = I. (Such a function is
called a semigroup of operators.) Assume T (·) is (right) continuous at 0
in the s.o.t. (briefly, T (·) is a C0-semigroup). Prove:

(a) T (·) is right continuous on [0, ∞), in the s.o.t.
(b) Let cn := sup{‖T (t)‖; 0 ≤ t ≤ 1/n}. Then there exists n such that

cn < ∞. (Fix such an n and let c := cn(≥ 1).) Hint: the uniform
boundedness theorem.

(c) With n and c as in Part (b), ‖T (t)‖ ≤ Meat on [0, ∞), where M :=
cn(≥1) and a := logM(≥0).

(d) T (·) is strongly continuous on [0, ∞).
(e) Let V (t) :=

∫ t
0 T (s)ds. Then

T (h)V (t) = V (t+ h)− V (h) (h, t > 0).
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Conclude that (1/h)(T (h)−I)V (t)→ T (t)−I in the s.o.t., as h → 0+
(i.e. the strong right derivative of T (·)V (t) at 0 exists and equals
T (t)− I, for each t > 0). Hint: Exercise 13, Part (c).

(f) Let ω := inft>0 t−1 log ‖T (t)‖. Then ω = limt→∞ t−1 log ‖T (t)‖(<∞)
(cf. Part (c)). Hint: fix s > 0 and r > s−1 log ‖T (s)‖. Given t > 0, let
n = [t/s]. Then t−1 log ‖T (t)‖ < rns/t + t−1 sup[0,s] log ‖T (·)‖. (ω is
called the type of the semigroup T (·).)

(g) Let ω be the type of T (·). Then the spectral radius of T (t) is eωt, for
each t ≥ 0.
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Unbounded operators

10.1 Basics

In this chapter, we deal with (linear) operators T with domain D(T ) and range
R(T ) in a Banach space X; D(T ) and R(T ) are (linear) subspaces of X. The
operators S, T are equal if D(S) = D(T ) and Sx = Tx for all x in the (common)
domain of S and T . If S, T are operators such thatD(S) ⊂ D(T ) and T |D(S) = S,
we say that T is an extension of S (notation: S ⊂ T ).

The algebraic operations between unbounded operators are defined with the
obvious restrictions on domains. Both sum and product are associative, but the
distributive laws take the form

AB +AC ⊂ A(B + C); (A+B)C = AC +BC.

The graph of T is the subspace of X ×X given by

Γ(T ) := {[x, Tx];x ∈ D(T )}.

The operator T is closed if Γ(T ) is a closed subspace of X ×X.
A convenient elementary criterion for T being closed is the following

condition:

If {xn} ⊂ D(T ) is such that xn → x and Txn → y, then x ∈ D(T ) and Tx = y.

Clearly, if D(T ) is closed and T is continuous on D(T ), then T is a closed
operator. In particular, every T ∈ B(X) is closed. Conversely, if T is a closed
operator with closed domain (hence a Banach space!), then T is continuous on
D(T ), by the Closed Graph Theorem. Also if T is closed and continuous (on its
domain), then it has a closed domain.

If B ∈ B(X) and T is closed, then T + B and TB (with their ‘maximal
domains’ D(T ) and {x ∈ X;Bx ∈ D(T )}, respectively) are closed operators. In
particular, the operators λI − T and λT are closed, for any λ ∈ C.
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If B ∈ B(X) is non-singular and T is closed, then BT (with domain D(T ))
is closed.

Usually, the norm taken on X × X is ‖[x, y]‖ = ‖[x, y]‖1 := ‖x‖ + ‖y‖, or
in case X is a Hilbert space, ‖[x, y]‖ = ‖[x, y]‖2 :=

√‖x‖2 + ‖y‖2. These norms
are equivalent, since

‖[x, y]‖2 ≤ ‖[x, y]‖1 ≤
√
2‖[x, y]‖2.

If X is a Hilbert space, the space X×X (also denoted X⊕X) is a Hilbert space
with the inner product

([x, y], [u, v]) := (x, u) + (y, v),

and the norm induced by this inner product is indeed ‖[x, y]‖ := ‖[x, y]‖2.
The graph norm on D(T ) is defined by

‖x‖T := ‖[x, Tx]‖ (x ∈ D(T )).

We shall denote by [D(T )] the space D(T ) with the graph norm. The space
[D(T )] is complete iff T is a closed operator.

If the operator S has a closed extension T , it clearly satisfies the property

If {xn} ⊂ D(S) is such that xn → 0 and Sxn → y, then y = 0.

An operator S with this property is said to be closable. Conversely, if S is
closable, then the X×X-closure of its graph, Γ(S), is the graph of a (necessarily
closed) operator S̄, called the closure of S. Indeed, if [x, y], [x, y′] ∈ Γ(S), there
exist sequences {[xn, Sxn]} and {[x′

n, Sx
′
n]} in Γ(S) converging respectively to

[x, y] and [x, y′] in X ×X. Then xn − x′
n ∈ D(S) → 0 and S(xn − x′

n) → y − y′.
Therefore, y− y′ = 0 since S is closable. Consequently the map S̄ : x → y is well
defined, clearly linear, and by definition,

Γ(S̄) = Γ(S).

Hence the closable operator S has the (minimal) closed extension S̄.
By definition, D(S̄) = {x ∈ X;∃{xn} ⊂ D(S) such that xn → x and

∃ limSxn} and S̄x is equal to the above limit for x ∈ D(S̄).
If T is one-to-one, the inverse operator T−1 with domain R(T ) and range

D(T ) has the graph
Γ(T−1) = JΓ(T ),

where J is the isometric automorphism of X × Y given by J [x, y] = [y, x].
Therefore T is closed iff T−1 is closed. In particular, if T−1 ∈ B(X), then T is
closed.

The resolvent set ρ(T ) of T is the set of all λ ∈ C such that λI − T has
an inverse in B(X); the inverse operator is called the resolvent of T , and is
denoted by R(λ;T ) (or R(λ), when T is understood). If ρ(T ) �= ∅, and λ is
any point in ρ(T ), then R(λ)−1 (with domain D(T )) is closed, and therefore
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T = λI − R(λ;T )−1 is closed. On the other hand, if T is closed and λ is such
that λI − T is bijective, then λ ∈ ρ(T ) (because (λI − T )−1 is closed and
everywhere defined, hence belongs to B(X), by the Closed Graph theorem).

By definition, TR(λ) = λR(λ)− I ∈ B(X), while R(λ)T = (λR(λ)− I)|D(T ).
The complement of ρ(T ) in C is the spectrum of T , σ(T ). By the preced-

ing remark, the spectrum of the closed operator T is the disjoint union of the
following sets:

the point spectrum of T , σp(T ), which consists of all scalars λ for which
λI − T is not one-to-one;

the continuous spectrum of T , σc(T ), which consists of all λ for which λI−T
is one-to-one but not onto, and its range is dense in X;

the residual spectrum of T , σr(T ), which consists of all λ for which λI − T
is one-to-one, and its range is not dense in X.

Theorem 10.1. Let T be any (unbounded) operator. Then ρ(T ) is open, and
R(·) is analytic on ρ(T ) and satisfies the ‘resolvent identity’

R(λ) −R(µ) = (µ− λ)R(λ)R(µ) (λ, µ ∈ ρ(T )).

In particular, R(λ) commutes with R(µ).
Moreover, ‖R(λ)‖ ≥ 1/d(λ, σ(T )).

Proof. We assume without loss of generality that the resolvent set is non-empty.
Let then λ ∈ ρ(T ), and denote r = ‖R(λ)‖−1. We wish to prove that the disc
B(λ, r) is contained in ρ(T ). This will imply that ρ(T ) is open and d(λ, σ(T )) ≥ r
(i.e. ‖R(λ)‖ ≥ 1/d(λ, σ(T ))).

For µ ∈ B(λ, r), the series

S(µ) =
∞∑

k=0

[(λ− µ)R(λ)]k

converges in B(X), commutes with R(λ), and satisfies the identity

(λ− µ)R(λ)S(µ) = S(µ) − I.

For x ∈ D(T ),

S(µ)R(λ)(µI−T )x = S(µ)R(λ)[(λI−T )− (λ−µ)I]x = S(µ)x− [S(µ)−I]x = x

by the above identity, and similarly, for all x ∈ X,

(µI−T )R(λ)S(µ)x = [(λI−T )−(λ−µ)I]R(λ)S(µ)x = S(µ)x− [S(µ)−I]x = x.

This shows that µ ∈ ρ(T ) and R(µ) = R(λ)S(µ) for all µ ∈ B(λ, r).
In particular, R(·) is analytic in ρ(T ) (since it is locally the sum of a B(X)-

convergent power series).
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Finally, for λ, µ ∈ ρ(T ), we have on X:

(λI − T )[R(λ) −R(µ) − (µ− λ)R(λ)R(µ)]

= I − [(λ− µ)I + (µI − T )]R(µ) − (µ− λ)R(µ)

= I − (λ− µ)R(µ) − I + (λ− µ)R(µ) = 0.

Since λI − T is one-to-one, the resolvent identity follows.

Theorem 10.2. Let T be an unbounded operator in the Banach space X, with
ρ(T ) �= ∅. Fix α ∈ ρ(T ) and let h(λ) = 1/(α − λ). Then h maps σ(T ) ∪ {∞}
onto σ(R(α)).

Proof. (In order to reduce the number of brackets in the following formulas, we
shall write Rλ instead of R(λ).)

Taking complements in C ∪ {∞}, we must show that h maps ρ(T ) onto
ρ(Rα) ∪ {∞}. Since h(α) = ∞, we consider λ �= α in ρ(T ), and define

V := (α − λ)[I + (α − λ)Rλ].

Then V commutes with h(λ)I − Rα and by the resolvent identity (cf.
Theorem 10.1)

[h(λ)I −Rα]V = I + (α − λ)[Rλ −Rα − (α − λ)RαRλ] = I.

This shows that h(λ) ∈ ρ(Rα) and R(h(λ);Rα) = V . Hence h maps ρ(T ) into
ρ(Rα) ∪ {∞}.

Next, let µ ∈ ρ(Rα). If µ = 0, T = αI − (αI − T ) = αI − R−1
α ∈ B(X),

contrary to our hypothesis. Hence µ �= 0, and let then λ = α − 1/µ (so that
h(λ) = µ). Let

W := µRαR(µ;Rα).

Then W commutes with λI − T and

(λI − T )W = [(λ− α)I + (αI − T )]W = µ[(λ− α)Rα + I]R(µ;Rα)

= (µI −Rα)R(µ;Rα) = I.

Thus λ ∈ ρ(T ), and we conclude that h maps ρ(T ) onto ρ(Rα) ∪ {∞}.

10.2 The Hilbert adjoint

Terminology 10.3. Let T be an operator with dense domainD(T ) in the Hilbert
space X. For y ∈ X fixed, consider the function

φ(x) = (Tx, y) (x ∈ D(T )). (1)

If φ is continuous, it has a unique extension as a continuous linear functional on
X (since D(T ) is dense in X), and there exists therefore a unique z ∈ X such
that

φ(x) = (x, z) (x ∈ D(T )). (2)
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(Conversely, if there exists z ∈ X such that (2) holds, then φ is continuous on
D(T ).)

Let D(T ∗) denote the subspace of all y for which φ is continuous on D(T )
(equivalently, for which φ = (·, z) for some z ∈ X). Define T ∗ : D(T ∗) → X by
T ∗y = z (the map T ∗ is well defined, by the uniqueness of z for given y). The
defining identity for T ∗ is then

(Tx, y) = (x, T ∗y) (x ∈ D(T ), y ∈ D(T ∗)). (3)

It follows clearly from (3) that T ∗ (with domain D(T ∗)) is a linear operator. It
is called the adjoint operator of T .

By (2), [y, z] ∈ Γ(T ∗) iff (Tx, y) = (x, z) for all x ∈ D(T ), that is, iff

([Tx,−x], [y, z]) = 0 for all x ∈ D(T ).

Consider the isometric automorphism of X ×X defined by

Q[x, y] = [y,−x].
The preceding statement means that [y, z] ∈ Γ(T ∗) iff [y, z] is orthogonal to
QΓ(T ) in X ×X. Hence

Γ(T ∗) = (QΓ(T ))⊥. (4)

In particular, it follows from (4) that T ∗ is closed.
One verifies easily that if B ∈ B(X), then

(T +B)∗ = T ∗ +B∗ and (BT )∗ = T ∗B∗.

It follows in particular (or directly) that (λT )∗ = [(λI)T ]∗ = λ̄T ∗.
If T = T ∗, the operator T is called a selfadjoint operator. Since T ∗ is

closed, a selfadjoint operator is necessarily closed and densely defined. An every-
where defined selfadjoint operator is necessarily bounded, by the Closed Graph
theorem.

The operator T is symmetric if

(Tx, y) = (x, Ty) (x, y ∈ D(T )). (5)

If T is densely defined (so that T ∗ exists), Condition (5) is equivalent to
T ⊂ T ∗. If T is everywhere defined, it is symmetric iff it is selfadjoint. Therefore,
a symmetric everywhere defined operator is a bounded selfadjoint operator.

If T is one-to-one with domain and range both dense in X, the adjoint oper-
ators T ∗ and (T−1)∗ both exist. If T ∗y = 0 for some y ∈ D(T ∗), then for all
x ∈ D(T )

(Tx, y) = (x, T ∗y) = (x, 0) = 0, (6)

and therefore y = 0 since R(T ) is dense. Thus T ∗ is one-to-one, and (T ∗)−1

exists. By (4)

Γ((T−1)∗) = [QΓ(T−1)]⊥ = [QJΓ(T )]⊥

= [−JQΓ(T )]⊥ = J [QΓ(T )]⊥ = JΓ(T ∗) = Γ((T ∗)−1),
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since (JA)⊥ = JA⊥ for any A ⊂ X ×X. Therefore

(T−1)∗ = (T ∗)−1. (7)

It follows that if T is densely defined then

R(λ;T )∗ = R(λ̄;T ∗) (λ ∈ ρ(T )). (8)

In particular, if T is selfadjoint,

R(λ, T )∗ = R(λ̄;T ), (9)

and therefore R(λ;T ) is a bounded normal operator for each λ ∈ ρ(T ) (cf.
Theorem 10.1).

Note that (6) also shows that for any T with dense domain, ker(T ∗) ⊂ R(T )⊥.
On the other hand, if y ∈ R(T )⊥, then (Tx, y) = 0 for all x ∈ D(T ). In
particular, the function x → (Tx, y) is continuous on D(T ), so that y ∈ D(T ∗),
and (x, T ∗y) = (Tx, y) = 0 for all x ∈ D(T ). Since D(T ) is dense, it follows that
T ∗y = 0, and we conclude that

ker(T ∗) = R(T )⊥. (10)

Theorem 10.4. Let T be a symmetric operator. Then for any non-real λ ∈ C,
λI − T is one-to-one and

‖(λI − T )−1y‖ ≤ |	λ|−1‖y‖ (y ∈ R(λI − T )). (11)

If T is closed, the range R(λI − T ) is closed, and coincides with X if T is
selfadjoint. In the latter case, every non-real λ is in ρ(T ), R(λ;T ) is a bounded
normal operator, and

‖R(λ;T )‖ ≤ 1/|	λ|. (12)

Proof. If T is symmetric, (Tx, x) is real for all x ∈ D(T ) (since (Tx, x) =
(x, Tx) = (Tx, x)). Therefore (Tx, iβx) is pure imaginary for β ∈ R. Since αI−T
is symmetric for any α ∈ R, ((αI − T )x, iβx) is pure imaginary for α, β ∈ R.
Hence, for all x ∈ D(T ) and λ = α+ iβ,

‖(λI − T )x‖2 = ‖(αI − T )x+ iβx‖2

= ‖(αI − T )x‖2 + 2
(αI − T )x, iβx) + β2‖x‖2

= ‖(αI − T )x‖2 + β2‖x‖2 ≥ β2‖x‖2.

Hence
‖(λI − T )x‖ ≥ |	λ| ‖x‖. (13)

If λ is non-real, it follows from (13) that λI − T is one-to-one, and (11) holds.
If T is also closed, (λI−T )−1 is closed and continuous on its domain R(λI−

T ) (by (11)), and therefore this domain is closed (for non-real λ).
If T is selfadjoint,

R(λI − T )⊥ = ker((λI − T )∗) = ker(λ̄I − T ) = {0}
since λ̄ is non-real. Therefore (λI − T )−1 is everywhere defined, with operator
norm ≤ 1/|	λ|, by (11). This shows that every non-real λ is in ρ(T ), that is,
σ(T ) ⊂ R.
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10.3 The spectral theorem for
unbounded selfadjoint operators

Theorem 10.5. Let T be a selfadjoint operator on the Hilbert space X. Then
there exists a unique regular selfadjoint spectral measure E on B := B(C),
supported by σ(T ) ⊂ R, such that

D(T ) =
{
x ∈ X;

∫
σ(T )

λ2 d‖E(λ)x‖2 < ∞
}

=
{
x ∈ X; lim

n→∞

∫ n

−n

λ dE(λ)x exists
}

(1)

and

Tx = lim
n→∞

∫ n

−n

λ dE(λ)x (x ∈ D(T )). (2)

(The limits above are strong limits in X.)

Proof. By Theorem 10.4, every non-real α (to be fixed from now on) is in ρ(T ),
and Rα := R(α;T ) is a bounded normal operator. Let F be its resolution of the
identity, and define

E(δ) = F (h(δ)) (δ ∈ B), (3)

where h is as in Theorem 10.2.
By Theorem 9.8 (Part 5), F ({0})X = ker Rα = {0}, and therefore

E(C) = F ({0}c) = I − F ({0}) = I. (4)

We conclude that E is a selfadjoint regular spectral measure from the corres-
ponding properties of F .

By Theorem 10.2,

E(σ(T )) := F (h(σ(T ))) = F (σ(Rα)) − F ({0}) = I,

hence E is supported by σ(T ) (by (4)).
Denote the sets in (1) by D0 and D1.
If δ ∈ B is bounded, then for all x ∈ X,

∫
σ(T )

λ2 d‖E(λ)E(δ)x‖2 =
∫

δ∩σ(T )
λ2 d‖E(λ)x‖2 < ∞, (5)

since λ2 is bounded on δ∩σ(T ). Hence E(δ)X ⊂ D0. Moreover, by Theorem 9.6,
the last integral in (5) equals ‖ ∫

δ∩σ(T ) λdE(λ)x‖2. For positive integers n > m,
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take δ = [−n,−m] ∪ [m,n]. Then∥∥∥∥
∫ n

−n

λ dE(λ)x−
∫ m

−m

λ dE(λ)x
∥∥∥∥

2

=
∫ n

−n

λ2 d‖E(λ)x‖2 −
∫ m

−m

λ2 d‖E(λ)x‖2.

It follows that D0 = D1.
Let x ∈ D(T ). We may then write x = Rαy for a unique y ∈ X, and therefore∫ n

−n

λ dE(λ)x =
∫ n

−n

λ dE(λ)
∫

C

µdF (µ)y

=
∫ n

−n

λ dE(λ)
∫

R

h(λ) dE(λ)y

=
∫ n

−n

λh(λ) dE(λ)y →
∫

R

λh(λ) dE(λ)y.

(The limit exists in X because λh(λ) is bounded.) Thus x ∈ D0, and we proved
that D(T ) ⊂ D0.

Next, let x ∈ D0(= D1), and denote z = limn

∫ n

−n
λ dE(λ)x. Consider the

sequence xn := E([−n, n])x. Then xn → x in X,

xn = Rα

∫ n

−n

(α − λ) dE(λ)x ∈ RαX = D(T ), (6)

and by (6)

(αI − T )xn =
∫ n

−n

(α − λ) dE(λ)x → αx− z.

Since αI − T (with domain D(T )) is closed, it follows that x ∈ D(T ) and
(αI − T )x = αx− z. Hence D0 ⊂ D(T ) (and so D(T ) = D0), and (2) is valid.

For each bounded δ ∈ B, the restriction of T to the reducing subspace E(δ)X
is the bounded selfadjoint operator

∫
δ
λ dE(λ). By the uniqueness of the resolution

of the identity for bounded selfadjoint operators, E is uniquely determined on the
bounded Borel sets, and therefore on all Borel sets, by Theorem 9.6 (Part 2).

10.4 The operational calculus for
unbounded selfadjoint operators

The unique spectral measure E of Theorem 10.5 is called the resolution of the
identity for T .

The map f → f(T ) :=
∫

R
f dE of B := B(R) into B(X) is a norm-decreasing

∗-representation of B on X (cf. Theorem 9.1). The map is extended to arbitrary
complex Borel functions f on R as follows. Let χn be the indicator of the set
[|f | ≤ n], and consider the ‘truncations’ fn := fχn ∈ B, n ∈ N. The operator
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f(T ) has domain D(f(T )) equal to the set of all x ∈ X for which the strong
limit limn fn(T )x exists, and f(T )x is defined as this limit for x ∈ D(f(T )).

Note that if f is bounded, then fn = f for all n ≥ ‖f‖u, and therefore the
new definition of f(T ) coincides with the previous one for f ∈ B. In particular,
f(T ) ∈ B(X). For general Borel functions, we have the following

Theorem 10.6. Let T be an unbounded selfadjoint operator on the Hilbert
space X, and let E be its resolution of the identity. For f : R → C Borel,
let f(T ) be defined as above. Then

(a) D(f(T )) = {x ∈ X;
∫

R
|f |2d‖E(·)x‖2 < ∞};

(b) f(T ) is a closed densely defined operator;

(c) f(T )∗ = f̄(T ).

Proof. (a) Let D denote the set on the right-hand side of (a).
Since fn(x) = f(x) for all n ≥ |f(x)|, fn → f pointwise. If x ∈ D,

|fn − fm|2 ≤ 4|f |2 ∈ L1(‖E(·)x‖2)

and |fn − fm|2 → 0 pointwise when n,m → ∞. Therefore, by Theorem 9.6 and
Lebesgue’s dominated convergence theorem,

‖fn(T )x− fm(T )x‖2 = ‖(fn − fm)(T )x‖2 =
∫

R

|fn − fm|2 d‖E(·)x‖2 → 0

as n,m → ∞. Hence x ∈ D(f(T )). On the other hand, if x ∈ D(f(T )), we have
by Fatou’s lemma∫

R

|f |2 d‖E(·)x‖2 ≤ lim inf
n

∫
R

|fn|2 d‖E(·)x‖2

= lim inf
n

‖fn(T )x‖2 = ‖f(T )x‖2 < ∞,

that is, x ∈ D, and (a) has been verified.
(b) Let x ∈ X, and δn = [|f | ≤ n]. Clearly δc

n+1 ⊂ δc
n and

⋂
δc
n = ∅. Since

‖E(·)x‖2 is a finite positive measure,

lim
n

‖E(δc
n)x‖2 =

∥∥∥∥E
(⋂

δc
n

)
x

∥∥∥∥
2

= 0,

that is,
lim ‖x− E(δn)x‖ = 0 (x ∈ X). (1)

Now ∫
R

|f |2 d‖E(·)E(δn)x‖2 =
∫

δn

|f |2 d‖E(·)x‖2 ≤ n2‖x‖2 < ∞,

that is, E(δn)x ∈ D(f(T )), by Part (a). This proves that D(f(T )) is dense in X.
Fix x ∈ D(f(T )) and m ∈ N. Since E(δm) is a bounded operator, we have by

the operational calculus for bounded Borel functions and the relation χδmfn = fm

for all n ≥ m,

E(δm)f(T )x = lim
n
E(δm)fn(T )x = lim

n
fm(T )x = fm(T )x. (2)



“chap10” — 2002/11/21 — page 267 — #10

10.5. Semi-simplicity space 267

Similarly
f(T )E(δm)x = fm(T )x (x ∈ X). (3)

In order to show that f(T ) is closed, let {xn} be any sequence in D(f(T )) such
that xn → x and f(T )xn → y. By (2) applied to xn ∈ D(f(T )),

E(δm)y = lim
n
E(δm)f(T )xn = lim

n
fm(T )xn = fm(T )x,

since fm(T ) ∈ B(X). Letting m → ∞, we see that fm(T )x → y (by (1)). Hence
x ∈ D(f(T )), and f(T )x := limm fm(T )x = y. This proves (b).

(c) By the operational calculus for bounded Borel functions, (fn(T )x, y) =
(x, f̄n(T )y) for all x, y ∈ X. When x, y ∈ D(f(T )) = D(f̄(T )) (cf. (a)), letting
n → ∞ implies the relation (f(T )x, y) = (x, f̄(T )y). Hence f̄(T ) ⊂ f(T )∗. On
the other hand, if y ∈ D(f(T )∗), we have by (3) (for all x ∈ X)

(x, f̄m(T )y) = (fm(T )x, y) = (f(T )E(δm)x, y)

= (E(δm)x, f(T )∗y) = (x,E(δm)f(T )∗y),

that is,
f̄m(T )y = E(δm)f(T )∗y.

The right-hand side converges to f(T )∗y when m → ∞. Hence y ∈ D(f̄(T )),
and (c) follows.

10.5 The semi-simplicity space for
unbounded operators in Banach space

Let T be an unbounded operator with real spectrum on the Banach space X. Its
Cayley transform

V := (iI − T )(iI + T )−1 = −2iR(−i;T ) − I

belongs to B(X).
By Theorem 10.2 with α = −i and the corresponding h,

σ(R(−i;T )) = h(σ(T ) ∪ {∞}),

where ∞ denotes the point at infinity of the Riemann sphere. Therefore

σ(V ) = −2ih(σ(T ) ∪ {∞}) − 1 ⊂ −2ih(R ∪ {∞}) − 1

=
{
i − λ

i + λ
;λ ∈ R

}
∪ {−1} ⊂ Γ,

where Γ denotes the unit circle.

Definition 10.7. Let T be an unbounded operator with real spectrum, and
let V be its Cayley transform. The semi-simplicity space for the unbounded
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operator T is defined as the semi-simplicity space Z for the bounded operator V
with spectrum in Γ (cf. Remark 9.13, (4)).

The function

φ(s) :=
i − s

i + s

is a homeomorphism of R̄ := R ∪ {∞} onto Γ, with the inverse φ−1(λ) =
i(1 − λ)/(1 + λ).

For any g ∈ C(R̄), we have g ◦ φ−1 ∈ C(Γ), and therefore, by Theorem 9.14,
the operator (g ◦φ−1)(V |Z) belongs toB(Z), withB(Z)-norm ≤ ‖g ◦φ−1‖C(Γ) =
‖g‖C(R̄).

The restriction V |Z is the Cayley transform of TZ , which is the restriction of
T to the domain

D(TZ) := {x ∈ D(T ) ∩ Z;Tx ∈ Z}.

The operator TZ is called the part of T in Z.
It is therefore natural to define

g(TZ) := (g ◦ φ−1)(V |Z) (g ∈ C(R̄)). (1)

The map τ : g → g(TZ) is a norm-decreasing algebra homomorphism of C(R̄)
into B(Z) such that f0(TZ) = I|Z and φ(TZ) = V |Z . We call a map τ with the
above properties a contractive C(R̄)-operational calculus for T on Z; when such
τ exists, we say that T is of contractive class C(R̄) on Z.

If W is a Banach subspace of X such that TW is of contractive class C(R̄)
on W , then the map

f ∈ C(Γ) → f(V |W ) := (f ◦ φ)(TW ) ∈ B(W )

is a contractive C(Γ)-operational calculus for V |W in B(W ) (note that (f1 ◦
φ)(TW ) = φ(TW ) = V |W ). Therefore W is a Banach subspace of Z, by
Theorem 9.14. We formalize the above observations as

Theorem 10.8. Let T be an unbounded operator with real spectrum, and let Z
be its semi-simplicity space. Then T is of contractive class C(R̄) on Z, and Z is
maximal with this property (in the sense detailed in Theorem 9.14).

For X reflexive, we obtain a spectral integral representation for TZ .

Theorem 10.9. Let T be an unbounded operator with real spectrum on the
reflexive Banach space X, and let Z be its semi-simplicity space. Then there
exists a contractive spectral measure on Z

F : B(R) → B(Z),
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such that

(1) F commutes with every U ∈ B(X) which commutes with T ;

(2) D(TZ) is the set Z1 of all x ∈ Z such that the integral∫
R

s dF (s)x := lim
a→−∞,b→∞

∫ b

a

s dF (s)x

exists in X and belongs to Z;

(3) Tx =
∫

R
s dF (s)x for all x ∈ D(TZ);

(4) For all non-real λ ∈ C and x ∈ Z,

R(λ;T )x =
∫

R

1
λ− s

dF (s)x.

Proof. We apply Theorem 9.16 to the Cayley transform V . Let then E be the
unique contractive spectral measure on Z, with support on the unit circle Γ,
such that

f(V |Z)x =
∫

Γ
f dE(·)x (2)

for all x ∈ Z and f ∈ C(Γ).
If E({−1}) �= 0, each x �= 0 in E({−1})Z is an eigenvector for V , cor-

responding to the eigenvalue −1 (the argument is the same as in the proof of
Theorem 9.8, Part 5, first paragraph). However, since V = −2iR(−i;T ) − I, we
have the relation

R(−i;T ) = (i/2)(I + V ), (3)

from which it is evident that −1 is not an eigenvalue of V (since R(−i;T ) is
one-to-one). Thus

E({−1}) = 0. (4)

Define
F (δ) = E(φ(δ)) (δ ∈ B(R)).

Then F is a contractive spectral measure on Z defined on B(R) (note that the
requirement F (R) = I|Z follows from (4):

F (R) = E(Γ − {−1}) = E(Γ) = I|Z .)
If U ∈ B(X) commutes with T , it follows that U commutes with V =
−2iR(−i;T ) − I, and therefore U commutes with E, hence with F . By (2)

f(V |Z)x =
∫

R

f ◦ φdF (·)x (5)

for all x ∈ Z and f ∈ C(Γ). By definition, the left-hand side of (5) is (f ◦φ)(TZ)
for f ∈ C(Γ). We may then rewrite (5) in the form

g(TZ)x =
∫

R

g dF (·)x (x ∈ Z) (6)
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for all g ∈ C(R̄). Taking in particular g = φ, we get (since φ(TZ) = V |Z)

V x =
∫

R

φdF (·)x (x ∈ Z). (7)

By (3) and (7), we have for all x ∈ Z

R(−i;T )x = (i/2)
∫

R

(1 + φ) dF (·)x =
∫

R

1
−i − s

dF (s)x. (8)

Observe that
D(TZ) = R(−i;T )Z. (9)

Indeed, if x ∈ D(TZ), then x ∈ D(T ) ∩ Z and Tx ∈ Z, by definition. Therefore,
z := (−iI − T )x ∈ Z, and x = R(−i;T )z ∈ R(−i;T )Z. On the other hand, if
x = R(−i;T )z for some z ∈ Z, then x ∈ D(T ) ∩ Z (because Z is invariant for
R(−i;T )), and Tx = −ix− z ∈ Z, so that x ∈ D(TZ).

Now let x ∈ D(TZ), and write x = R(−i;T )z for a suitable z ∈ Z (by (9)).
The spectral integral on the right-hand side of (6) defines a norm-decreasing
algebra homomorphism τ of B(R) intoB(Z), which extends the C(R̄)-operational
calculus for T on Z (cf. Theorem 9.16). For real a < b, take g(s) = sχ[a,b](s) ∈
B(R). By (8)∫ b

a

s dF (s)x = τ(g)τ(1/(−i − s))z = τ

(
g(s)

−i − s

)
z

=
∫ b

a

s

−i − s
dF (s)z →

∫
R

s

−i − s
dF (s)z

as a → −∞ and b → ∞ (convergence in X of the last integral follows from the
boundedness of the integrand on R). Thus, the integral

∫
R
s dF (s)x exists in X

(in the sense stated in the theorem). Writing s/(−i− s) = [−i/(−i− s)]− 1, the
last relation and (8) show that∫

R

s dF (s)x = −iR(−i;T )z − z = TR(−i;T )z = Tx ∈ Z. (10)

This proves that D(TZ) ⊂ Z1 and Statement 3 of the theorem is valid.
On the other hand, if x ∈ Z1, consider the well-defined element of Z given

by z :=
∫

R
s dF (s)x. Since R(−i;T ) ∈ B(X) commutes with T (hence with F )

and x ∈ Z, we have by (8) and the multiplicativity of τ on B(R)

R(−i;T )z = lim
a→−∞,b→∞

∫ b

a

sR(−i;T ) dF (s)x = lim
a,b

∫ b

a

s dF (s)R(−i;T )x

= lim
a,b

∫ b

a

s

−i − s
dF (s)x =

∫
R

s

−i − s
dF (s)x

=
∫

R

( −i
−i − s

− 1
)
dF (s)x = −iR(−i;T )x− x.



“chap10” — 2002/11/21 — page 271 — #14

10.6. Symmetric operators in Hilbert space 271

Hence x = −R(−i;T )(ix + z) ∈ R(−i;T )Z = D(TZ), and we proved that
D(TZ) = Z1.

For any non-real λ ∈ C, the function gλ(s) := (λ− s)−1 belongs to C(R̄), so
that gλ(TZ) is a well-defined operator in B(Z) and by (6)

gλ(TZ)x =
∫

R

1
λ− s

dF (s)x (x ∈ Z). (11)

Fix x ∈ Z, and let y := gλ(TZ)x (∈ Z). By the multiplicativity of τ : B(R) →
B(Z) and (10),

∫ b

a

s dF (s)y =
∫ b

a

s

λ− s
dF (s)x →

∫
R

s

λ− s
dF (s)x

=
∫

R

(
λ

λ− s
− 1
)
dF (s)x = λy − x ∈ Z.

(The limit above is the X-limit as a → −∞ and b → ∞, and it exists because
s/(λ − s) is a bounded continuous function on R.) Thus, y ∈ D(TZ) and Ty =
λy− x (by Statements 2 and 3 of the theorem). Hence (λI − T )y = x, and since
λ ∈ ρ(T ), it follows that y = R(λ;T )x, and Statement 4 is verified.

10.6 Symmetric operators in Hilbert space

In this section, T will be an unbounded densely defined operator on a given
Hilbert space X. The adjoint operator T ∗ is then a well-defined closed operator,
to which we associate the Hilbert space [D(T ∗)] with the T ∗-graph norm ‖ · ‖∗

and the inner product

(x, y)∗ := (x, y) + (T ∗x, T ∗y) (x, y ∈ D(T ∗)).

We shall also consider the continuous sesquilinear form on [D(T ∗)]

φ(x, y) := i[(x, T ∗y) − (T ∗x, y)] (x, y ∈ D(T ∗)).

Recall that T is symmetric iff T ⊂ T ∗. In particular, a symmetric operator T is
closable (since it has the closed extension T ∗). If S is a symmetric extension of
T , then T ⊂ S ⊂ S∗ ⊂ T ∗, so that S = T ∗|D, where D = D(S), and D(T ) ⊂
D ⊂ D(T ∗). Clearly φ(x, y) = 0 for all x, y ∈ D. (Call such a subspace D of
[D(T ∗)] a symmetric subspace.) By the polarization formula for the sesquilinear
form φ, D is symmetric iff φ(x, x) (= 2�(T ∗x, x) ) = 0 on D, that is, iff (T ∗x, x)
is real on D. Since T ∗ ∈ B([D(T ∗)], X), the [D(T ∗)]-closure D̄ of a symmetric
subspace D is symmetric.

If D is a symmetric subspace such that D(T ) ⊂ D ⊂ D(T ∗), then D is the
domain of the symmetric extension S := T ∗|D of T . Together with the previous
remarks, this shows that the symmetric extensions S of T are precisely the
restrictions of T ∗ to symmetric subspaces of [D(T ∗)].
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We verify easily that S is closed iff D is a closed (symmetric) subspace of
[D(T ∗)] (Suppose S is closed and xn ∈ D → x in [D(T ∗)], i.e. xn → x and
Sxn(= T ∗xn) → T ∗x in X. Since S is closed, it follows that x ∈ D, and so D is
closed in [D(T ∗)]. Conversely, if D is closed in [D(T ∗)], xn → x and Sxn → y
in X, then T ∗xn → y, and since T ∗ is closed, y = T ∗x, i.e. xn → x in [D(T ∗)].
Hence x ∈ D, and Sx = T ∗x = y, i.e. S is closed.)

Let S be a symmetric extension of the symmetric operator T . Since D(S) is
then a symmetric subspace of [D(T ∗)], so is its [D(T ∗)]-closure D(S); therefore,
the restriction of T ∗ to D(S) is a closed symmetric extension of S, which is
precisely the closure S̄ of the closable operator S. (If x ∈ D(S̄), there exist xn ∈
D(S) ⊂ D(T ∗) such that xn → x and Sxn → S̄x. Since S̄ ⊂ T ∗, we have xn → x
in [D(T ∗)], hence x ∈ D(S). Conversely, if x ∈ D(S), there exist xn ∈ D(S)
such that xn → x in [D(T ∗)], that is, xn → x and Sxn (= T ∗xn) → T ∗x, hence
x ∈ D(S̄). This shows that D(S̄) = D(S), and S̄ is the restriction of T ∗ to this
domain.)

Clearly S̄ is the minimal closed symmetric extension of S, and S is closed iff
S = S̄.

Note that T and T have equal adjoints, since

Γ(T̄ ∗) = (QΓ(T̄ ))⊥ = (QΓ(T ))⊥ = (QΓ(T ))⊥ = (QΓ(T ))⊥ = Γ(T ∗).

(The ⊥ signs and the closure signs in the third and fourth expressions refer to
the Hilbert space X ×X.)

Therefore, T and T̄ have the same family of closed symmetric extensions
(namely, the restrictions of T ∗ to closed symmetric subspaces of [D(T ∗)]).

We are interested in the family of selfadjoint extensions of T , which is con-
tained in the family of closed symmetric extensions of T . We may then assume
without loss of generality that T is a closed symmetric operator.

By the orthogonal decomposition theorem for the Hilbert space [D(T ∗)],

[D(T ∗)] = D(T ) ⊕D(T )⊥. (1)

Definition 10.10. Let T be a closed densely defined symmetric operator. The
kernels

D+ := ker (I + iT ∗); D− := ker (I − iT ∗)

are called the positive and negative deficiency spaces of T (respectively). Their
(Hilbert) dimensions n+ and n− (in the Hilbert space [D(T ∗)]) are called the
deficiency indices of T .

Note that

D+ = {y ∈ D(T ∗);T ∗y = iy}; D− = {y ∈ D(T ∗);T ∗y = −iy}. (2)

In particular, (x, y)∗ = 2(x, y) on D+ and on D−, so that the Hilbert dimensions
n+ and n− may be taken with respect to X (the deficiency spaces are also closed
in X, as can be seen from their definition and the fact that T ∗ is a closed
operator).
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We have D+ ⊥ D−, because if x ∈ D+ and y ∈ D−, then

(x, y)∗ = (x, y) + (T ∗x, T ∗y) = (x, y) + (ix,−iy) = 0.
If y ∈ D+, then for all x ∈ D(T ),

(x, y)∗ = (x, y) + (T ∗x, T ∗y) = (x, y) + (Tx, iy) = (x, y) + (x, iT ∗y)

= (x, y)− (x, y) = 0,
and similarly for y ∈ D−. Hence

D+ ⊕D− ⊂ D(T )⊥. (3)

On the other hand, if y ∈ D(T )⊥, we have

0 = (x, y)∗ = (x, y) + (Tx, T ∗y) (x ∈ D(T )),

hence (Tx, T ∗y) = −(x, y) is a continuous function of x on D(T ), that is, T ∗y ∈
D(T ∗) and T ∗(T ∗y) = −y. It follows that

(I − iT ∗)(I + iT ∗)y = (I + iT ∗)(I − iT ∗)y = 0. (4)

Therefore

y − iT ∗y ∈ ker(I + iT ∗) := D+; y + iT ∗y ∈ ker(I − iT ∗) := D−.

Consequently

y = (1/2)(y − iT ∗y) + (1/2)(y + iT ∗y) ∈ D+ ⊕D−.

This shows that D(T )⊥ ⊂ D+ ⊕D−, and we conclude from (3) and (1) that

D(T )⊥ = D+ ⊕D−, (5)

and
[D(T ∗)] = D(T )⊕D+ ⊕D−. (6)

It follows trivially from (6) that T is selfadjoint if and only if n+ = n− = 0.
Let D be a closed symmetric subspace of [D(T ∗)] containing D(T ). By the

orthogonal decomposition theorem for the Hilbert space D with respect to its
closed subspace D(T ), D = D(T ) ⊕ W , where W = D � D(T ) := D ∩ D(T )⊥

is a closed symmetric subspace of D(T )⊥. Conversely, given such a subspace W ,
the subspace D := D(T )⊕W is a closed symmetric subspace of D(T ∗). By (5),
the problem of finding all the closed symmetric extensions S of T is now reduced
to the problem of finding all the closed symmetric subspaces W of D+ ⊕ D−.
Let xk, k = 1, 2 be the components of x ∈ W in D+ and D− (x = x1 + x2
corresponds as usual to the element [x1, x2] ∈ D+ × D−). The symmetry of D
means that (T ∗x, x) is real on W . However

(T ∗x, x) = (T ∗x1 + T ∗x2, x1 + x2) = i(x1 − x2, x1 + x2)

= i(‖x1‖2 − ‖x2‖2)− 2�(x1, x2)
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is real iff ‖x1‖ = ‖x2‖. Thus, (T ∗x, x) is real on W iff the map U : x1 → x2 is
a (linear) isometry of a (closed) subspace D(U) of D+ onto a (closed) subspace
R(U) of D−. Thus, W is a closed symmetric subspace of D(T )⊥ iff

W = {[x1, Ux1];x1 ∈ D(U)}

is the graph of a linear isometry U as above. (Note that since ‖x‖∗ =
√
2‖x‖ on

D+ and D−, U is an isometry in both Hilbert spaces X and [D(T ∗)].)
Suppose D(U) is a proper (closed) subspace of D+. Let then 0 �= y ∈ D+ ∩

D(U)⊥. Necessarily, y ∈ D(S)⊥, so that for all x ∈ D(S)

0 = (x, y)∗ = (x, y) + (Sx, T ∗y) = (x, y) − i(Sx, y).

Hence (Sx, y) = −i(x, y) is a continuous function of x on D(S), that is, y ∈
D(S∗). Since 0 �= y ∈ D(S)⊥, this shows that S �= S∗. The same conclusion is
obtained if R(U) is a proper subspace of D− (same argument!). In other words,
a necessary condition for S to be selfadjoint is that U be an isometry of D+ onto
D−. Thus, if T has a selfadjoint extension, there exists a (linear) isometry of
D+ onto D− (equivalently, n+ = n−).

On the other hand, if there exists a (linear) isometry U of D+ onto D−,
define S as the restriction of T ∗ to D(S) := D(T ) ⊕ Γ(U). Since this domain
D(S) is a closed symmetric subspace of D(T ∗) (containing D(T )), S is a closed
symmetric extension of T . In particular, S ⊂ S∗, and we have the decomposition
(6) for S

D(S∗) = D(S) ⊕D+(S) ⊕D−(S). (7)

Since S∗ ⊂ T ∗, the graph inner products for S∗ and T ∗ coincide on D(S∗),
D+(S) ⊂ D+, and D−(S) ⊂ D−.

If S �= S∗, it follows from (7) that there exists 0 �= x ∈ D+(S) (or ∈ D−(S)).
Hence x + Ux ∈ D(S) (or U−1x + x ∈ D(S), respectively). Therefore by (7),
since Ux ∈ D− and x ∈ D+ (U−1x ∈ D+ and x ∈ D−, respectively),

0 = (x+ Ux, x)∗ = (x, x)∗ = 2‖x‖2 > 0

(0 = (U−1x + x, x)∗ = (x, x)∗ = 2‖x‖2 > 0, respectively), contradiction. Hence
S = S∗.

We proved the following.

Theorem 10.11. Let T be a closed densely defined symmetric operator on the
Hilbert space X. Then the closed symmetric extensions of T are the restrictions
of T ∗ to the closed subspaces of [D(T ∗)] of the form D(T ) ⊕ Γ(U), where U is
a linear isometry of a closed subspace of D+ onto a closed subspace of D−, and
Γ(U) is its graph. Such a restriction is selfadjoint if and only if U is an isometry
of D+ onto D−. In particular, T has a selfadjoint extension iff n+ = n− and has
no proper closed symmetric extensions iff at least one of its deficiency indices
vanishes.
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Exercises

The generator of a semigroup

1. (Notation as in Exercise 14, Chapter 9) The generator A of the C0-
semigroup T (·) is its strong right derivative at 0 with maximal domain
D(A): denoting the (right) differential ratio at 0 by Ah, that is, Ah :=
h−1[T (h) − I] (h > 0), we have

Ax = lim
h→0+

Ahx x ∈ D(A) = {x ∈ X; lim
h
Ahx exists}.

Prove:

(a)
⋃

t>0 V (t)X ⊂ D(A), and for each t > 0 and x ∈ X, AV (t)x = T (t)x−
x. Hint: Exercise 14(e), Chapter 9.

(b) D(A) is dense in X. Hint: by Part (a), V (t)x ∈ D(A) for any t > 0
and x ∈ X and AV (t)x = T (t)x − x. Apply Exercises 14(d) and 13(c)
in Chapter 9.

(c) For x ∈ D(A) and t > 0, T (t)x ∈ D(A) and

AT (t)x = T (t)Ax = (d/dt)T (t)x,

where the right-hand side denotes the strong derivative at t of u :=
T (·)x. Therefore u : [0,∞) → D(A) is a solution of class C1 of the
abstract Cauchy problem (ACP)

(ACP) u′ = Au u(0) = x.

Also ∫ t

0
T (s)Axds = T (t)x− x (x ∈ D(A)). (*)

Hint: for left derivation, use Exercise 14(c), Chapter 9.

(d) A is a closed operator. Hint: use the identity

V (t)Ax = AV (t)x = T (t)x− x (x ∈ D(A); t > 0)

(cf. Part a) and Exercise 13(c), Chapter 9.

(e) If v : [0,∞) → D(A) is a solution of class C1 of ACP, then v =
T (·)x. (This is the uniqueness of the solution of ACP when A is the
generator of a C0-semigroup.) In particular, the generator A determines
the semigroup T (·) uniquely. Hint: apply Exercise 13(d), Chapter 9, to
V := T (·)v(s− ·) on the interval [0, s].
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Semigroups continuous in the u.o.t.

2. (Notation as in Exercise 1.) Suppose T (h) → I in the u.o.t. (i.e. ‖T (h) −
I‖ → 0 as h → 0+). Prove:

(a) V (h) is non-singular for h small enough (which we fix from now on).
Define A := [T (h) − I]V (h)−1 (∈ B(X)).

(b) T (t)−I = V (t)A for all t ≥ 0 (with A as above). Conclude that A is the
generator of T (·) (in particular, the generator is a bounded operator).

(c) Conversely, if the generator A of T (·) is a bounded operator, then
T (t) = etA (defined by the usual absolutely convergent series in B(X))
and T (h) → I in the u.o.t. Hint: the exponential is a continuous semig-
roup (in the u.o.t.) with generator A; use the uniqueness statement in
Exercise 1(e).

The resolvent of a semigroup generator

3. Let T (·) be a C0-semigroup on the Banach space X. Let A be its generator,
and ω its type (cf. Exercise 14(f), Chapter 9). Fix a > ω. Prove:

(a) The Laplace transform

L(λ) :=
∫ ∞

0
e−λtT (t) dt

converges absolutely (in B(X)) and ‖L(λ)‖ = O(1/(�λ− a)) for �λ >
a. (Cf. Exercises 13(e) and 14(c), Chapter 9.)

(b) L(λ)(λI −A)x = x for all x ∈ D(A) and �λ > a.

(c) L(λ)X ⊂ D(A), and (λI −A)L(λ) = I for �λ > a.

(d) Conclude that σ(A) ⊂ {λ ∈ C;�λ ≤ ω} and R(λ;A) = L(λ) for
�λ > ω.

(e) For any λk > a (k = 1, . . . ,m),
∥∥∥∥∏

k

(λk − a)R(λk;A)
∥∥∥∥ ≤ M, (1)

where M is a positive constant depending only on a and T (·). In
particular

‖R(λ)m‖ ≤ M

(λ− a)m
(λ > a;m ∈ N). (2)

Hint: apply Part (d), and the multiple integral version of Exercise 13(e),
Chapter 9.
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(f) Let A be any closed densely defined operator on X whose resolvent
set contains a ray (a,∞) and whose resolvent R(·) satisfies ‖R(λ)‖ ≤
M/(λ−a) for λ > λ0 (for some λ0 ≥ a). (Such an A is sometimes called
an abstract potential.) Consider the function A(·) : (a,∞) → B(X):

A(λ) := λAR(λ) = λ2R(λ) − λI.

Then, as λ → ∞,

limA(λ)x = Ax (x ∈ D(A));

limλR(λ) = I and limAR(λ) = 0 in the s.o.t.

Note that these conclusions are valid if A is the generator of a C0-
semigroup, with a > ω fixed. Cf. Exercise 3, Parts (d) and (e).

4. Let A be a closed densely defined operator on the Banach space X such
that (a,∞) ⊂ ρ(A) and (2) in Exercise 3(e) is satisfied. Define A(·) as in
Exercise 3(f) and denote Tλ(t) := etA(λ) (the usual power series). Prove:

(a) ‖Tλ(t)‖ ≤ M exp(t(aλ/(λ− a)) for all λ > a. Conclude that

‖Tλ(t)‖ ≤ M e2at (λ > 2a) (3)

and
lim sup

λ→∞
‖Tλ(t)‖ ≤ M eat. (4)

(b) If x ∈ D(A), then uniformly for t in bounded intervals,

lim
2a<λ,µ→∞

‖Tλ(t)x− Tµ(t)x‖ = 0. (5)

Hint: apply Exercise 13(d), Chapter 9, to the function V (s) := Tλ(t −
s)Tµ(s) on the interval [0, t]; Exercise 1(c) to the semigroups Tλ(·) and
Tµ(·); Part (a), and Exercise 3(f).

(c) For each x ∈ X, {Tλ(t)x;λ → ∞} is Cauchy (uniformly for t in bounded
intervals). (Use Part (b), the density of D(A), and (3) in Part (a))
Define then

T (t) = lim
λ→∞

Tλ(t)

in the s.o.t. Then T (·) is a strongly continuous semigroup such that
‖T (t)‖ ≤ M eat and

T (t)x− x =
∫ t

0
T (s)Axds (x ∈ D(A)). (6)

Hint: use (*) in Exercise 1(c) for the semigroup etA(λ), and apply
Exercise 3(f).
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(d) If A′ is the generator of the semigroup T (·) defined in Part (c), then
A ⊂ A′. Since λI − A and λI − A′ are both one-to-one and onto for
λ > a and coincide on D(A), conclude that A′ = A.

(e) An operator A with domain D(A) ⊂ X is the generator of a C0-
semigroup satisfying ‖T (t)‖ ≤ M eat for some real a iff it is closed,
densely defined, (a,∞) ⊂ ρ(A) and (2) is satisfied. (Collect informa-
tion from above!) This is the Hille-Yosida theorem. In particular (case
M = 1 and a = 0), A is the generator of a contraction semigroup iff
it is closed, densely defined, and λR(λ) exist and are contractions for
all λ > 0. (Terminology: the bounded operators A(λ) are called the
Hille–Yosida approximations of the generator A.)

Core for the generator

5. Let T (·) be a C0-semigroup on the Banach space X, and let A be its
generator. Prove:

(a) T (·) is a C0-semigroup on the Banach space [D(A)]. (Recall that the
norm on [D(A)] is the graph norm ‖x‖A := ‖x‖ + ‖Ax‖.)

(b) Let D be a T (·)-invariant subspace of D(A), dense in X. For each
x ∈ D, consider V (t)x :=

∫ t

0 T (s)x ds (defined in the Banach space D̄,
the closure of D in [D(A)]). Given x ∈ D(A), let xn ∈ D be such that
xn → x (in X, by density of D in X). Then V (t)xn → V (t)x in the
graph-norm. Conclude that V (t)x ∈ D̄ for each t > 0, and therefore
x ∈ D̄, that is, D is dense in [D(A)]. (A dense subspace of [D(A)] is
called a core for A.) Thus, a T(·)-invariant subspace of D(A) which
is dense in X is a core for A. (On the other hand, a core D for A is
trivially dense in X, since D(A) is dense in X and D is ‖ · ‖A-dense in
D(A).)

(c) A C∞-vector for A is a vector x ∈ X such that T (·)x is of class C∞

(‘strongly’) on [0,∞). Let D∞ denote the space of all C∞-vectors for
A. Then

D∞ =
∞⋂

n=1

D(An). (7)

(d) Let φn ∈ C∞
c (R) be non-negative, with support in (0, 1/n) and integral

equal to 1. Given x ∈ X, let xn =
∫
φn(t)T (t)x dt. Then

(i) xn → x in X;

(ii) xn ∈ D(A) and Axn = − ∫ φ′
n(t)T (t)x dt;

(iii) xn ∈ D(Ak) and Akxn = (−1)k
∫
φ

(k)
n (t)T (t)x dt for all k ∈ N. In

particular, xn ∈ D∞.

Conclude that D∞ is dense in X and is a core for A. (Cf. Part (b).)
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The Hille–Yosida space of an arbitrary operator.

6. Let A be an unbounded operator on the Banach space X with (a,∞) ⊂
ρ(A), for some real a. Denote its resolvent by R(·). Let A be the multipli-
cative semigroup generated by the set {(λ−a)R(λ);λ > a}. Let Z := Z(A)
(cf. Theorem 9.11), and consider AZ , the part of A in Z. The Hille–Yosida
space for A, denoted W , is the closure of D(AZ) in the Banach subspace Z.
Prove:

(a) W is R(λ)-invariant for each λ > a and R(λ;AW ) = R(λ)|W . In
particular, AW is closed as an operator in the Banach space W .

(b) ‖R(λ;AW )m‖B(W ) ≤ 1/(λ− a)m for all λ > a and m ∈ N.

(c) limλ→∞ λR(λ;AW )w = w in the Z-norm. Conclude that D(AW ) is
dense in W .

(d) AW generates a C0-semigroup T (·) on the Banach space W, such that
‖T (t)‖B(W ) ≤ eat.

(e) If Y is a Banach subspace of X such that AY generates a C0-semigroup
on Y with the growth condition ‖T (t)‖B(Y ) ≤ eat, then Y is a Banach
subspace of W . (This is the maximality of the Hille–Yosida space.)

Convergence of semigroups

7. Let {Ts(·); 0 ≤ s < c} be a family of C0-semigroups on the Banach space
X, such that

‖Ts(t)‖ ≤ M eat (t ≥ 0; 0 ≤ s < c) (8)

for some M ≥ 1 and a ≥ 0. Let As be the generator of Ts(·), and denote
T (·) = T0(·) and A = A0. Note that (8) implies that

‖R(λ;As)‖ ≤ M/(λ− a) (λ > a; s ∈ [0, c)). (9)

Fix a core D for A. We say that As graph-converge on D to A (as s → 0)
if for each x ∈ D, there exists a vector function s ∈ (0, c) → xs ∈ X such
that xs ∈ D(As) for each s and [xs, Asxs] → [x,Ax] in X ×X. Prove:

(a) As graph-converge to A on D iff, for each λ > a and y ∈ (λI − A)D,
there exists a vector function s → ys such that [ys, R(λ;As)y] →
[y,R(λ;A)y] in X ×X (as s → 0). Hint: ys = (λI −As)xs and (9).

(b) If As graph-converge to A, then as s → 0, R(λ;As) → R(λ;A) in
the s.o.t. for all λ > a (the later property is called resolvents strong
convergence). Hint: show that (λI−A)D is dense in X, and use Part (a)
and (9).

(c) Conversely, resolvents strong convergence implies graph-convergence on
D. (Given y ∈ (λI −A)D, choose ys = y constant!)
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(d) If T ′(·) is also a C0-semigroup satisfying (8), and A′ is its generator,
then

R(λ;A′)[T ′(t)−T (t)]R(λ;A) =
∫ t

0
T ′(t−u)[R(λ;A′)−R(λ;A)]T (u) du

(10)
for �λ > a and t ≥ 0. Hint: verify that the integrand in (10) is the deriv-
ative with respect to u of the function −T ′(t− u)R(λ;A′)T (u)R(λ;A).

(e) Resolvents strong convergence implies semigroups strong convergence,
that is, for each 0 < τ < ∞,

sup
t≤τ

‖Ts(t)x− T (t)x‖ → 0 (11)

as s → 0. Hint: by (8), it suffices to consider x ∈ D(A) = R(λ;A)X.
Write [Ts(t)−T (t)]R(λ;A)y = R(λ;As)[Ts(t)−T (t)]y+Ts(t)[R(λ;A)−
R(λ;As)]y + [R(λ;As)−R(λ;A)]T (t)y. Estimate the norm of the first
summand for y ∈ D(A) (hence y = R(λ;A)x) using (10), and use the
density of D(A) and (8)–(9). The second summand → 0 strongly, uni-
formly for t ≤ τ , by (8)–(9). For the third summand, consider again y ∈
D(A), for which one can use the relation T (t)y = y+

∫ t

0 T (u)Ay du. Cf.
Exercise 13(b), Chapter 9, and the Dominated Convergence theorem.

(f) Conversely, semigroups strong convergence implies resolvents strong
convergence. Hint: Use the Laplace integral representation of the
resolvents.

Collecting, we conclude that generators graph-convergence, resolvents
strong convergence, and semigroups strong convergence are equivalent
(when Condition (8) is satisfied).

Exponential formulas

8. Let A be the generator of a C0-semigroup T (·) of contractions on the Banach
space X.

Let F : [0,∞) → B(X) be contraction-valued, such that F (0) = I and
the (strong) right derivative of F (·)x at 0 coincides with Ax, for all x in a
core D for A. Prove:

(a) Fix t > 0 and define An as in Exercise 21(f), Chapter 6. Then etAn −
F (t/n)n → 0 in the s.o.t. as n → ∞.

(b) s → esAn is a (uniformly continuous) contraction semigroup, for each
n ∈ N. (Cf. Exercise 21(a), Chapter 6.)

(c) Suppose T (·) is a contraction C0-semigroup. As n → ∞, the semigroups
esAn converge strongly to the semigroup T (s), uniformly on compact
intervals. (Cf. conclusion of Exercise 7 above; note that Anx → Ax for
all x ∈ D.) Conclude that F (t/n)n → T (t) in the s.o.t., for each t ≥ 0.
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(d) Let T (·) be a C0-semigroup such that ‖T (t)‖ ≤ eat, and consider the
contraction semigroup S(t) := e−atT (t) (with generator A−aI; a ≥ 0).
Choose F as follows: F (0) = I and for 0 < s < 1/a,

F (s) := (s−1 − a)R(s−1;A) = (s−1 − a)R(s−1 − a;A− aI).

Verify that F satisfies the hypothesis stated at the beginning of the
exercise, and conclude that

T (t) = lim
n→∞

[n
t
R
(n
t
;A
)]n

(12)

in the s.o.t., for each t > 0.

(e) Let T (·) be any C0-semigroup. By Exercise 14(c), Chapter 9, ‖T (t)‖ ≤
M eat for some M ≥ 1 and a ≥ 0. Consider the equivalent norm

|x| := sup
t≥0

e−at‖T (t)x‖ (x ∈ X).

Then |T (t)x| ≤ eat|x|, and therefore (12) is valid over (X, | · |), hence
over X (since the two norms are equivalent). Relation (12) (true for
any C0-semigroup!) is called the exponential formula for semigroups.

(f) Let A,B,C generate contraction C0-semigroups S(·), T (·), U(·),
respectively, and suppose C = A+B on a core D for C. Then

U(t) = lim
n→∞[S(t/n)T (t/n)]

n (t ≥ 0) (13)

in the s.o.t. Hint: Choose F (t) = S(t)T (t) in Part (c).

Groups of operators

9. A group of operators on the Banach space X is a map T (·) : R → B(X)
such that

T (s+ t) = T (s)T (t) (s, t ∈ R).

We assume that it is of class C0, that is, the semigroup T (·)|[0,∞) is of class
C0. Let A be the generator of this semigroup. Prove:

(a) The semigroup S(t) := T (−t), t ≥ 0, is of class C0, and has the
generator −A.

(b) σ(A) is contained in the strip

Ω : −ω′ ≤ �λ ≤ ω,

where ω, ω′ are the types of the semigroups T (·) and S(·), respectively.
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Fix a > ω and a′ > ω′, and let

Ω′ = {λ ∈ C; −a′ ≤ �λ ≤ a}.

For λ /∈ Ω′,

‖R(λ;A)n‖ ≤ M

d(λ,Ω′)
. (14)

If A generates a bounded C0-group, then σ(A) ⊂ iR and

||R(λ;A)n|| ≤ M

|�λ|n

where M is a bound for ‖T (·)‖.

(c) An operator A generates a C0-group of operators iff it is closed, densely
defined, has spectrum in a strip Ω as in Part (b), and (14) is satis-
fied for all real λ /∈ [−a′, a]. Hint: apply the Hille–Yosida theorem (cf.
Exercise 4(e)) separately in the half-planes �λ > a and �λ > a′.

(d) Let T (·) be a C0-group of unitary operators on a Hilbert space X. Let
H = −iA, where A is the generator of T (·). Then H is a (closed, densely
defined) symmetric operator with real spectrum. In particular, iI −H
and −iI−H are both onto, so that the deficiency indices of H are both
zero. Therefore H is selfadjoint (cf. (6) following Definition 10.10).

(e) Define eitH by means of the operational calculus for the selfadjoint
operator H. This is a C0-group with generator iH = A, and therefore
T (t) = eitH (cf. Exercise 1(e): the generator determines the semigroup
uniquely). This representation of unitary groups is Stone’s theorem.
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Probability

I.1 Heuristics

A fundamental concept in Probability Theory is that of an event. The ‘real world’
content of the ‘event’ plays no role in the mathematical analysis. What matters
is only the event’s occurrence or non-occurrence.

Two ‘extreme’ events are the empty event ∅ (which cannot occur), and the
sure event Ω (which occurs always).

To each event A, one associates the complementary event Ac, which occurs if
and only if A does not occur.

If the occurrence of the event A forces the occurrence of the event B, one
says that A implies B, and one writes A ⊂ B. One has trivially ∅ ⊂ A ⊂ Ω for
any event A.

The events A,B are equivalent (notation: A = B) if they imply each other.
Such events are identified.

The intersection A ∩ B of the events A and B occurs if and only if A and B
both occur. If A ∩ B = ∅ (i.e. if A and B cannot occur together), one says that
the events are mutually disjoint; for example, for any event A, the events A and
Ac are mutually disjoint.

The union A∪B of the events A,B is the event that occurs iff at least one of
the events A,B occurs. The operations ∩ and ∪ are trivially commutative, and
satisfy the following relations:

A ∪ Ac = Ω;

A ∩ B ⊂ A ⊂ A ∪ B.

One verifies that the algebra of events satisfies the usual associative and dis-
tributive laws for the family P(Ω) of all subsets of a set Ω, with standard
operations between subsets, as well as the DeMorgan (dual) laws:(⋃

k

Ak

)c

=
⋂
k

Ac
k;

(⋂
k

Ak

)c

=
⋃
k

Ac
k,
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for any sequence of events {Ak}. Mathematically, we may then view the sure
event Ω as a given set (called the sample space), and the set of all events (for a
particular probability problem) as an algebra of subsets of Ω.

Since limiting processes are central in Probability Theory, countable unions of
events should also be events. Therefore, in the set-theoretical model, the algebra
of events is required to be a σ-algebra A.

The second fundamental concept of Probability Theory is that of a probability.
Each event A ∈ A is assigned a probability P (A) (also denoted PA), such that

(1) 0 ≤ P (A) ≤ 1 for all A ∈ A;

(2) P (
⋃

Ak) =
∑

P (Ak) for any sequence of mutually disjoint events Ak; and

(3) P (Ω) = 1.

In other words, P is a ‘normalized’ finite positive measure on the measurable
space (Ω,A). The measure space (Ω,A, P ) is called a probability space. Note that
P (Ac) = 1 − P (A).

Examples.

(1) The trivial probability space (Ω,A, P ) has Ω arbitrary, A = {∅,Ω}, P (∅) =
0, and P (Ω) = 1.

(2) Discrete probability space. Ω is the union of finitely many mutually disjoint
events A1, . . . , An, with probabilities P (Ak) = pk, pk ≥ 0, and

∑
pk = 1.

The family A consists of ∅ and all finite unions A =
⋃
k∈J Ak, where

J ⊂ {1, . . . , n}. One lets P (∅) = 0 and P (A) =
∑

k∈J pk.
This probability space is the (finite) discrete probability space. When

pk = p for all k (so that p = 1/n), one gets the (finite) uniform probability
space. The formula for the probability reduces in this special case to

P (A) =
|A|
n

,

where |A| denotes the number of points in the index set J (i.e. the number
of ‘elementary events’ Ak contained in A).

(3) Random sampling. A sample of size s from a population P of N ≥ s
objects is a subset S ⊂ P with s elements (|S| = s). The sampling is
random if all

(
N
s

)
samples of size s are assigned the same probability (i.e.

the corresponding probability space is a uniform probability space, where
Ω is the set of all samples of given size s; this is actually the origin of
the name ‘sample space’ given to Ω). The elementary event of getting any
particular sample of size s has probability 1/

(
N
s

)
.

Suppose the population P is the disjoint union of m sub-populations (‘layers’)
Pi of size Ni(

∑
Ni = N). The number of size s samples with si objects from

Pi(i = 1, . . . ,m;
∑

si = s) is the product of the binomial coefficients
(
Ni

si

)
. There-

fore, if As1,...,sm denotes the event of getting si objects from Pi(i = 1, . . . ,m) in
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a random sampling of s objects from the multi-layered population P, then

P (As1,...,sm
) =

(
N1
s1

) · · · (Nm

sm

)
(
N
s

) .

An ordered sample of size s is an ordered s-tuple (x1, . . . , xs) ⊂ P (we may think
of xi as the object drawn at the ith drawing from the population). The number
of such samples is clearly N(N − 1) · · · (N − s + 1) (since there are N possible
outcomes of the first drawing, N − 1 for the second, etc.). Fixing one specific
object, let A denote the event of getting that object in some specific drawing.
Since the procedure is equivalent to (ordered) sampling of size s − 1 from a
population of size N − 1, we have |A| = (N − 1) · · · [(N − 1) − (s − 1) + 1], and
therefore, for random sampling (the uniform model!),

P (A) = |A|/|Ω| =
(N − 1) · · · (N − s + 1)
N(N − 1) · · · (N − s + 1)

= 1/N.

This probability is independent of the drawing considered! This fact is referred
to as the ‘equivalence law of ordered sampling’.

I.2 Probability space

Let (Ω,A, P ) be a probability space, that is, a normalized finite positive meas-
ure space. Following the above terminology, the ‘measurable sets’ A ∈ A are
called the events; Ω is the sure event; ∅ is the empty event; the measure P is
called the probability. One says almost surely (a.s.) instead of ‘almost every-
where’ (or ‘with probability one’, since the complement of the exceptional set
has probability one).

If f is a real valued function on Ω, it is desirable that the sets [f > c] be
events for any real c, that is, that f be measurable. Such functions will be called
real random variables (r.v.). Similarly, a complex r.v. is a complex measurable
function on Ω.

The simplest r.v. is the indicator IA of an event A ∈ A. We clearly have

IAc = 1 − IA; (1)

IA∩B = IAIB ; (2)

IA∪B = IA + IB − IA∩B (3)

for any events A,B, and
I⋃

k Ak
=

∑
k

IAk
(4)

for any sequence {Ak} of mutually disjoint events.
A finite linear combination of indicators is a ‘simple random variable’; L1(P )

is the space of ‘integrable r.v.’s’ (real or complex, as needed); the integral over Ω
of an integrable r.v. X is called its expectation, and is denoted by E(X) or EX:

E(X) :=
∫

Ω
X dP, X ∈ L1(P ).
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The functional E on L1(P ) is linear, positive, bounded (with norm 1), and
E1 = 1. For any A ∈ A,

E(IA) = P (A).

For a simple r.v. X,EX is then the weighted arithmetical average of its values,
with weights equal to the probabilities that X assume these values.

The obvious relations

P (Ac) = 1 − P (A); P (A ∪ B) = PA + PB − P (A ∩ B),

parallel (1) and (3); however, the probability analogue of (2), namely P (A ∩
B) = P (A)P (B), is not true in general. One says that the events A and B are
(stochastically) independent if

P (A ∩ B) = P (A)P (B).

More generally, a family F ⊂ A of events is (stochastically) independent if

P

(⋂
k∈J

Ak

)
=

∏
k∈J

P (Ak)

for any finite subset {Ak; k ∈ J} ⊂ F .
The random variables X1, . . . , Xn are (stochastically) independent if for any

choice of Borel sets B1, . . . , Bn in R (or C), the events X−1
1 (B1), . . . , X−1

n (Bn)
are independent.

Theorem I.2.1. If X1, . . . , Xn are (real) independent r.v.’s, and f1, . . . , fn are
(real or complex) Borel functions on R, then f1(X1), . . . , fn(Xn) are independent
r.v.’s.

Proof. For simplicity of notation, we take n = 2 (the general case is analogous).
Thus, X,Y are independent r.v.’s, and f, g are real (or complex) Borel functions
on R. Let A,B be Borel subsets of R (or C). Then

P (f(X)−1(A) ∩ g(Y )−1(B)) = P (X−1[f−1(A)] ∩ Y −1[g−1(B)])

= P (X−1[f−1(A)])P (Y −1[g−1(B)]) = P (f(X)−1(A))P (g(Y )−1(B)).

In particular, when X,Y are independent r.v.’s, the random variables aX + b
and cY + d are independent for any constants a, b, c, d. For example, if X,Y are
independent integrable r.v.’s, then X−EX and Y −EY are independent central
(integrable) r.v.’s, where ‘central’ means ‘with expectation zero’.

Theorem I.2.2 (Multiplicativity of E on independent r.v.’s). If
X1, . . . , Xn are independent integrable r.v.’s, then

∏
Xk is integrable and

E
(∏

Xk

)
=

∏
E (Xk) .
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Proof. The proof is by induction on n. It suffices therefore to prove the theorem
for two independent integrable r.v.’s X,Y .

Case 1. Simple r.v.’s:

X =
∑

xjIAj
, Y =

∑
ykIBk

,

with all xj distinct, and all yk distinct. Thus Aj = X−1({xj}) and Bk =
Y −1({yk}) are independent events. Hence

E(XY ) = E


∑

j,k

xjykIAj
IBk


 =

∑
xjykE(IAj∩Bk

)

=
∑

xjykP (Aj ∩ Bk) =
∑

xjykP (Aj)P (Bk)

=
∑
j

xjP (Aj)
∑
k

ykP (Bk) = E(X)E(Y ).

Case 2. Non-negative (integrable) r.v.’s X,Y :
For n = 1, 2, . . ., let

An,j := X−1
([

j − 1
2n

,
j

2n

))

and

Bn,k := Y −1
([

k − 1
2n

,
k

2n

))
,

with j, k = 1, . . . , n2n. Consider the simple r.v’s

Xn =
n2n∑
j=1

j − 1
2n

IAn,j
,

Yn =
n2n∑
k=1

k − 1
2n

IBn,k
.

For each n,Xn, Yn are independent, so that by Case 1, E(XnYn) = E(Xn)E(Yn).
Since the non-decreasing sequences {Xn}, {Yn}, and {XnYn} converge to X,Y ,
and XY , respectively, it follows from the Lebesgue Monotone Convergence
theorem that

E(XY ) = limE(XnYn) = limE(Xn)E(Yn) = E(X)E(Y )

(and in particular, XY is integrable).
Case 3. X,Y real independent integrable r.v.’s:
In this case, |X|, |Y | are independent (by Theorem I.2.1), and by Case 2,

E(|XY |) = E(|X|)E(|Y |) < ∞,
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so that XY is integrable. Also by Theorem I.2.1, X ′, Y ′ are independent r.v.’s,
where the prime stands for either + or −. Therefore, by Case 2,

E(XY ) = E((X+ − X−)(Y + − Y −))

= E(X+)E(Y +) − E(X−)E(Y +) − E(X+)E(Y −) + E(X−)E(Y −)

= [E(X+) − E(X−)][E(Y +) − E(Y −)] = E(X)E(Y ).

The case of complex X,Y follows from Case 3 in a similar fashion.

Definition I.2.3. If X is a real r.v., its characteristic function (ch.f.) is defined
by

fX(u) := E(eiuX) (u ∈ R).

Clearly fX is a well-defined complex valued function, |fX | ≤ 1, fX(0) = 1,
and one verifies easily that it is uniformly continuous on R.

Corollary I.2.4. The ch.f. of the sum of independent real r.v.’s is the product
of their ch.f.’s.

Proof. If X1, . . . , Xn are independent real r.v.’s, it follows from Theorem I.2.1
that eiuX1 , . . . , eiuXn are independent (complex) integrable r.v.’s, and therefore,
if X :=

∑
Xk and u ∈ R,

fX(u) := E(eiuX) = E

(∏
k

eiuXk

)
=

∏
k

E(eiuXk) =
∏
k

fXk
(u)

by Theorem I.2.2.

L2-random variables

Terminology I.2.5. If X ∈ L2(P ), Schwarz’s inequality shows that

E(|X|) = E(1.|X|) ≤ ‖1‖2‖X‖2 = ‖X‖2,

that is, X is integrable, and

σ(X) := ‖X − EX‖2 < ∞

is called the standard deviation (s.d.) of X (this is the L2-distance from X to its
expectation). The square of the s.d. is the variance of X.

If X,Y are real L2-r.v.’s, the product (X − EX)(Y − EY ) is integrable (by
Schwarz’s inequality). One defines the covariance of X and Y by

cov(X,Y ) := E((X − EX)(Y − EY )).

In particular,
cov(X,X) = σ2(X).
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By Schwarz’s inequality,

|cov(X,Y )| ≤ σ(X)σ(Y ).

The linearity of E implies that

cov(X,Y ) = E(XY ) − E(X)E(Y ), (5)

and in particular (for Y = X),

σ2(X) = E(X2) − (EX)2. (6)

By (5), cov(X,Y ) = 0 if X,Y are independent (cf. Theorem I.2.2). The converse
is false in general, as can be seen by simple counter-examples.

The L2-r.v.s X,Y are said to be uncorrelated if cov(X,Y ) = 0.
If X = IA and Y = IB(A,B ∈ A), then by (5),

cov(IA, IB) = E(IAIB) − E(IA)E(IB) = P (A ∩ B) − P (A)P (B). (7)

Thus, indicators are uncorrelated iff they are independent! Taking B = A (with
PA = p, so that P (Ac) = 1 − p := q), we see from (6) that

σ2(IA) = E(IA) − E(IA)2 = p − p2 = pq. (8)

Lemma I.2.6. Let X1, . . . , Xn be real L2-r.v.s. Then

σ2

(∑
k

Xk

)
=

∑
k

σ2(Xk) + 2
∑

1≤j<k≤n
cov(Xj , Xk).

In particular, if Xj are pairwise uncorrelated, then

σ2

(∑
k

Xk

)
=

∑
k

σ2(Xk)

(BienAyme’s identity).

Proof.

σ2
(∑

Xk

)
= E

(∑
Xk −

∑
EXk

)2
= E

(∑
[Xk − EXk]

)2

= E

[∑
(Xk − EXk)2 + 2

∑
j<k

(Xj − EXj)(Xk − EXk)
]

=
∑

σ2(Xk) + 2
∑
j<k

cov(Xj , Xk).
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Example I.2.7. Let {Ak} ⊂ A be a sequence of pairwise independent events.
Let

Sn :=
n∑

k=1

IAk
, n = 1, 2, . . .

Then

ESn =
n∑

k=1

PAk; σ2(Sn) =
n∑

k=1

PAk(1 − PAk).

In particular, when PAk = p for all k (the so-called ‘Bernoulli case’), we have

ESn = np; σ2(Sn) = npq.

Note that for each ω ∈ Ω, Sn(ω) is the number of events Ak with k ≤ n for which
ω ∈ Ak (‘the number of successes in the first n trials’).

For 0 ≤ j ≤ n, Sn(ω) = j iff there are precisely j events Ak, 1 ≤ k ≤ n, such
that ω ∈ Ak (and ω ∈ Ac

k for the remaining n − j events). Since there are
(
n
j

)
possibilities to choose j indices k from the set {1, . . . , n} (for which ω ∈ Ak),
and these choices define mutually disjoint events, we have in the Bernoulli case

P [Sn = j] =
(
n

j

)
pjqn−j . (*)

One calls Sn the ‘Bernoulli random variable’, and (*) is its distribution.

Example I.2.8. Consider random sampling from a two-layered population (see
Section I.1, Example 3). Let Bk be the event of getting an object from the layer
P1 in the kth drawing, and let Ds =

∑s
k=1 IBk

. In our previous notations (with
m = 2),

P [Ds = s1] =

(
N1
s1

)(
N2
s2

)
(
N
s

) ,

where s1 + s2 = s and N1 + N2 = N .
By the equivalence principle of ordered sampling (cf. Section I.1), PBk =

N1/N for all k, and therefore

EDs =
∑

PBk = s
N1

N
.

Note that the events Bk are dependent (drawing without return!). In the case of
drawings with returns, the events Bk are independent, and Ds is the Bernoulli
r.v., for which we saw that EDs = sp = s(N1/N) (since p := PBk). Note that
the expectation is the same in both cases (of drawings with or without returns).

For 1 ≤ j < k ≤ s, one has

P (Bk ∩ Bj) =
N1

N

N1 − 1
N − 1

by the equivalence principle of ordered sampling. Therefore, by (7),

cov(IBk
, IBj ) =

N1

N

N1 − 1
N − 1

−
(
N1

N

)2

,
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independently of k, j. By Lemma I.2.6,

σ2(Ds) = s
N1

N

(
1 − N1

N

)
+ s(s − 1)

[
N1

N

N1 − 1
N − 1

−
(
N1

N

)2
]

=
N − s

N − 1
s
N1

N

(
1 − N1

N

)
.

Thus, the difference between the variances for the methods of drawing with or
without returns appears in the correcting factor (N − s)/(N − 1), which is close
to 1 when the sample size s is small relative to the population size N .

One calls Ds the hypergeometric random variable.

Example I.2.9. Suppose we mark N ≥ 1 objects with numbers 1, . . . , N . In
drawings without returns from this population of objects, let Ak denote the event
of drawing precisely the kth object in the kth drawing (‘matching’ in the kth
drawing). In this case, the r.v.

S =
N∑
k=1

IAk

‘is’ the number of matchings in N drawings.
By the equivalence principle of ordered sampling, PAk = 1/N and P (Ak ∩

Aj) = (1/N)(1/(N − 1)), independently of k and j < k. Hence

ES =
N∑
k=1

PAk = 1,

cov(IAk
, IAj ) =

1
N(N − 1)

− 1
N2 ,

and consequently, by Lemma I.2.6,

σ2(S) = N
1
N

(
1 − 1

N

)
+ 2

(
N

2

)[
1

N(N − 1)
− 1

N2

]
= 1.

Lemma I.2.10. Let X be any r.v. and ε > 0.

(1) If X ∈ L2(P ), then

P [|X − EX| ≥ ε] ≤ σ2(X)
ε2

.

(Tchebichev’s inequality).

(2) If |X| ≤ 1, then
P [|X| ≥ ε] ≥ E(|X|2) − ε2.

(Kolmogorov’s inequality).
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Proof. Denote A = [|X − EX| ≥ ε]. Since |X − EX|2 ≥ |X − EX|2IA ≥ ε2IA,
the monotonicity of E implies that

σ2(X) := E(|X − EX|2) ≥ ε2E(IA) = ε2P (A),

and Part (1) is verified.
In case |X| ≤ 1, denote A = [|X| ≥ ε]. Then

|X|2 = |X|2IA + |X|2IAc ≤ IA + ε2,

and Part (2) follows by applying E.

Corollary I.2.11. Let X be an integrable r.v. with |X − EX| ≤ 1. Then for
any ε > 0,

σ2(X) − ε2 ≤ P [|X − EX| ≥ ε] ≤ σ2(X)
ε2

.

(Note that X is bounded, hence in L2(P ), so that we may apply Part (1) to X
and Part (2) to X − EX.)

Corollary I.2.12. Let {Ak} be a sequence of events, and let Xn =
(1/n)

∑n
k=1 IAk

(the occurrence frequency of the first n events). Then Xn−EXn

converge to zero in probability (i.e. P [|Xn − EXn| ≥ ε] → 0 as n → ∞, for any
ε > 0) if and only if σ2(Xn) → 0.

Proof. Since 0 ≤ IAk
, PAk ≤ 1, we clearly have |IAk

−PAk| ≤ 1, and therefore

|Xn − EXn| ≤ 1
n

n∑
k=1

|IAk
− PAk| ≤ 1.

The result follows then by applying Corollary I.2.11.

Example I.2.13. Suppose the events Ak are pairwise independent and PAk = p
for all k. By Example I.2.7, EXn = p and σ2(Xn) = pq/n → 0, and consequently,
by Corollary I.2.12, Xn → p in probability. This is the Bernoulli Law of Large
Numbers (the ‘success frequencies’ converge in probability to the probability of
success when the number of trials tends to ∞).

Example I.2.14. Let {Xk} be a sequence of pairwise uncorrelated L2-random
variables, with

EXk = µ, σ(Xk) = σ (k = 1, 2, . . .)

(e.g., Xk is the outcome of the kth random drawing from an infinite population,
or from a finite population with returns). Let

Mn :=
1
n

n∑
k=1

Xk

(the ‘sample mean’ for a sample of size n). Then, by Lemma I.2.6,

E(Mn) = µ; σ2(Mn) = σ2/n.
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By Lemma I.2.10,

P [|Mn − µ| ≥ ε] ≤ σ2

nε2

for any ε > 0, and therefore Mn → µ in probability (when n → ∞). This is
the so-called Weak Law of Large Numbers (the sample means converge to the
expectation µ when the sample size tends to infinity). The special case Xk = IAk

for pairwise independent events Ak with PAk = p is precisely the Bernoulli Law
of Large Numbers of Example I.2.13.

The Bernoulli Law is generalized to dependent events in the next section.

Theorem I.2.15 (Generalized Bernoulli law of large numbers). Let {Ak}
be a sequence of events. Set

p1(n) :=
1
n

n∑
k=1

PAk,

p2(n) :=
1(
n
2

) ∑
1≤j<k≤n

P (Ak ∩ Aj),

and
dn := p2(n) − p2

1(n).
Let Xn be as in Corollary I.2.12 [the occurrence frequency of the first n events].

Then Xn − EXn → 0 in probability if and only if dn → 0.

Proof. By Lemma I.2.6 and relations (7) and (8) preceding it, we obtain by a
straightforward calculation

σ2(Xn) =
1
n2

n∑
k=1

[PAk − (PAk)2] +
2
n2

∑
1≤j<k≤n

[P (Ak ∩ Aj) − PAk · PAj ]

= dn + (1/n)[p1(n) − p2(n)]. (9)

Therefore
|σ2(Xn) − dn| ≤ (1/n)|p1(n) − p2(n)|.

However pi(n) are arithmetical means of numbers in the interval [0, 1], hence
they belong to [0, 1]; therefore |p1 − p2| ≤ 1 and so

|σ2(Xn) − dn| ≤ 1
n
. (10)

In particular, σ2(Xn) → 0 iff dn → 0, and the theorem follows then from
Corollary I.2.12.

Remark I.2.16. Note that when the events Ak are pairwise independent,

|dn| =
∣∣∣∣ 2
n(n − 1)

∑
1≤j<k≤n

P (Ak)P (Aj) − 2
n2

∑
j<k

P (Ak)P (Aj) − 1
n2

n∑
k=1

P (Ak)2
∣∣∣∣

= (1/n)

∣∣∣∣∣∣
1(
n
2

) ∑
j<k

P (Ak)P (Aj) − 1
n

n∑
k=1

P (Ak)2

∣∣∣∣∣∣ .
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Both arithmetical means between the absolute value signs are means of numbers
in [0,1], and are therefore in [0,1]. The distance between them is thus ≤1, hence
|dn| ≤ 1/n, and the condition of the theorem is satisfied. Hence Xn − EXn

converge in probability to zero, even without the assumption PAk = p (for all k)
of the Bernoulli case.

We consider next the stronger property of almost sure convergence to zero of
Xn − EXn.

Theorem I.2.17 (Borel’s strong law of large numbers). With notations
as in Theorem I.2.15, suppose that dn = O(1/n). Then Xn − EXn converge to
zero almost surely.

This happens in particular when the events Ak are pairwise independent,
hence in the Bernoulli case.

Proof. We first prove the following:

Lemma. Let {Xn} be any sequence of r.v.’s such that∑
n

P [|Xn| ≥ 1/m] < ∞

for all m = 1, 2, . . .
Then Xn → 0 almost surely.

Proof of lemma. Observe that by definition of convergence to 0,

[Xn → 0] =
⋂
m

⋃
n

⋂
k

[|Xn+k| < 1/m],

where all indices run from 1 to ∞. By DeMorgan’s laws, we then have

[Xn → 0]c =
⋃
m

⋂
n

⋃
k

[|Xn+k| ≥ 1/m]. (11)

Denote the ‘innermost’ union in (11) by Bnm, and let Bm :=
⋂
nBnm. We have

(by the σ-subadditivity of P ):

PBnm ≤
∑
k

P [|Xn+k| ≥ 1/m] =
∞∑

r=n+1

P [|Xr| ≥ 1/m] →n→∞ 0

by the Lemma’s hypothesis, for all m. Therefore, since PBm ≤ PBnm for all n,
we have PBm = 0 (for all m), and consequently

P ([Xn → 0]c) = P (
⋃
m

Bm) = 0.

Back to the proof of the theorem, recall (10) from Section I.2.15:

|σ2(Xn) − dn| ≤ 1/n.
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Since |dn| ≤ c/n by hypothesis, we have σ2(Xn) ≤ (c + 1)/n. By Tchebichev’s
inequality, ∑

k

P [|Xk2 − EXk2 | ≥ 1/m] ≤ m2
∑

k

σ2(Xk2)

≤ (c+ 1)m2
∑

k

(1/k2) < ∞.

By the lemma, we then have almost surely

Xk2 − EXk2 → 0.

For each n ∈ N, let k be the unique k ∈ N such that

k2 ≤ n < (k + 1)2.

Necessarily n− k2 ≤ 2k and k → ∞ when n → ∞. We have

|Xn −Xk2 | =
∣∣∣∣
(

1
n

− 1
k2

) k2∑
j=1

IAj
+

1
n

n∑
j=k2+1

IAj

∣∣∣∣
≤ n− k2

nk2 k2 +
n− k2

n
= 2

n− k2

n
≤ 4k
k2 = 4/k.

Hence also
|EXk2 − EXn| = |E(Xk2 −Xn)| ≤ 4/k,

and therefore

|Xn − EXn| ≤ |Xn −Xk2 | + |Xk2 − EXk2 | + |EXk2 − EXn|
≤ 8/k + |Xk2 − EXk2 | → 0

almost surely, when n → ∞.

I.2.18. Let {An} be a sequence of events. Recall the notation

lim supAn :=
∞⋂

k=1

∞⋃
j=k

Aj .

This event occurs iff for each k ∈ N, there exists j ≥ k such that Aj occurs, that
is, iff infinitely many An occur.

Lemma I.2.19 (The Borel–Cantelli lemma). If∑
P (An) < ∞, (*)

then
P (lim supAn) = 0.
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Proof.

P (lim supAn) ≤ P

( ∞⋃
j=k

Aj

)
≤

∞∑
j=k

P (Aj)

for all k, and the conclusion follows from (∗) by letting k → ∞.

Example I.2.20 (the mouse problem). Consider a row of three connected
chambers, denoted L (left), M (middle), and R (right). Chamber R has also a
right exit to ‘freedom’ (F ). Chamber L has also a left exit to a ‘death’ trap D.
A mouse, located originally in M , moves to a chamber to its right (left) with a
fixed probability p (q := 1 − p). The moves between chambers are independent.
Thus, after 21 moves, we have

P (F1) = p2; P (D1) = q2; P (M1) = 2pq,

where F1, D1,M1 denote, respectively, the events that the mouse reaches F,D,
or M after precisely 21 moves. In general, let Mk denote the event that the
mouse reaches back M (for the first time) after precisely 2k moves. Clearly

P (Mk) = (2pq)k.

Since
∑

P (Mk) < ∞, the Borel–Cantelli lemma implies that

P (lim supMn) = 0,

that is, with probability 1, there exists k ∈ N ∪ {0} such that the mouse moves
either to F or to D at its 2k+1-th move. The probability of these events is,
respectively (2pq)kp2 and (2pq)kq2. Denoting also by F (or D) the event that
the mouse reaches freedom (or death) in some move, then F is the disjoint union
of the Fk (and similarly for D). Thus

PF =
∑
k

(2pq)kp2 =
p2

1 − 2pq

and similarly

PD =
q2

1 − 2pq
.

This is coherent with the preceding observation (that with probability 1, either
F or D occurs), since the sum of these two probabilities is clearly 1.

The case of events with
∑

P (An) = ∞ is considered in Theorem I.2.21.
Notation is as in Theorem I.2.15.

Theorem I.2.21 (Erdos–Renyi). Let {An} be a sequence of events such that

∑
P (An) = ∞ (12)
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and

lim inf
p2(n)
p2
1(n)

= 1. (13)

Then
P (lim supAn) = 1.

Proof. Let Xn = (1/n)
∑n

k=1 IAk
. Then

EXn = p1(n)

and
σ2(Xn) = p2(n) − p2

1(n) + (1/n)[p1(n) − p2(n)]

(cf. (9) in Theorem I.2.15). By Tchebichev’s inequality,

P [|Xn − p1(n)| ≥ p1(n)/2] ≤ σ2(Xn)
[p1(n)/2]2

= 4
[(

1 − 1
n

)
p2(n)
p2
1(n)

− 1 +
1

np1(n)

]
.

By (12),

np1(n) =
n∑

k=1

PAk → ∞. (14)

Hence by (13), the lim inf of the right-hand side is 0. Thus

lim inf P [|Xn − p1(n)| ≥ p1(n)/2] = 0. (15)

Clearly
[Xn < p1(n)/2] ⊂ [|Xn − p1(n)| ≥ p1(n)/2],

and therefore
lim inf P [Xn < p1(n)/2] = 0. (16)

We may then choose a sequence of integers 1 ≤ n1 < n2 < · · · such that∑
k

P [Xnk
< p1(nk)/2] < ∞.

By the Borel–Cantelli lemma,

P (lim sup[Xnk
< p1(nk)/2]) = 0,

that is, with probability 1, Xnk
< p1(nk)/2 for only finitely many ks. Thus, with

probability 1, there exists k0 such that Xnk
≥ p1(nk)/2 for all k > k0, that is,

nk∑
j=1

IAj ≥ nkp1(nk)/2
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for all k > k0, and since the right-hand side diverges to ∞ by (14), we have

∞∑
j=1

IAj
= ∞

with probability 1, that is, infinitely many Ajs occur with probability 1.

Corollary I.2.22. Let {An} be a sequence of pairwise independent events such
that ∑

PAn = ∞.

Then
P (lim supAn) = 1.

Proof. We show that Condition (13) of the Erdos–Renyi theorem is satisfied.
We have(

n

2

)
p2(n) =

∑
1≤j<k≤n

P (Ak ∩ Aj) = (1/2)
∑

j 	=k,1≤j,k≤n
P (Aj)P (Ak)

= (1/2)
[ n∑
j,k=1

P (Aj)P (Ak) −
n∑

k=1

P (Ak)2
]

= (1/2)
[
n2p2

1(n) −
n∑

k=1

P (Ak)2
]
.

Therefore
p2(n)
p2
1(n)

=
n

n − 1
−

∑n
k=1 P (Ak)2

n(n − 1)p2
1(n)

.

However, since PAk ≤ 1, the sum above is ≤∑n
k=1 PAk := np1(n). Therefore,

the second (non-negative) term on the right-hand side is ≤1/[(n−1)p1(n)] → 0 by
(14) (consequence of the divergence hypothesis). Hence, lim p2(n)/p2

1(n) = 1.

Corollary I.2.23 (Zero-one law). Let {An} be a sequence of pairwise inde-
pendent events. Then the event lim supAn (that infinitely many An’s occur) has
probability 0 or 1, according to whether the series

∑
PAn converges or diverges

(respectively).

I.3 Probability distributions

Let (Ω,A, P ) be a probability space, let X be a real- (or complex-, or R
n-) valued

random variable on Ω, and let B denote the Borel σ-algebra of the range space
(R, etc.). We set

PX(B) := P [X ∈ B] = P (X−1(B)) (B ∈ B).

The set function PX is called the distribution of X.
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Theorem I.3.1 (stated for the case of a real r.v.).

(1) (R,B, PX) is a probability space.

(2) For any finite Borel function g on R, the distribution of the r.v. g(X) is
given by

Pg(X)(B) = PX(g−1(B)) (B ∈ B).

(3) If the Borel function g is integrable with respect to PX , then

E(g(X)) =
∫

R

g dPX .

Proof.

(1) Clearly, 0 ≤ PX ≤ 1, and PX(R) = P (X−1(R)) = P (Ω) = 1. If {Bk} ⊂ B
is a sequence of mutually disjoint sets, then the sets X−1(Bk) are mutually
disjoint sets in A, and therefore

PX

(⋃
k

Bk

)
:= P

(
X−1

(⋃
k

Bk

))
= P

(⋃
k

X−1(Bk)
)

=
∑
k

P (X−1(Bk)) =
∑

PX(Bk).

(2) We have for all B ∈ B:

Pg(X)(B) := P (g(X)−1(B)) = P (X−1(g−1(B))) := PX(g−1(B)).

(3) If g = IB for some B ∈ B, then g(X) = IX−1(B), and therefore

E(g(X)) = P (X−1(B)) := PX(B) =
∫

R

g dPX .

By linearity, Statement (3) is then valid for simple Borel functions g. If g
is a non-negative Borel function, there exists an increasing sequence of non-
negative simple Borel functions converging pointwise to g, and (3) follows from
the Monotone Convergence theorem (applied to the measures P and PX). If g is
any (real) Borel function in L1(PX), then, by the preceding case, E(|g(X)|) =∫

R
|g| dPX < ∞, that is, g(X) ∈ L1(P ), and E(g(X)) = E(g+(X) − g−(X)) =∫

R
g+dPX − ∫

R
g−dPX =

∫
R
g dPX .

The routine extension to complex g is omitted.

Definition I.3.2. The distribution function of the real r.v. X is the function

FX(x) := PX((−∞, x)) = P [X < x] (x ∈ R).

The integral
∫

R
g dPX is also denoted

∫
R
g dFX .

Proposition I.3.3. FX is a non-decreasing, left-continuous function with range
in [0,1], such that

FX(−∞) = 0; FX(∞) = 1. (*)
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Proof. Exercise.

Definition I.3.4. Any function F with the properties listed in Proposition I.3.3
is called a distribution function. If Property (*) is omitted, the function F is
called a quasi-distribution function.

Any (quasi-) distribution function induces a unique finite positive Lebesgue–
Stieltjes measure (it is a probability measure on R if (*) is satisfied), and
integration with respect to that measure is denoted by

∫
R
g dF . In case g is

a bounded continuous function on R, this integral coincides with the (improper)
Riemann–Stieltjes integral

∫ ∞
−∞ g(x) dF (x).

The characteristic function of the (quasi-) distribution function F is defined
by

f(u) :=
∫

R

eiux dF (x) (x ∈ R).

By Theorem I.3.1, if F = FX for a real r.v. X, then f coincides with the ch.f.
fX of Definition I.2.3.

In general, the ch.f. f is a uniformly continuous function on R, |f | ≤ 1, and
f(0) = 1 in case F satisfies (*).

Proposition I.3.5. Let X be a real r.v., b > 0, and a ∈ R. Then

fa+bX(u) = eiuafX(bu) (u ∈ R).

Proof. Write Y = a + bX and y = a + bx (x ∈ R). Since b > 0,

FX(x) = P [X < x] = P [Y < y] = FY (y),

and therefore

fY (u) =
∫ ∞

−∞
eiuy dFY (y) =

∫ ∞

−∞
eiu(a+bx) dFX(x) = eiuafX(bu).

We shall consider r.v.s of class Lr(P ) for r ≥ 0. The Lr-‘norm’, denoted
‖X‖r, satisfies (by Theorem I.3.1)

‖X‖rr := E(|X|r) =
∫ ∞

−∞
|x|rdFX(x).

This expression is called the rth absolute central moment of X (or of FX). It
always exists, but could be infinite (unless X ∈ Lr).

The rth central moment of X (or FX) is

mr := E(Xr) =
∫ ∞

−∞
xr dFX(x).

These concepts are used with any quasi-distribution function F , whenever they
make sense.
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Lemma I.3.6.

(1) The function φ(r) := logE(|X|r) is convex on [0,∞), and φ(0) = 0.

(2) ‖X‖r is a non-decreasing function of r. In particular, if X is of class Lr

for some r > 0, then it is of class Ls for all 0 ≤ s ≤ r.

Proof. For any r.v.s Y,Z, Schwarz’s inequality gives

E(|Y Z|) ≤ ‖Y ‖2‖Z‖2.

For r ≥ s ≥ 0, choose Y = |X|(r−s)/2 and Z = |X|(r+s)/2. Then

E(|X|r) ≤ [E(|X|r−s)E(|X|r+s]1/2,
so that

φ(r) ≤ (1/2)[φ(r − s) + φ(r + s)],

and (1) follows.
The slope of the chord joining the points (0,0) and (r, φ(r)) on the graph of

φ is φ(r)/r, and it increases with r, by convexity of φ. Therefore ‖X‖r = eφ(r)/r

increases with r.

Theorem I.3.7. Let X be an Lr-r.v. for some r ≥ 1, and let f = fX . Then for
all integers 1 ≤ k ≤ r, the derivative f (k) exists, is uniformly continuous and
bounded by E(|X|k)(< ∞), and is given by

f (k)(u) = ik
∫ ∞

−∞
eiuxxkdF (x), (*)

(where F := FX). In particular, the moment mk exists and is given by

mk = f (k)(0)/ik (k = 1, . . . , [r]).

Proof. By Lemma I.3.6, E(|X|k) < ∞ for k ≤ r, and therefore the integral
in (*) converges absolutely and defines a continuous function gk(u). Also, by
Fubini’s theorem, ∫ t

0
gk(u)du =

∫ ∞

−∞

∫ t

0
ikeiuxduxkdF (x)

= gk−1(t) − gk−1(0).

Assuming (*) for k−1, the last expression is equal to f (k−1)(t)−f (k−1)(0). Since
the left-hand side is differentiable, with derivative gk(t), it follows that f (k) exists
and equals gk. Since (*) reduces to the definition of f for k = 0, Relation (*) for
general k ≤ r follows by induction.

Corollary I.3.8. If the r.v. X is in Lk for all k = 1, 2, . . ., and if f := fX is
analytic in some real interval |u| < R, then

f(u) =
∞∑
k=0

ikmku
k/k! (|u| < R).



“app-1” — 2002/11/21 — page 302 — #20

302 Application I Probability

Example I.3.9 (discrete r.v.). Let X be a discrete real r.v., that is, its range
is the set {xk}, with xk ∈ R distinct, and let P [X = xk] = pk (

∑
pk = 1 ). Then

fX(u) =
∑
k

eiuxkpk. (1)

For the Bernoulli r.v. with parameters n, p, we have xk = k (0 ≤ k ≤ n) and
pk =

(
n
k

)
pkqn−k (q := 1 − p). A short calculation starting from (1) gives

fX(u) = (peiu + q)n.

By Theorem I.3.7,

m1 = f ′
X(0)/i = np,

m2 = f ′′
X(0)/i2 = (np)2 + npq,

and therefore
σ2(X) = m2 − m2

1 = npq

(cf. Example I.2.7).
The Poisson r.v. X with parameter λ > 0 assumes exclusively the values k

(k = 0, 1, 2, . . .) with
P [X = k] = e−λλk/k!.

Then FX(x) = 0 for x ≤ 0, and = e−λ∑
k<x λ

k/k! for x > 0. Clearly FX(∞) = 1,
and by (1),

fX(u) = e−λ∑
k

eiukλk/k! = eλ(eiu−1).

Note that E(|X|n) = e−λ∑
k k

nλk/k! < ∞ for all n, and Corollary I.3.8 implies
then that mk = f (k)(0)/ik for all k. Thus, for example, one calculates that

m1 = λ, m2 = λ(λ + 1),

and therefore
σ2(X) = λ.

(This can be reached of course directly from the definitions.)
The Poisson distribution is the limit of Bernoulli distributions in the following

sense:

Proposition I.3.10. Let {Ak,n; k = 0, . . . , n;n = 1, 2, . . .} be a ‘triangular
array’ of events such that, for each n = 1, 2, . . ., {Ak,n; k = 0, . . . , n} is a
Bernoulli system with parameter pn = λ/n (λ > 0 fixed) (cf. Example I.2.7).
Let Xn :=

∑n
k=0 IAk,n

be the Bernoulli r.v. corresponding to the nth system.
Then the distribution of Xn converges pointwise to the Poisson distribution when
n → ∞:

P [Xn = k] →n→∞ e−λλk/k! (k = 0, 1, 2, . . .).
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Proof.

P [Xn = k] =
(
n

k

)
(λ/n)k(1 − λ/n)n−k

=
(

1 − 1
n

)
· · ·

(
1 − k − 1

n

)
λk

k!

(
1 − λ

n

)n(
1 − λ

n

)−k

→n→∞
λk

k!
e−λ.

Example I.3.11 (Distributions with density). If there exists an L1(dx)-
function h such that the distribution function F has the form

F (x) =
∫ x

−∞
h(t) dt (x ∈ R),

then h is uniquely determined a.e. (with respect to Lebesgue measure dx on R),
and one has a.e. F ′(x) = h(x). In particular, h ≥ 0 a.e., and since it is only
determined a.e., one assumes that h ≥ 0 everywhere, and one calls h (or F ′) the
density of F . For any g ∈ L1(F ),∫

B

g dF =
∫
B

gF ′ dx (B ∈ B).

We consider a few common densities.

I.3.12. The normal density.
The ‘standard’ normal (or Gaussian) density is

F ′(x) = (2π)−1/2e−x2/2.

To verify that the corresponding F is a distribution function, we need only to
show that F (∞) = 1. We write

F (∞)2 = (1/2π)
∫∫

R2
e−(t2+s2)/2 dt ds = (1/2π)

∫ 2π

0

∫ ∞

0
e−r2/2r dr dθ = 1,

where we used polar coordinates. The ch.f. is

f(u) = (2π)−1/2
∫

R

eiuxe−x2/2 dx = (2π)−1/2
∫

R

e−[(x−iu)2+u2]/2 dx

= c(u)e−u2/2,

where c(u) = (2π)−1/2
∫

R
e−(x−iu)2/2 dx. The Cauchy Integral theorem is applied

to the entire function e−z2/2, with the rectangular path having vertices at
−M , N , N − iu, and −M − iu; letting then M,N → ∞, one sees that
c(u) = (2π)−1/2

∫ ∞
−∞ e−x2/2 dx = F (∞) = 1. Thus the ch.f. of the standard

normal distribution is e−u2/2.
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If the r.v. X has the standard normal distribution, and Y = a + bX with
a ∈ R and b > 0, then for y = a + bx, we have (through the change of variable
s = a + bt):

FY (y) = FX(x) = (2π)−1/2
∫ x

−∞
e−t2/2 dt = (2πb2)−1/2

∫ y

−∞
e−(s−a)2/2b2 ds.

This distribution is called the normal (or Gaussian) distribution with parameters
a, b2 (or briefly, the N(a, b2) distribution). By Proposition I.3.5, its ch.f. is

fY (u) = eiuae−(bu)2/2.

Since E(|Y |n) < ∞ for all n, Corollary I.3.8 applies. In particular, one calculates
that

m1 = f ′
Y (0)/i = a; m2 = −f ′′

Y (0) = a2 + b2,

so that
σ2(Y ) = m2 − m2

1 = b2.

Thus, the parameters of the N(a, b2) distribution are its expectation and its
variance.

For the N(0, 1) distribution, we write the power series for f(u) = e−u2/2

and deduce from Corollary I.3.8 that m2j+1 = 0 and m2j = (2j)!/(2jj!), j =
0, 1, 2, . . .

Proposition. The sum of independent normally distributed r.v.s is normally
distributed.

Proof. Let Xk be N(ak, b2k) distributed independent r.v.s (k = 1, . . . , n), and
let X = X1 + · · · + Xn. By Corollary I.2.4,

fX(u) =
∏
k

fXk
(u) =

∏
k

eiuake−b2ku2/2 = eiuae−b2u2/2

with a =
∑

k ak and b2 =
∑

k b
2
k. By the Uniqueness theorem for ch.f.s (see

below), X is N(a, b2) distributed.

I.3.13. The Laplace density.

F ′(x) = (1/2b)e−|x−a|/b,

where a ∈ R and b > 0 are its ‘parameters’. One calculates that

f(u) =
eiua

1 + b2u2 .

In particular F (∞) = f(0) = 1, so that F is indeed a distribution function. One
verifies that

m1 = f ′(0)/i = a; m2 = f ′′(0)/i2 = a2 + b2,

so that σ2 = b2.
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I.3.14. The Cauchy density.

F ′(x) = (1/π)
b

b2 + (x − a)2
,

where a ∈ R and b > 0 are its ‘parameters’. To calculate its ch.f., one uses the
Residues theorem with positively oriented rectangles in �z ≥ 0 and in �z ≤ 0
for u ≥ 0 and u ≤ 0, respectively, for the function eiuz/(b2 + (z − a)2). One gets

f(u) = eiuae−b|u|. (2)

In particular, f(0) = 1, so that F (∞) = 1 as needed.
Note that f is not differentiable at 0. Also mk do not exist for k ≥ 1.
As in the case of normal r.v.s, it follows from (2) that the sum of independent

Cauchy-distributed r.v.s is Cauchy-distributed, with parameters equal to the
sum of the corresponding parameters. This property is not true however for
Laplace-distributed r.v.s.

I.3.15. The Gamma density.

F ′(x) =
bp

Γ(p)
xp−1e−bx (x > 0),

and F (x) = 0 for x ≤ 0. The ‘parameters’ b, p are positive. The special case
p = 1 gives the exponential distribution density.

The function F is trivially non-decreasing, continuous, F (−∞) = 0, and

F (∞) = Γ(p)−1
∫ ∞

0
e−bx(bx)p−1 d(bx) = 1,

so that F is indeed a distribution function. We have

f(u) =
bp

Γ(p)

∫ ∞

0
xp−1e−(b−iu)x dx

= (b − iu)−p bp

Γ(p)

∫ ∞

0
[(b − iu)x]p−1e−(b−iu)x d(b − iu)x.

By Cauchy’s Integral theorem, integration along the ray {(b − iu)x;x ≥ 0} can
be replaced by integration along the ray [0,∞), and therefore the above integral
equals Γ(p), and

f(u) = (1 − iu/b)−p. (3)

Thus
f (k)(u) = p(p + 1) · · · (p + k − 1)(i/b)k(1 − iu/b)−(p+k)

and
mk = f (k)(0)/ik = p(p + 1) · · · (p + k − 1)b−k.

In particular,

m1 = p/b, m2 = p(p + 1)/b2, σ2 = m2 − m2
1 = p/b2.
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As in the case of the normal distribution, (3) implies the following

Proposition 1. The sum of independent Gamma-distributed r.v.s with paramet-
ers b, pk, k = 1, . . . , n, is Gamma-distributed with parameters b,

∑
pk.

Note the special case of the exponential distribution (p = 1):

f(u) = (1 − iu/b)−1; m1 = 1/b; σ2 = 1/b2.

Another important special case has p = b = 1/2. The Gamma distribution with
these parameters is called the standard χ2 distribution with one degree of freedom.
Its density equals 0 for x ≤ 0, and since Γ(1/2) = π1/2,

F ′(x) = (2π)−1/2x−1/2e−x/2

for x > 0.
By Proposition 1, the sum of n independent random variables with the stand-

ard χ2-distribution has the standard χ2-distribution with n degrees of freedom,
that is, the Gamma distribution with p = n/2 and b = 1/2. Its density for
x > 0 is

F ′(x) =
1

2n/2Γ(n/2)
xn/2−1e−x/2.

Note that m1 = p/b = n and σ2 = p/b2 = 2n.
The χ2 distribution arises naturally as follows. Suppose X is a real r.v. with

continuous distribution FX , and let Y = X2. Then FY (x) := P [Y < x] = 0 for
x ≤ 0, and for x > 0,

FY (x) = P [−x1/2 < X < x1/2] = FX(x1/2) − FX(−x1/2).

If F ′
X exists and is continuous on R, then

F ′
Y (x) =

1
2x1/2 [F ′

X(x1/2) + F ′
X(−x1/2)]

for x > 0 (and trivially 0 for x < 0). In particular, if X is N(0, 1)-distributed,
then Y = X2 has the density (2π)−1/2x−1/2e−x/2 for x > 0 (and 0 for
x < 0), which is precisely the standard χ2 density for one degree of freedom.
Consequently, we have

Proposition 2. Let X1, . . . , Xn be N(0, 1)-distributed independent r.v.s and let

χ2 :=
n∑

k=1

X2
k .

Then Fχ2 is the standard χ2 distribution with n degrees of freedom (denoted
Fχ2,n).

If we start with N(µ, σ2) independent r.v.s Xk, the standardized r.v.s

Zk :=
Xk − µ

σ
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are independent N(0, 1) variables, and therefore the sum V :=
∑n

k=1 Z
2
k has the

Fχ2,n distribution. Hence, if we let

χ2
σ :=

n∑
k=1

(Xk − µ)2,

then, for x > 0,
Fχ2

σ
(x) = P [V < x/σ2] = Fχ2,n(x/σ2).

This is clearly the Gamma distribution with parameters p = n/2 and b = 1/2σ2.
In particular, we have then m1 = p/b = nσ2 (not surprisingly!), and σ2(χ2

σ) =
p/b2 = 2nσ4.

I.4 Characteristic functions

Let F be a distribution function on R. Its normalization is the distribution
function

F ∗(x) := (1/2)[F (x − 0) + F (x + 0)] = (1/2)[F (x) + F (x + 0)]

(since F is left-continuous). Of course, F ∗(x) = F (x) at all continuity points x
of F .

Theorem I.4.1 (The inversion theorem). Let f be the ch.f. of the
distribution function F . Then

F ∗(b) − F ∗(a) = lim
U→∞

1
2π

∫ U

−U

e−iua − e−iub

iu
f(u)du

for −∞ < a < b < ∞.

Proof. Let JU denote the integral on the right-hand side. By Fubini’s theorem,

JU = (1/2π)
∫ U

−U

e−iua − e−iub

iu

∫ ∞

−∞
eiux dF (x) du

=
∫ ∞

−∞
KU (x) dF (x),

where

KU (x) : = (1/2π)
∫ U

−U

eiu(x−a) − eiu(x−b)

iu
du

= (1/π)
∫ U(x−a)

U(x−b)

sin t

t
dt.

The convergence of the Dirichlet integral
∫ ∞

−∞(sin t/t)dt (to the value π) implies
that |KU (x)| ≤ M < ∞ for all x ∈ R and U > 0, and as U → ∞,

KU (x) → φ(x) := I(a,b)(x) + (1/2)[I{a} + I{b}](x)
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pointwise. Therefore, by dominated convergence,

lim
U→∞

JU =
∫

R

φdF = F ∗(b)− F ∗(a).

Theorem I.4.2 (The uniqueness theorem). A distribution function is
uniquely determined by its ch.f.

Proof. Let F,G be distribution functions with ch.f.s f, g, and suppose that
f = g. By the Inversion theorem,

F ∗(b)− F ∗(a) = G∗(b)−G∗(a)

for all real a < b. Letting a → −∞, we get F ∗ = G∗, and therefore F = G at all
points where F,G are both continuous. Since these points are dense on R and
F,G are left-continuous, it follows that F = G.

Definition I.4.3. Let CF denote the set of all continuity points of the quasi-
distribution function F (its complement in R is finite or countable). A sequence
{Fn} of quasi-distribution functions converges weakly to F if Fn(x) → F (x) for
all x ∈ CF . One writes then Fn →w F . In case Fn, F are distributions of r.v.s
Xn, X respectively, we also write Xn → wX.

Lemma I.4.4 (Helly–Bray). Let Fn, F be quasi-distribution functions, Fn →w

F , and suppose a < b are such that Fn(a) → F (a) and Fn(b) → F (b). Then

∫ b

a

g dFn →
∫ b

a

g dF

for any continuous function g on [a, b].

Proof. Consider partitions

a = xm,1 < · · · < xm,km+1 = b, xm,j ∈ CF ,

such that
δm := sup

j
(xm,j+1 − xm,j) → 0

as m → ∞. Let

gm =
km∑
j=1

g(xm,j)I[xm,j ,xm,j+1).

Then
sup
[a,b]

|g − gm| →m→∞ 0. (1)

The hypothesis implies that

Fn(xm,j+1)− Fn(xm,j) → F (xm,j+1)− F (xm,j)
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when n → ∞, for all j = 1, . . . , km; m = 1, 2, . . . Therefore

∫ b

a

gm dFn =
km∑
j=1

g(xm,j)[Fn(xm,j+1) − Fn(xm,j)]

→n→∞
km∑
j=1

g(xm,j)[F (xm,j+1) − F (xm,j)]

=
∫ b

a

gm dF (m = 1, 2, . . .). (2)

Write ∣∣∣∣
∫ b

a

g dFn −
∫ b

a

g dF

∣∣∣∣
≤

∫ b

a

|g − gm| dFn +
∣∣∣∣
∫ b

a

gm dFn −
∫ b

a

gm dF

∣∣∣∣ +
∫ b

a

|gm − g| dF

≤ 2 sup
[a,b]

|g − gm| +
∣∣∣∣
∫ b

a

gm dFn −
∫ b

a

gm dF

∣∣∣∣.
If ε > 0, we may fix m such that sup[a,b] |g − gm| < ε/4 (by (1)); for this m,
it follows from (2) that there exists n0 such that the second summand above is
<ε/2 for all n > n0. Hence∣∣∣∣

∫ b

a

g dFn −
∫ b

a

g dF

∣∣∣∣ < ε (n > n0).

We consider next integration over R.

Theorem I.4.5 (Helly–Bray). Let Fn, F be quasi-distribution functions such
that Fn →w F . Then for every g ∈ C0(R) (the continuous functions vanishing
at ∞), ∫

R

g dFn →
∫

R

g dF.

In case Fn, F are distribution functions, the conclusion is valid for all
g ∈ Cb(R) (the bounded continuous functions on R).

Proof. Let ε > 0. For a < b in CF and g ∈ Cb(R), write∣∣∣∣
∫

R

g dFn −
∫

R

g dF

∣∣∣∣ ≤
∫

[a,b]c
|g| d(Fn + F ) +

∣∣∣∣
∫ b

a

g dFn −
∫ b

a

g dF

∣∣∣∣.
In case of quasi-distribution functions and g ∈ C0, we may choose [a, b] such
that |g| < ε/4 on [a, b]c; the first term on the right-hand side is then <ε/2 for all
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n. The second term is <ε/2 for all n > n0, by Lemma I.4.4, and the conclusion
follows.

In the case of distribution functions and g ∈ Cb, let M = supR |g|. Then the
first term on the right-hand side is

≤ M [Fn(a) + 1 − Fn(b) + F (a) + 1 − F (b)].

Letting n → ∞, we have by Lemma I.4.4

lim sup
∣∣∣∣
∫

R

g dFn −
∫

R

g dF

∣∣∣∣ ≤ 2M [F (a) + 1 − F (b)],

for any a < b in CF . The right-hand side is arbitrarily small, since F (−∞) = 0
and F (∞) = 1.

Corollary I.4.6. Let Fn, F be distribution functions such that Fn →w F , and
let fn, f be their respective ch.f.s. Then fn → f pointwise on R.

In order to prove a converse to this corollary, we need the following:

Lemma I.4.7 (Helly). Every sequence of quasi-distribution functions contains
a subsequence converging weakly to a quasi-distribution function (‘weak sequential
compactness of the space of quasi-distribution functions’).

Proof. Let {Fn} be a sequence of quasi-distribution functions, and let Q = {xn}
be the sequence of all rational points on R.

Since {Fn(x1)} ⊂ [0, 1], the Bolzano–Weierstrass theorem asserts the exist-
ence of a convergent subsequence {Fn1(x1)}. Again, {Fn1(x2)} ⊂ [0, 1], and has
therefore a convergent subsequence {Fn2(x2)}, etc. Inductively, we obtain sub-
sequences {Fnk} such that the kth subsequence is a subsequence of the (k−1)th
subsequence, and converges at the points x1, . . . , xk. The diagonal subsequence
{Fnn} converges therefore at all the rational points. Let FQ := limn Fnn, defined
pointwise on Q. For arbitrary x ∈ R, define

F (x) := sup
r∈Q;r≤x

FQ(r).

Clearly, F is non-decreasing, has range in [0, 1], and coincides with FQ on Q. Its
left-continuity is verified as follows: given ε > 0, there exists a rational r < x
(for x ∈ R given) such that FQ(r) > F (x) − ε. If t ∈ (r, x),

F (x) ≥ F (t) ≥ F (r) = FQ(r) > F (x) − ε,

so that 0 ≤ F (x) − F (t) < ε.
Thus F is a quasi-distribution function.
Given x ∈ CF , if r, s ∈ Q satisfy r < x < s, then

Fnn(r) ≤ Fnn(x) ≤ Fnn(s).

Therefore

F (r) = FQ(r) ≤ lim inf Fnn(x) ≤ lim supFnn(x) ≤ FQ(s) = F (s).
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Hence

F (x) := sup
r∈Q;r≤x

F (r) ≤ lim inf Fnn(x) ≤ lim supFnn(x) ≤ F (s),

and since x ∈ CF , letting s → x+, we conclude that Fnn(x) → F (x).

Theorem I.4.8 (Paul Levy continuity theorem). Let Fn be distribution
functions such that their ch.f.s fn converge pointwise to a function g continuous
at zero. Then there exists a distribution function F (with ch.f. f) such that
Fn →w F and f = g.

Proof. Since |fn| ≤ 1 (ch.f.s!) and fn → g pointwise, it follows by Dominated
Convergence that ∫ u

0
fn(t)dt →

∫ u

0
g(t)dt (u ∈ R). (3)

By Helly’s lemma (Lemma I.4.7), there exists a subsequence {Fnk
} converging

weakly to a quasi-distribution function F . Let f be its ch.f. By Fubini’s theorem
and Theorem I.4.5,∫ u

0
fnk

(t) dt =
∫

R

eiux − 1
ix

dFnk
(x)

→k→∞
∫

R

eiux − 1
ix

dF (x) =
∫ u

0
f(t) dt.

By (3), it follows that
∫ u
0 g(t) dt =

∫ u
0 f(t) dt for all real u, and since both g

and f are continuous at zero, it follows that f(0) = g(0) := lim fn(0) = 1, that
is, F (∞) − F (−∞) = 1, hence necessarily F (−∞) = 0 and F (∞) = 1. Thus
F is a distribution function. By Corollary I.4.6, any distribution function that
is the weak limit of some subsequence of {Fn} has the ch.f. g, and therefore,
by the Uniqueness Theorem (Theorem I.4.2), the full sequence {Fn} converges
weakly to F .

We proceed now to prove Lyapounov’s Central Limit theorem.

Lemma I.4.9. Let X be a real r.v. of class Lr (r ≥ 2), and let f := fX . Then
for any non-negative integer n ≤ r − 1,

f(u) =
n∑

k=0

mk(iu)k/k! + Rn(u),

with
|Rn(u)| ≤ E(|X|n+1)|u|n+1/(n + 1)!,

for all u ∈ R.

In particular, if X is a central L3-r.v., then

f(u) = 1 − σ2u2/2 + R2(u),
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where σ2 := σ2(X) and

|R2(u)| ≤ E(|X|3)|u|3/3! (u ∈ R).

Proof. Apply Theorem I.3.7 and Taylor’s formula.

Consider next a sequence of independent central real r.v.s Xk, k = 1, 2, . . .
of class L3. Denote σk := σ(Xk). We assume that σk �= 0 (i.e. Xk is ‘non-
degenerate’, which means that Xk is not a.s. zero) for all k. We fix the following
notation:

fk := fXk
; Sn :=

n∑
k=1

Xk; sn := σ(Sn).

Of course, s2n =
∑n

k=1 σ
2
k. In particular, sn �= 0 for all n, and we may consider

the ‘standardized’ sums Sn/sn. We denote their ch.f.s by φn:

φn(u) := fSn/sn
(u) =

n∏
k=1

fk(u/sn). (4)

Finally, we let

Mn = s−3
n

n∑
k=1

E(|Xk|3) (n = 1, 2, . . .).

Lemma I.4.10. Let {Xk} be as above, and suppose that Mn → 0 (‘Lyapounov’s
Condition’). Then φn(u) → e−u2/2 pointwise everywhere on R.

Proof. By Lemma I.3.6, for all k,

σk ≤ ‖Xk‖3. (5)

Therefore

σk

sn
≤
[
E(|Xk|3)

s3n

]1/3

≤ M1/3
n , k = 1, . . . , n; n = 1, 2, . . . (6)

By (4) and Lemma I.4.9,

log φn(u) =
n∑

k=1

log[1 − σ2
k

s2n
u2/2 +R

[k]
2 (u/sn)]

and

|R[k]
2 (u/sn)| ≤ E(|Xk|3)

s3n
|u|3/3!. (7)
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Write

| log φn(u) − (−u2/2)| =
∣∣∣∣∣

n∑
k=1

log
[
1 − σ2

k

s2n
u2/2 +R

[k]
2 (u/sn)

]

−
n∑

k=1

[
−σ2

k

s2n
u2/2 +R

[k]
2 (u/sn)

]
+

n∑
k=1

R
[k]
2 (u/sn)

∣∣∣∣∣
≤

n∑
k=1

∣∣∣∣ log(1 + zk,n) − zk,n

∣∣∣∣+
n∑

k=1

∣∣∣∣R[k]
2 (u/sn)

∣∣∣∣, (8)

where

zk,n := −σ2
k

s2n
u2/2 +R

[k]
2 (u/sn).

By (6) and (7),

|zk,n| ≤ M2/3
n u2/2 +Mn|u|3/3! (k ≤ n). (9)

Since Mn → 0 by hypothesis, there exists n0 such that the right-hand side of (9)
is <1/2 for all n > n0. Thus

|zk,n| < 1/2 (k = 1, . . . , n;n > n0). (10)

By Taylor’s formula, for |z| < 1,

| log(1 + z) − z| ≤ |z|2/2
(1 − |z|)2 .

Hence, by (7) and (10),

| log(1 + zk,n) − zk,n| ≤ 2|zk,n|2

≤
(
σk

sn

)4

u4/2 +
(
σk

sn

)2
E(|Xk|3)

s3n
|u|5/3 +

(
E(|Xk|3)

s3n

)2

u6/18,

for k ≤ n and n > n0. By (6), the first summand above is

≤ M1/3
n

E(|Xk|3)
s3n

u4/2.

The second summand is

≤ M2/3
n

E(|Xk|3)
s3n

|u|5/3.

The third summand is

≤ Mn
E(|Xk|3)

s3n
u6/18.
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Therefore (by (8)),

| log φn(u) − (−u2/2)|

≤ [M1/3
n u4/2 + M2/3

n |u|5/3 + Mnu
6/18 + |u|3/6]

n∑
k=1

E(|Xk|3)
s3
n

= M4/3
n u4/2 + M5/3

n |u|5/3 + M2
nu

6/18 + Mn|u|3/6 → 0

as n → ∞.

Theorem I.4.11 (The Lyapounov central limit theorem). Let {Xk} be a
sequence of non-degenerate, real, central, independent, L3-r.v.s, such that

lim
n→∞ s−3

n

n∑
k=1

E(|Xk|3) = 0.

Then the distribution function of∑n
k=1 Xk

sn
(:=

Sn
σ(Sn)

)

converges pointwise to the standard normal distribution as n → ∞.

Proof. By Lemma I.4.10, the ch.f. of Sn/sn converges poitwise to the ch.f.
e−u2/2 of the standard normal distribution (cf. section I.3.12). By the Paul
Levy Continuity theorem (Theorem I.4.8) and the Uniqueness theorem (The-
orem I.4.2), the distribution function of Sn/sn converges pointwise to the
standard normal distribution.

Corollary I.4.12 (Central limit theorem for uniformly bounded r.v.s).
Let {Xk} be a sequence of non-degenerate, real, central, independent r.v.s such
that |Xk| ≤ K for all k ∈ N and sn(:= σ(Sn)) → ∞. Then the distribution
functions of Sn/sn converge pointwise to the standard normal distribution.

Proof. We have E(|Xk|3) ≤ Kσ2
k. Therefore

s−3
n

n∑
k=1

E(|Xk|3) ≤ K/sn → 0,

and Theorem I.4.11 applies.

Corollary I.4.13 (Laplace central limit theorem). Let {Ak} be a sequence
of independent events with PAk = p, 0 < p < 1, k = 1, 2, . . . Let Bn be the
(Bernoulli) r.v., whose value is the number of occurrences of the first n events
(‘number of successes’). Then the distribution function of the ‘standardized
Bernoulli r.v.’

B∗
n :=

Bn − np

(npq)1/2

converges pointwise to the standard normal distribution.
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Proof. Let Xk = IAk
− p. Then Xk are non-degenerate (since σ2(Xk) = pq > 0

when 0 < p < 1), real, central, independent r.v.s, and |Xk| < 1. Also sn =
(npq)1/2 → ∞ (since pq > 0). By Corollary I.4.12, the distribution function of
Sn/sn = B∗

n converges pointwise to the standard normal distribution.

Corollary I.4.14 (Central limit theorem for equidistributed r.v.s). Let
{Xk} be a sequence of non-degenerate, real, central, independent, equidistrib-
uted, L3-r.v.s. Then the distribution function of Sn/sn converges pointwise to
the standard normal distribution.

Proof. Denote (independently of k, since the r.v.s are equidistributed):

E(|Xk|3) = α; σ2(Xk) = σ2(>0).

Since Xk are independent, s2n = nσ2 by BienAyme’s identity, and therefore, as
n → ∞,

Mn =
nα

(nσ2)3/2 = (α/σ
3)n−1/2 → 0.

The result follows now from Theorem I.4.11.

I.5 Vector-valued random variables

Let X = (X1, . . . , Xn) be an R
n-valued r.v. on the probability space (Ω,A, P ).

We say that X has a density if there exists a non-negative Borel function h on
R

n (called a density of X, or a joint density of X1, . . . , Xn), such that

P [X ∈ B] =
∫

B

h dx (B ∈ B(Rn)),

where dx = dx1 . . . dxn is Lebesgue measure on R
n.

When X has a density h, the later is uniquely determined on R
n almost

everywhere with respect to Lebesgue measure dx (we may then refer to the
density of X).

Suppose the density of X is of the form

h(x) = u(x1, . . . , xk)v(xk+1, . . . , xn), (*)

for some 1 ≤ k < n, where u, v are the densities of (X1, . . . , Xk) and
(Xk+1, . . . , Xn), respectively. Then for any A ∈ B(Rk) and B ∈ B(Rn−k), we
have by Fubini’s theorem

P [(X1, . . . , Xk) ∈ A] · P [(Xk+1, . . . , Xn) ∈ B]

=
∫

A

u dx1 . . . dxk ·
∫

B

v dxk+1 . . . dxn

=
∫

A×B

h(x1, . . . , xn)dx1 . . . dxn = P [(X1, . . . , Xn) ∈ A×B]

= P ([(X1, . . . , Xk) ∈ A] ∩ [(Xk+1, . . . , Xn) ∈ B]).
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Thus (X1, . . . , Xk) and (Xk+1, . . . , Xn) are independent. Conversely, if
(X1, . . . , Xk) and (Xk+1, . . . , Xn) are independent with respective densities u, v,
then for all ‘measurable rectangles’ A×B with A,B Borel sets in R

k and R
n−k,

respectively,

P [(X1, . . . , Xn) ∈ A × B] = P ([(X1, . . . , Xk) ∈ A] ∩ [(Xk+1, . . . , Xn) ∈ B])

= P [(X1, . . . , Xk) ∈ A] · P [(Xk+1, . . . , Xn) ∈ B]

=
∫
A

u dx1 . . . dxk ·
∫
B

v dxk+1 . . . dxn

=
∫
A×B

uv dx1 . . . dxn,

and therefore
P [X ∈ H] =

∫
H

uv dx

for all H ∈ B(Rn), that is, X has a density of the form (*).
We proved the following:

Proposition I.5.1. Let X be an R
n-valued r.v., and suppose that for some k ∈

{1, . . . , n−1}, X has a density of the form h = uv, where u = u(x1, . . . , xk) and
v = v(xk+1, . . . , xn) are densities for the r.v.s (X1, . . . , Xk) and (Xk+1, . . . , Xn),
respectively. Then (X1, . . . , Xk) and (Xk+1, . . . , Xn) are independent. Con-
versely, if, for some k as above, (X1, . . . , Xk) and (Xk+1, . . . , Xn) are inde-
pendent with densities u, v, respectively, then h := uv is a density for
(X1, . . . , Xn).

If the R
n-r.v. X has the density h and x = x(y) is a C1-transformation of

R
n with inverse y = y(x) and Jacobian J �= 0, we have

P [X ∈ B] =
∫
x−1(B)

h(x(y))|J(y)|dy

for all B ∈ B(Rn).

Example I.5.2. The distribution of a sum.
Suppose (X,Y ) has the density h : R

2 → [0,∞). Consider the transformation

x = u − v; y = v

with Jacobian identically 1 and inverse

u = x + y; v = y.

The set
B = {(x, y) ∈ R

2;x + y < c, y ∈ R}
corresponds to the set

B′ = {(u, v) ∈ R
2;u < c, v ∈ R}.
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Therefore, by Tonelli’s theorem,

FX+Y (c) := P [X + Y < c] = P [(X,Y ) ∈ B] =
∫
B′

h(u − v, v) du dv

=
∫ c

−∞

(∫ ∞

−∞
h(u − v, v) dv

)
du.

This shows that the r.v. X + Y has the density

hX+Y (u) =
∫ ∞

−∞
h(u − v, v) dv.

In particular, when X,Y are independent with respective densities hX and hY ,
then X + Y has the density

hX+Y (u) =
∫

R

hX(u − v)hY (v) dv := (hX ∗ hY )(u),

(the convolution of hX and hY ).

Example I.5.3. The distribution of a ratio.

Let Y be a positive r.v., and X any real r.v. We assume that (X,Y ) has a
density h. The transformation

x = uv; y = v

has the inverse
u = x/y; v = y,

and Jacobian J = v > 0. Therefore

FX/Y (c) := P [X/Y < c] = P [(X,Y ) ∈ B],

where
B = {(x, y); −∞ < x < cy, y > 0}

corresponds to
B′ = {(u, v); −∞ < u < c, v > 0}.

Therefore, by Tonelli’s theorem,

FX/Y (c) =
∫
B′

h(uv, v)v du dv =
∫ c

−∞

(∫ ∞

0
h(uv, v)v dv

)
du

for all real c. This shows that X/Y has the density

hX/Y (u) =
∫ ∞

0
h(uv, v)v dv (u ∈ R).
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When X,Y are independent, this formula becomes

hX/Y (u) =
∫ ∞

0
hX(uv)hY (v)v dv (u ∈ R).

Let X be an R
n-valued r.v., and let g be a real Borel function on R

n. The r.v.
g(X) is called a statistic. For example,

X̄ := (1/n)
n∑

k=1

Xk

and

S2 := (1/n)
n∑

k=1

(Xk − X̄)2

are the statistics corresponding to the Borel functions

x̄(x1, . . . , xn) := (1/n)
n∑

k=1

xk

and

s2(x1, . . . , xn) := (1/n)
n∑

k=1

[xk − x̄(x1, . . . , xn)]2,

respectively.
The statistics X̄ and S2 are called the sample mean and the sample variance,

respectively.

Theorem I.5.4 (Fisher). Let X1, . . . , Xn be independent N(0, σ2)-distributed
r.v.s. Let

Zk :=
Xk − X̄

S
, k = 1, . . . , n.

Then

(1) (Z1, . . . , Zn−2), X̄, and S are independent;

(2) (Z1, . . . , Zn−2) has density independent of σ;

(3) X̄ is N(0, σ2/n)-distributed; and

(4) nS2 is χ2
σ-distributed, with n − 1 degrees of freedom.

Proof. The map sending X1, . . . , Xn to the statistics Z1, . . . , Zn−2, X̄, and S2

is given by the following equations:

zk =
xk − x̄

s
, k = 1, . . . , n − 2;

x̄ = (1/n)
n∑

k=1

xk;

s2 = (1/n)
n∑

k=1

(xk − x̄)2.

(1)
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Note the relations (for zk defined as in (1) for all k = 1, . . . , n).

n∑
k=1

zk = 0;
n∑

k=1

z2
k = n; (2)

n∑
k=1

x2
k = n(x̄)2 + ns2. (3)

By (2),

zn−1 + zn = u

(
:= −

n−2∑
k=1

zk

)

and

z2
n−1 + z2

n = w

(
:= n−

n−2∑
k=1

z2
k

)
.

Thus
(u− zn)2 + z2

n = w,

that is,
z2
n − uzn + (u2 − w)/2 = 0.

Therefore
zn = (u+ v)/2; zn−1 = (u− v)/2,

where v :=
√
2w − u2; a second solution has v replaced by −v. Note that

2w − u2 = 2z2
n−1 + 2z2

n − (zn−1 + zn)2 = (zn−1 − zn)2 ≥ 0,

so that v is real.
The inverse transformations are then

xk = x̄+ szk, k = 1, . . . , n− 2;

xn−1 = x̄+ s(u− v)/2;

xn = x̄+ s(u+ v)/2,

with v replaced by −v in the second inverse; u, v are themselves functions of
z1, . . . , zn−2.

The corresponding Jacobian

J :=
∂(x1, . . . , xn)

∂(z1, . . . , zn−2, x̄, s)

has the form
sn−2g (z1, . . . , zn−2),

where g is a function of z1, . . . , zn−2 only, and does not depend on the parameter
σ2 of the given normal distribution of the Xk(k = 1, . . . , n).
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Replacing v by −v only interchanges the last two columns of the determinant,
so that |J | remains unchanged. Therefore, using (3),

hX(x) dx = (2πσ2)−n/2e− ∑n
k=1 x

2
k/2σ

2
dx1 . . . dxn

= 2(2πσ2)−n/2e−((n(x̄)2+ns2)/2σ2)sn−2g(z1, . . . , zn−2)

× dz1 . . . dzn−2 dx̄ ds,

where the factor 2 comes from the fact that the inverse is bi-valued, with the
same value of |J | for both possible choices, hence doubling the ‘mass element’.

The last expression can be written in the form

h1(x̄) dx̄ h2(s) ds h3(z1, . . . , zn−2) dz1 . . . dzn−2,

where
h1(x̄) =

1√
2πσ/

√
n

e−((x̄)2/2(σ/
√
n)2)

is the N(0, σ2/n)-density;

h2(s) =
n(n−1)/2sn−2

2(n−3)/2Γ((n − 1)/2)σn−1 e−ns2/2σ2
(s > 0)

(and h2(s) = 0 for s ≤ 0) is seen to be a density (i.e. has integral = 1); and

h3(z1, . . . , zn−2) =
Γ((n − 1)/2)
nn/2π(n−1)/2 g(z1, . . . , zn−2)

is necessarily the density for (Z1, . . . , Zn−2), and clearly does not depend on σ2.
The above decomposition implies by Proposition I.5.1 that Statements 1–3

of the theorem are correct. Moreover, for x > 0, we have

FnS2(x) = P [nS2 < x] = P [S <
√

x/n] =
∫ √

x/n

0
h2(s) ds.

Therefore

hnS2(x) :=
d

dx
FnS2(x) = h2(

√
x/n)(1/2)(x/n)−1/2(1/n)

=
x(n−1)/2−1e−x/2σ2

(2σ2)(n−1)/2Γ((n − 1)/2)
.

This is precisely the χ2
σ density with n − 1 degrees of freedom.

Fisher’s theorem (Theorem I.5.4) will be applied in the sequel to obtain the
distributions of some important statistics.

Theorem I.5.5. Let U, V be independent r.v.s, with U normal N(0, 1) and V
χ2

1-distributed with ν degrees of freedom. Then the statistic

T :=
U√
V/ν
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has the density

hν(t) = ν−1/2B(1/2, ν/2)−1(1 + t2/ν)−(ν+1)/2 (t ∈ R),

called the ‘t-density’ or the ‘Student density with ν degrees of freedom’.

In the above formula, B(· , ·) denotes the Beta function:

B(s, t) =
Γ(s)Γ(t)
Γ(s + t)

,

(s, t > 0).

Proof. We apply Example I.5.3 with the independent r.v.s X = U and Y =√
V/ν. The distribution FY (for y > 0) is given by

FY (y) := P [
√

V/ν < y] = P [V < νy2]

= 2−ν/2Γ(ν/2)−1
∫ νy2

0
s(ν/2)−1e−s/2 ds

(cf. Section I.3.15, Proposition 2). The corresponding density is (for y > 0)

hY (y) :=
d

dy
FY (y) =

νν/2

2ν/2−1Γ(ν/2)
yν−1e−νy2/2,

and of course hY (y) = 0 for y ≤ 0.
By hypothesis, hX(x) = e−x2/2/

√
2π. By Example I.5.3, the density of T is

hT (t) =
∫ ∞

0
hX(vt)hY (v)v dv

=
νν/2√

2π2ν/2−1Γ(ν/2)

∫ ∞

0
e−v2(t2+ν)/2vν dv.

Write s = v2(t2 + ν)/2:

hT (t) =
νν/2√

πΓ(ν/2)(t2 + ν)(ν+1)/2

∫ ∞

0
e−ss(ν+1)/2−1 ds.

Since Γ(1/2) =
√
π, the last expression coincides with hν(t).

Corollary I.5.6. Let X1, . . . , Xn be independent N(µ, σ2)-r.v.s. Then the
statistic

T :=
X̄ − µ

S

√
n − 1 (*)

has the Student distribution with ν = n − 1 degrees of freedom.

Proof. Take U = (X̄ −µ)/(σ/
√
n) and V = nS2/σ2. By Fisher’s theorem, U, V

satisfy the hypothesis of Theorem I.5.5, and the conclusion follows (since the
statistic T in Theorem I.5.5 coincides in the present case with (*)).
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Corollary I.5.7. Let X1, . . . , Xn and Y1, . . . , Ym be independent N(µ, σ2)-r.v.s.
Let X̄, Ȳ , S2

X , and S2
Y be the ‘sample means’ and ‘sample variances’ (for the

‘samples’ X1, . . . , Xn and Y1, . . . , Ym). Then the statistic

W :=
X̄ − Ȳ√

nS2
X + mS2

Y

√
(n + m − 2)nm/(n + m)

has the Student distribution with ν = n + m − 2 degrees of freedom.

Proof. The independence hypothesis implies that X̄ and Ȳ are independent
normal r.v.s with parameters (µ, σ2/n) and (µ, σ2/m), respectively. Therefore
X̄ − Ȳ is N(0, σ2(n + m)/nm)-distributed, and

U :=
X̄ − Ȳ

σ
√

(n + m)/nm

is N(0, 1)-distributed.
By Fisher’s theorem, the r.v.s nS2

X/σ2 and mS2
Y /σ

2 are χ2
1-distributed with

n− 1 and m− 1 degrees of freedom, respectively, and are independent (as Borel
functions of the independent r.v.s X1, . . . , Xn and Y1, . . . , Ym, resp.). Since the
χ2-distribution with r degrees of freedom is the Gamma distribution with p = r/2
and b = 1/2, it follows from Proposition 1 in Section I.3.15 that the r.v.

V :=
nS2

X + mS2
Y

σ2

is χ2
1-distributed with ν = (n − 1) + (m − 1) degrees of freedom.
Also, by Fisher’s theorem, U, V are independent. We may then apply

Theorem I.5.5 to the present choice of U, V . An easy calculation shows that
for this choice T = W , and the conclusion follows.

Remark I.5.8. The statistic T is used in ‘testing hypothesis’ about the
value of the mean µ of a normal ‘population’, using the ‘sample outcomes’
X1, . . . , Xn. The statistic W is used in testing the ‘zero-hypothesis’ that two
normal populations have the same mean (using the outcomes of samples taken
from the respective populations). Its efficiency is enhanced by the fact that
it is independent of the unknown parameters (µ, σ2) of the normal population
(cf. Section I.6).

Tables of the Student distribution are usually available for ν < 30. For ν ≥ 30,
the normal distribution is a good approximation. The theorem behind this fact
is the following:

Theorem I.5.9. Let hν be the Student distribution density with ν degrees of
freedom. Then as ν → ∞, hν converges pointwise to the N(0, 1)-density, and

lim
ν→∞ P [a ≤ T < b] = (1/

√
2π)

∫ b

a

e−t2/2 dt (*)

for all real a < b.
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Proof. By Stirling’s formula, Γ(n) is asymptotically equal to (n/e)n. Therefore
(since Γ(1/2) =

√
π)

lim
ν→∞

ν1/2B(1/2, ν/2)√
2π

= lim
ν

Γ(ν/2)
(ν/2e)ν/2

· ((ν + 1)/2e)(ν+1)/2

Γ((ν + 1)/2)
· e1/2

(1 + 1/ν)ν/2+1/2 = 1.

Hence, as ν → ∞,

hν(t) := [ν1/2B(1/2, ν/2)]−1(1 + t2/ν)−ν/2−1/2 → (1/
√

2π)e−t2/2.

For real a < b,

P [a ≤ T < b] = [ν1/2B(1/2, ν/2)]−1
∫ b

a

dt

(1 + t2/ν)(ν+1)/2 .

The coefficient before the integral was seen to converge to 1/
√

2π; the integrand
converges pointwise to e−t2/2 and is bounded by 1; therefore (*) follows by
dominated convergence.

Theorem I.5.10. Let Ui be independent χ2
1-distributed r.v.s with νi degrees of

freedom (i = 1, 2). Assume U2 > 0, and consider the statistic

F :=
U1/ν1

U2/ν2
.

Then F has the distribution density

h(u; ν1, ν2) =
ν
ν1/2
1 ν

ν2/2
2

B(ν1/2, ν2/2)
uν1/2−1

(ν1u + ν2)(ν1+ν2)/2

for u > 0 (and = 0 for u ≤ 0).

The above density is called the ‘F-density’ or ‘Snedecor density’ with (ν1, ν2)
degrees of freedom.

Proof. We take in Example I.5.3 the independent r.v.s X = U1/ν1 and Y =
U2/ν2. We have for x > 0:

FX(x) = P [U1 < ν1x] = [2ν1/2Γ(ν1/2)]−1
∫ ν1x

0
tν1/2−1e−t/2 dt,

and FX(x) = 0 for x ≤ 0. Therefore, for x > 0,

hX(x) =
d

dx
FX(x) =

(ν1/2)ν1/2

Γ(ν1/2)
xν1/2−1e−ν1x/2,
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and hX(x) = 0 for x ≤ 0. A similar formula is valid for Y , with ν2 replacing ν1.
By Example I.5.3, the density of F := X/Y is 0 for u ≤ 0, and for u > 0,

hF (u) =
∫ ∞

0
hX(uv)hY (v)v dv

=
(ν1/2)ν1/2(ν2/2)ν2/2

Γ(ν1/2)Γ(ν2/2)

∫ ∞

0
(uv)ν1/2−1vν2/2e−(ν1uv+ν2v)/2 dv. (*)

The integral is

uν1/2−1
∫ ∞

0
e−v(ν1u+ν2)/2v(ν1+ν2)/2−1 dv.

Making the substitution v(ν1u + ν2)/2 = s, the integral takes the form

uν1/2−1

[(ν1u + ν2)/2](ν1+ν2)/2

∫ ∞

0
e−ss(ν1+ν2)/2−1 ds.

Since the last integral is Γ((ν1 + ν2)/2), it follows from (*) that hF (u) =
h(u; ν1, ν2), for h as in the theorem’s statement.

Corollary I.5.11. Let X1, . . . , Xn and Y1, . . . , Ym be independent N(0, σ2)-
distributed r.v.s. Then the statistic

F :=
S2
X

S2
Y

(1 − 1/m)/(1 − 1/n)

has Snedecor’s density with ν1 = n − 1 and ν2 = m − 1 degrees of freedom.

Proof. Let U1 := nS2
X/σ2 and U2 := mS2

Y /σ
2. By Fisher’s theorem, Ui are

χ2
1-distributed with νi degrees of freedom (i = 1, 2). Since they are independent,

the r.v. F = (U1/ν1)/(U2/ν2) has the Snedecor density with (ν1, ν2) degrees of
freedom, by Theorem I.5.10.

I.5.12. The statistic F of Corollary I.5.11 is used, for example, to test the
‘zero hypothesis’ that two normal ‘populations’ have the same variance (see
Section I.6). Statistical tables give uα, defined by

P [F ≥ uα]
(

=
∫ ∞

uα

h(u; ν1, ν2) du
)

= α,

for various values of α and of the degrees of freedom νi.

I.6 Estimation and decision

We consider random sampling of size n from a given population. The n outcomes
are a value of a R

n-valued r.v. X = (X1, . . . , Xn), where Xk have the same distri-
bution function (the ‘population distribution’) F (.; θ); the ‘parameter vector’ θ
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is usually unknown. For example, a normal population has the parameter vector
(µ, σ2), etc.

Estimation is concerned with the problem of ‘estimating’ θ by using
the sample outcomes X1, . . . , Xn, say, by means of some Borel function of
X1, . . . , Xn:

θ∗ := g(X1, . . . , Xn).

This statistic is called an estimator of θ.
Consider the case of a single real parameter θ.
A measure of the estimator’s precision is its mean square deviation from θ,

E(θ∗ − θ)2,

called the risk function of the estimator.
We have

E(θ∗ − θ)2 = E[(θ∗ − Eθ∗) + (Eθ∗ − θ)]2

= E(θ∗ − Eθ∗)2 + 2E(θ∗ − Eθ∗) · (Eθ∗ − θ) + (Eθ∗ − θ)2.

The middle term vanishes, so that the risk function is equal to

σ2(θ∗) + (Eθ∗ − θ)2. (*)

The difference θ − Eθ∗ is called the bias of the estimator θ∗; the estimator is
unbiased if the bias is zero, that is, if Eθ∗ = θ. In this case the risk function is
equal to the variance σ2(θ∗).

Example I.6.1. We wish to estimate the expectation µ of the population
distribution. Any weighted average

µ∗ =
n∑

k=1

akXk

(
ak > 0,

∑
ak = 1

)

is a reasonable unbiased estimator of µ:

Eµ∗ =
∑

akEXk =
∑

akµ = µ.

By BienAyme’s identity (since the Xk are independent in random sampling), the
risk function is given by

σ2(µ∗) =
n∑

k=1

a2
kσ

2(Xk) =
∑

a2
kσ

2,

where σ2 is the population variance (assuming that it exists). However, since∑
ak = 1, ∑

a2
k =

∑
(ak − 1/n)2 + 1/n ≥ 1/n,

and the minimum 1/n is attained when ak = 1/n for all k. Thus, among all
estimators of µ that are weighted averages of the sample outcomes, the estimator
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with minimal risk function is the arithmetical mean µ∗ = X̄; its risk function
is σ2/n.

Example I.6.2. As an estimator of the parameter p of a binomial population
we may choose the ‘successes frequency’ p∗ := Sn/n (cf. Example I.2.7). The r.v.
p∗ takes on the values k/n (k = 0, . . . , n), and

P [p∗ = k/n] = P [Sn = k] =
(
n
k

)
pkqn−k.

The estimator p∗ is unbiased, since

Ep∗ = ESn/n = np/n = p.

Its risk function is
σ2(p∗) = npq/n2 = pq/n ≤ 1/4n.

By Corollary I.4.13, (p∗ − p)/
√

pq/n is approximately N(0, 1)-distributed for n
‘large’. Thus, for example,

P [|p∗ − p| < 2
√

pq/n] > 0.95,

and since pq ≤ 1/4, we surely have

P [|p∗ − p| < 1/
√
n] > 0.95.

Thus, the estimated parameter p lies in the interval (p∗ −1/
√
n, p∗ +1/

√
n) with

‘confidence’ 0.95 (at least). We shall return to this idea later.

In comparing two binomial populations (e.g. in quality control problems), we
may wish to estimate the difference p1 − p2 of their parameters, using samples
of sizes n and m from the respective populations. A reasonable estimator is the
difference V = Sn/n−S′

m/m of the success frequencies in the two samples. The
estimator V is clearly unbiased, and its risk function is (by BienAyme’s identity)

σ2(V ) = σ2(Sn/n) + σ2(S′
m/m) = p1q1/n + p2q2/m ≤ 1/4n + 1/4m.

For large samples, we may use the normal approximation (cf. Corollary I.4.13) to
test the ‘zero hypothesis’ that p1−p2 = 0 (i.e. that the two binomial populations
are equidistributed) by using the statistic V .

Example I.6.3. Consider the two-layered population of Example I.2.8. An
estimator of the proportion N1/N of the layer P1 in the population, could be
the sample frequency U := Ds/s of P1-objects in a random sample of size s.

We have EU = (1/s)(sN1/N) = N1/N , so that U is unbiased.
The risk function is (cf. Example I.2.8)

σ2(U) = (1/s)
N − s

N − 1
N1

N

(
1 − N1

N

)
< 1/4s.
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Example I.6.4. The sample average X̄ is a natural unbiased estimator λ∗ of
the parameter λ of a Poissonian population. Its risk function is σ2(λ∗) = λ/n
(cf. Example I.3.9).

Example I.6.5. Let X1, . . . , Xn be independent N(µ, σ2)-r.v.s. For any weights
a1, . . . , an, the statistic

V :=
n

n − 1

[
n∑

k=1

akX
2
k − X̄2

]

is an unbiased estimator of σ2. Indeed,

E(X̄)2 = σ2(X̄) + [EX̄]2 = σ2/n + µ2,

and therefore

EV =
n

n − 1

[∑
k

ak(σ2 + µ2) − (σ2/n + µ2)

]
=

n

n − 1
(1 − 1/n)σ2 = σ2.

When ak = 1/n for all k, the estimator V is the so-called ‘sample error’

V = nS2/(n − 1) =
1

n − 1

n∑
k=1

(Xk − X̄)2.

Example I.6.6. Let X1, X2, . . . be independent r.v.s with the same distribution.
Assume that the moment µ2r of that distribution exists for some r ≥ 1. For each
n, the arithmetical means

mr,n :=
1
n

n∑
k=1

Xr
k

are unbiased estimators of the rth moment µr of the distribution. By
Example I.2.14 applied to Yk = Xr

k , mr,n → µr in probability (as n → ∞). We
say that the sequence of estimators {mr,n}n of the parameter µr is consistent
(the general definition of consistency is the same, mutatis mutandis).

If {θ∗
n} is a consistent sequence of estimators for θ and {an} is a real sequence

converging to 1, then {anθ∗
n} is clearly consistent as well. Biased estimators could

be consistent (start with any consistent sequence of unbiased estimators θ∗
n; then

((n − 1)/n)θ∗
n are still consistent estimators, but their bias is θ/n �= 0 (unless

θ = 0)).

I.6.7. Maximum likelihood estimators (MLEs).
The distribution density f(x1, . . . , xn; θ) of (X1, . . . , Xn), considered as a

function L(θ), is called the likelihood function (for X1, . . . , Xn). The MLE (for
X1, . . . , Xn) is θ∗(X1, . . . , Xn), where θ∗ = θ∗(x1, . . . , xn) is the value of θ for
which L(θ) is maximal (if such a value exists), that is,

f(x1, . . . , xn; θ∗) ≥ f(x1, . . . , xn; θ)
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for all (x1, . . . , xn) ∈ R
n and θ in the relevant range. Hence

Pθ∗ [X ∈ B] ≥ Pθ[X ∈ B]

for all B ∈ B(Rn) and θ, where the subscript of P means that the distribution
of X is taken with the parameter indicated.

We consider the case when X1, . . . , Xn are independent N(µ, σ2)-r.v.s. Thus

L(θ) = (2πσ2)−n/2e− ∑
(xk−µ)2/2σ2

θ = (µ, σ2).

Maximizing L is equivalent to maximizing the function

φ(θ) := logL(θ) = −(n/2) log(2πσ2) −
∑

(xk − µ)2/2σ2.

Case 1. MLE for µ when σ is given. The necessary condition for µ = µ∗,

∂φ

∂µ
=

∑
(xk − µ)/σ2 = 0, (1)

implies that µ∗ = µ∗(x1, . . . , xn) = x̄. This is indeed a maximum point, since

∂2φ

∂µ2 = −n/σ2 < 0.

Thus the MLE for µ (when σ is given) is

µ∗(X1, . . . , Xn) = X̄.

Case 2. MLE for σ2 when µ is given. The solution of the equation

∂φ

∂(σ2)
= −n/2σ2 + (1/2σ4)

∑
(xk − µ)2 = 0 (2)

is
(σ2)∗ = (1/n)

∑
(xk − µ)2.

Since the second derivative of φ at (σ2)∗ is equal to −n/2[(σ2)∗]2 < 0, we got
indeed a maximum point of φ, and the corresponding MLE for σ2 is

(σ2)∗(X1, . . . , Xn) = (1/n)
∑

(Xk − µ)2.

Case 3. MLE for θ := (µ, σ2) (as an unknown vector parameter). We need to
solve the equations (1) and (2) simultaneously. From (1), we get µ∗ = x̄; from
(2) we get

(σ2)∗ = (1/n)
∑

(xk − µ∗)2 = (1/n)
∑

(xk − x̄)2 := s2.

The solution (x̄, s2) is indeed a maximum point for φ, since the Hessian for φ at
this point equals n2/2s6 > 0, and the second partial derivative of φ with respect
to µ (at this point) equals −n/s2 < 0. Thus the MLE for θ is

θ∗(X1, . . . , Xn) = (X̄, S2).
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Note that the estimator S2 is biased, since

ES2 =
n − 1
n

σ2,

but consistent: indeed,

S2 = (1/n)
n∑

k=1

X2
k −

[
(1/n)

n∑
k=1

Xk

]2

;

by the weak law of large numbers, the first average on the right-hand side
converges in probability to the second moment µ2, while the second average
converges to the first moment µ1 = µ; hence S2 converges in probability to
µ2 − µ2 = σ2 (when n → ∞).

Confidence intervals

I.6.8. Together with the estimator θ∗ of a real parameter θ, it is useful to have
an interval around θ∗ that contains θ with some high probability 1−α (called the
confidence of the interval). In fact, θ is not a random variable, and the rigorous
approach is to find an interval (a(θ), b(θ)) such that

P [θ∗ ∈ (a(θ), b(θ))] = 1 − α. (3)

The corresponding interval for θ is a (1 − α)-confidence interval for θ.

Example 1. Consider an N(µ, σ2)-population with known variance. Let

Z :=
X̄ − µ

σ/
√
n
.

Then Z is N(0, 1)-distributed. In our case, (3) for the estimator X̄ of µ takes
the equivalent form

P

[
a(µ) − µ

σ/
√
n

< Z <
b(µ) − µ

σ/
√
n

]
= 1 − α. (4)

For simplicity, take a symmetric Z-interval,

b(µ) − µ

σ/
√
n

= c;
a(µ) − µ

σ/
√
n

= −c,

that is,
a(µ) = µ − cσ/

√
n; b(µ) = µ + cσ/

√
n.

Let Φ denote the N(0, 1)-distribution function. By symmetry of the normal
density,

Φ(−c) = 1 − Φ(c),

and therefore (4) takes the form

1 − α = Φ(c) − Φ(−c) = 2Φ(c) − 1,
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that is,
Φ(c) = 1− α/2,

and we get the unique solution for c:

c = Φ−1(1− α/2) := z1−α/2. (5)

By symmetry of the normal density, −c = zα/2. The interval for the estimator
X̄ is then

µ+ zα/2σ/
√
n := a(µ) < X̄ < b(µ) := µ+ z1−α/2σ/

√
n,

and the corresponding (1− α)-confidence interval for µ is

X̄ − z1−α/2σ/
√
n < µ < X̄ − zα/2σ/

√
n.

Example 2. Consider an N(µ, σ2)-population with both parameters unknown.
We still use the MLE µ∗ = X̄. By Corollary I.5.6, the statistic

T :=
X̄ − µ

S

√
n− 1

has the Student distribution with n− 1 degrees of freedom. By symmetry of the
Student density, the argument in Example 1 applies in this case by replacing Φ
with FT,n−1, the Student distribution function for n− 1 degrees of freedom, and
σ/

√
n by S/

√
n− 1. Let

tγ,n−1 := F−1
T,n−1(γ).

Then a (1− α)-confidence interval for µ is

X̄ − t1−α/2,n−1S/
√
n− 1 < µ < X̄ − tα/2,n−1S/

√
n− 1.

Example 3. In the context of Example 2, we look for a (1 − α)-confidence
interval for σ2. By Fisher’s theorem, the statistic V := nS2/σ2 has the χ2

1
distribution with n − 1 degrees of freedom (denoted for simplicity by Fn−1).
Denote

χ2
γ,n−1 = F−1

n−1(γ) (γ ∈ R).

Choosing
a = χ2

α/2,n−1; b = χ2
1−α/2,n−1,

we get

P [a < V < b] = Fn−1(b)− Fn−1(a) = (1− α/2)− α/2 = 1− α,

which is equivalent to

P

[
nS2

χ2
1−α/2,n−1

< σ2 <
nS2

χ2
α/2,n−1

]
= 1− α,

from which we read off the wanted (1− α)-confidence interval for σ2.
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Testing of hypothesis and decision

I.6.9. Let X1, . . . , Xn be independent r.v.s with common distribution F (.; θ),
with an unknown parameter θ. A simple hypothesis is a hypothesis of the form

H0 : θ = θ0.

This is the so-called ‘zero hypothesis’.
We may consider an ‘alternative hypothesis’ that is also simple, that is,

H1 : θ = θ1.

Let Pθi
(i = 0, 1) denote the probability of any event ‘involving’ X1, . . . , Xn,

under the assumption that their common distribution is F (.; θi).
The set C ∈ B(Rn) is called the rejection region of a statistical test if the

zero hypothesis is rejected when X ∈ C, where X = (X1, . . . , Xn).
The significance of the test is the probability α of rejecting H0 when H0 is

true.
For the simple hypothesis H0 above,

α = α(C) := Pθ0 [X ∈ C].

Similarly, the probability

β = β(C) := Pθ1 [X ∈ C]

is called the power of the test. It is the probability of rejecting H0 when the
alternative hypothesis H1 is true.

It is clearly desirable to choose C such that α is minimal and β is maximal.
The following result goes in this direction.

Lemma I.6.10 (Neyman–Pearson). Suppose the population distribution has
the density h(.; θ). For k ∈ R, let

Ck :=
{

(x1, . . . , xn) ∈ R
n;

n∏
j=1

h(xj ; θ1) > k

n∏
j=1

h(xj ; θ0)
}
.

Then among all C ∈ B(Rn) with α(C) ≤ α(Ck), the set Ck has maximal power.

In symbols, β(C) ≤ β(Ck) for all C with α(C) ≤ α(Ck).

Proof. Let C ∈ B(Rn) be such that α(C) ≤ α(Ck). Denote D = C ∩ Ck. Since

C − D = C ∩ Cc
k ⊂ Cc

k,
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we have

β(C − D) = β(C ∩ Cc
k) := Pθ1 [X ∈ C ∩ Cc

k]

=
∫
C∩Cc

k

∏
j

h(xj ; θ1) dx1 · · · dxn ≤ k

∫
C∩Cc

k

∏
j

h(xj ; θ0) dx1 · · · dxn

= kPθ0 [X ∈ C − D] = kPθ0 [X ∈ C] − kPθ0 [X ∈ D]

≤ kPθ0 [X ∈ Ck] − kPθ0 [X ∈ D] = kPθ0 [X ∈ Ck − D]

= k

∫
Ck−D

∏
j

h(xj ; θ0)dx1 · · · dxn

≤
∫
Ck−D

∏
j

h(xj ; θ1) dx1 · · · dxn = Pθ1 [X ∈ Ck − D] = β(Ck − D).

Hence
β(C) = β(C − D) + β(D) ≤ β(Ck − D) + β(D) = β(Ck).

Note that the proof does not depend on the special form of the joint density
of (X1, . . . , Xn). Thus, if Ck is defined using the joint density (with the values θi
of the parameter), the Neyman–Pearson lemma is valid without the independence
assumption on X1, . . . , Xn.

Application I.6.11. Suppose F is the N(µ, σ2) distribution with σ2 known,
and consider simple hypothesis

Hi : µ = µi, i = 0, 1.

For k > 0, we have (by taking logarithms):

Ck =
{

(x1, . . . , xn) ∈ R
n; (−1/2σ2)

n∑
j=1

[(xj − µ1)2 − (xj − µ0)2] > log k
}

=
{

(x1, . . . , xn); (µ1 − µ0)
[∑

xj − n(µ1 + µ0)/2
]
> σ2 log k

}
.

Denote
k∗ :=

µ1 + µ0

2
+ (σ2/n)

log k
µ1 − µ0

.

Then if µ1 > µ0,
Ck = {(x1, . . . , xn); x̄ > k∗},

and if µ1 < µ0,
Ck = {(x1, . . . , xn); x̄ < k∗}.

We choose the rejection region C = Ck for maximal power (by the Neyman–
Pearson lemma). Note that it is determined by the statistic X̄: H0 is rejected
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if X̄ > k∗ (in case µ1 > µ0). The critical value k∗ is found by means of the
requirement that the significance be equal to some given α:

α(Ck) = α,

that is, when µ1 > µ0,
Pµ0 [X̄ > k∗] = α.

Since X̄ is N(µ0, σ
2/n)-distributed under the hypothesis H0, the statistic

Z :=
X̄ − µ0

σ/
√
n

is N(0, 1)-distributed. Using the notation of Example 1 in Section I.6.8, we get

α = Pµ0

[
Z >

k∗ − µ0

σ/
√
n

]
= 1 − Φ

(
k∗ − µ0

σ/
√
n

)
,

so that
k∗ − µ0

σ/
√
n

= z1−α,

and
k∗ = µ0 + z1−ασ/

√
n.

We thus arrive to the ‘optimal’ rejection region

Ck = {(x1, . . . , xn) ∈ R
n; x̄ > µ0 + z1−ασ/

√
n}

for significance level α (in case µ1 > µ0).
An analogous calculation for the case µ1 < µ0 gives the ‘optimal’ rejection

region at significance level α

Ck = {(x1, . . . , xn); x̄ < µ0 + zασ/
√
n}.

Application I.6.12. Suppose again that F is the N(µ, σ2) distribution, this
time with µ known. Consider the simple hypothesis

Hi : σ = σi, i = 0, 1.

We deal with the case σ1 > σ0 (the other case is analogous).
For k > 0 given, the Neyman–Pearson rejection region is (after taking

logarithms)

Ck =
{
x = (x1, . . . , xn) ∈ R

n;
n∑
j=1

(xj − µ)2 > k∗
}
,

where

k∗ :=
2 log k + n log(σ1/σ0)

σ−2
0 − σ−2

1
.
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We require the significance level α, that is,

α = α(Ck) = Pσ0

[∑
(Xj − µ)2 > k∗

]
.

Since (Xj−µ)/σ2
0 are independent N(0, 1)-distributed r.v.s (under the hypothesis

H0), the statistic

χ2 := (1/σ2
0)

n∑
j=1

(Xj − µ)2

has the standard χ2
1 distribution with n degrees of freedom (cf. Section I.3.15,

Proposition 2). Thus

α = Pσ0 [χ2 > k∗/σ2
0 ] = 1 − Fχ2

1
(k∗/σ2

0).

Denote
cγ = F−1

χ2
1

(γ) (γ > 0)

(for n degrees of freedom). Then k∗ = σ2
0c1−α, and the Neyman–Pearson

rejection region for H0 at significance level α is

Ck =
{
x ∈ R

n;
∑

(xj − µ)2 > σ2
0c1−α

}
.

Tests based on a statistic

I.6.13. Suppose we wish to test the hypothesis

H0 : θ = θ0

against the alternative hypothesis

H1 : θ �= θ0

about the parameter θ of the population distribution F = F (.; θ).
Let X1, . . . , Xn be independent F -distributed r.v.s (i.e. a random sample

from the population), and suppose that the distribution Fg(X) of some statistic
g(X) (where g : R

n → R is a Borel function) is known explicitely. Denote this
distribution, under the hypothesis H0, by F0. It is reasonable to reject H0 when
g(X) > c (‘one-sided test’) or when either g(X) < a or g(X) > b (‘two-sided
test’), where c and a < b are some ‘critical values’. The corresponding rejection
regions are

C = {x ∈ R
n; g(x) > c} (6)

and
C = {x ∈ R

n; g(x) < a or g(x) > b}. (7)

For the one-sided test, the significance α requirement is (assuming that F0 is
continuous):

α = α(C) := Pθ0 [g(X) > c] = 1 − F0(c),
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and the corresponding critical value of c is

cα = F−1
0 (1 − α).

In case (7) (which is more adequate for the ‘decision problem’ with the alternative
hypothesis H1), it is convenient to choose the values a, b by requiring

Pθ0 [g(X) < a] = Pθ0 [g(X) > b] = α/2,

which is sufficient for having α(C) = α. The critical values of a, b are then

aα = F−1
0 (α/2); bα = F−1

0 (1 − α/2). (8)

Example I.6.14. The z-test
Suppose F is the normal distribution with known variance. We wish to test

the hypothesis
H0 : µ = µ0

against
H1 : µ �= µ0.

Using the N(0, 1)-distributed statistic Z as in Application I.6.11, the two-sided
critical values at significance level α are

aα = zα/2; bα = z1−α/2.

By symmetry of the normal density, aα = −bα. The zero hypothesis is rejected
(at significance level α) if either Z < zα/2 or Z > z1−α/2, that is, if |Z| > z1−α/2.

Example I.6.15. The t-test
Suppose both parameters of the normal distribution F are unknown, and

consider the hypothesis Hi of Example I.6.14. By Corollary I.5.6, the statistic

T :=
X̄ − µ

S/
√
n − 1

has the Student distribution with n− 1 degrees of freedom. With notation as in
Section I.6.8, Example 2, the critical values (at significance level α, for the test
based on the statistic T ) are

aα = tα/2,n−1; bα = t1−α/2,n−1.

By symmetry of the Student density, the zero hypothesis is rejected (at
significance level α) if |T | > t1−α/2,n−1.

Example I.6.16. Comparing the means of two normal populations.
The zero hypothesis is that the two populations have the same normal

distribution.
Two random samples X1, . . . , Xn and Y1, . . . , Ym are taken from the respect-

ive populations. Under the zero hypothesis H0, the statistic W of Corollary I.5.7
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has the Student distribution with ν = n + m − 2 degrees of freedom. By sym-
metry of this distribution, the two-sided test at significance level α rejects H0 if
|W | > t1−α/2,ν .

Example I.6.17. Comparing the variances of two normal populations.
With H0, X, and Y as in Example I.6.16, the statistic F of Corollary I.5.11

has the Snedecor distribution with (n − 1,m − 1) degrees of freedom. If F0
is this distribution, the critical values at significance level α are given by (8),
Section I.6.13.

I.7 Conditional probability

Heuristics

Let (Ω,A, P ) be a probability space, and Ai, Bj ∈ A. Consider a two-stage
experiment, with possible outcomes A1, . . . , Am in Stage 1 and B1, . . . , Bn in
Stage 2.

On the basis of the ‘counting principle’, it is intuitively acceptable that

P (Ai ∩ Bj) = P (Ai)P (Bj |Ai), (1)

where P (Bj |Ai) denotes the so-called conditional probability that Bj will occur
in Stage 2, when it is given that Ai occurred in Stage 1. We take (1) as the
definition of P (Bj |Ai) (whenever P (Ai) �= 0).

Definition I.7.1. If A ∈ A has PA �= 0, the conditional probability of B ∈ A
given A is

P (B|A) :=
P (A ∩ B)

PA
.

It is clear that P (.|A) is a probability measure on A. For any L1(P ) real r.v. X,
the expectation of X relative to P (.|A) makes sense. It is called the conditional
expectation of X given A, and is denoted by E(X|A):

E(X|A) :=
∫

Ω
X dP (·|A) = (1/PA)

∫
A

X dP. (2)

Equivalently,

E(X|A)PA =
∫
A

X dP (A ∈ A, PA �= 0). (3)

Since P (B|A) = E(IB |A), we may take the conditional expectation as the basic
concept, and view the conditional probability as a derived concept.

Let {Ai} ⊂ A be a partition of Ω (with PAi �= 0), and let A0 be the σ-algebra
generated by {Ai}. Denote

E(X|A0) :=
∑
i

E(X|Ai)IAi . (4)
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This is an A0-measurable function, which takes the constant value E(X|Ai) on
Ai (i = 1, 2, . . .). Any A ∈ A0 has the form A =

⋃
i∈J Ai, where J ⊂ N. By (3),∫

A

E(X|A0) dP =
∑

i

E(X|Ai)P (Ai ∩A) =
∑
i∈J

E(X|Ai)PAi

=
∑
i∈J

∫
Ai

X dP =
∫

A

X dP (A ∈ A0). (5)

Relation (5) may be used to define the conditional expectation of X, given the
(arbitrary) σ-subalgebra A0 of A:
Definition I.7.2. Let A0 be a σ-subalgebra of A, and let X be an L1(P )-
real r.v. The conditional expectation of X given A0 is the (P -a.s. determined)
A0-measurable function E(X|A0) satisfying the identity∫

A

E(X|A0)dP =
∫

A

X dP (A ∈ A0). (6)

Note that the right-hand side of (6) defines a real-valued measure ν on A0,
absolutely continuous with respect to P (restricted to A0). By the Radon–
Nikodym theorem, there exists a P -a.s. determined A0-measurable function,
integrable on (Ω,A0, P ), such that (6) is valid. Actually, E(X|A0) is the
Radon–Nikodym derivative of ν with respect to (the restriction of) P .

The conditional probability of B ∈ A given A0 is then defined by

P (B|A0) := E(IB |A0).

By (6), it is the P -a.s. determined A0-measurable function satisfying∫
A

P (B|A0) dP = P (A ∩B) (A ∈ A0). (7)

We show that E(X|A0) defined by (6) coincides with the function defined before
for the special case of a σ-subalgebra generated by a sequence of mutually disjoint
atoms. The idea is included in the following:

Theorem I.7.3. The conditional expectation E(X|A0) has a.s. the constant
value E(X|A) on each P -atom A ∈ A0. (A ∈ A0 is a P -atom if PA > 0, and A
is not the disjoint union of two A0-measurable sets with positive P -measure.)

Proof. Suppose f : Ω → [−∞,∞] is A0-measurable, and let A ∈ A0 be a
P -atom. We show that f is a.s. constant on A.

Denote Ax := {ω ∈ A; f(ω) < x}, for x > −∞.
By monotonicity of P , if −∞ ≤ y ≤ x ≤ ∞ and PAx = 0, then also PAy = 0.

Let
h = sup{x;PAx = 0}.

Then PAx = 0 for all x < h. Since

Ah =
⋃

r<h;r∈Q

Ar,
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we have
PAh = 0. (8)

By definition of h, we have PAx > 0 for x > h, and since A is a P -atom
and Ax ∈ A0 (because f is A0-measurable) is a subset of A, it follows that
P{ω ∈ A; f(ω) ≥ x} = 0 for all x > h. Writing

{ω ∈ A; f(ω) > h} =
⋃

r>h;r∈Q

{ω ∈ A; f(ω) ≥ r},

we see that P{ω ∈ A; f(ω) > h} = 0. Together with (8), this proves that

P{ω ∈ A; f(ω) 
= h} = 0,

that is, f(ω) = h P -a.s. on A.
Applying the conclusion to f = E(X|A0), we see from (6) that this constant

value is necessarily E(X|A) (cf. (2)).
We collect some elementary properties of the conditional expectation in the

following

Theorem I.7.4.

(1) E(E(X|A0)) = EX.

(2) If X is A0-measurable, then E(X|A0) = X a.s. (this is true in particular
for X constant, and for any r.v. X if A0 = A).

(3) Monotonicity: for real r.v.s X,Y ∈ L1(P ) such that X ≤ Y a.s.,
E(X|A0) ≤ E(Y |A0) a.s. (in particular, since −|X| ≤ X ≤ |X|,
|E(X|A0)| ≤ E(|X‖A0) a.s.).

(4) Linearity: for X,Y ∈ L1(P ) and α, β ∈ C,

E(αX + βY |A0) = αE(X|A0) + βE(Y |A0) a.s.

Proof.

(1) Take A = Ω in (6).

(2) X is A0-measurable (hypothesis!) and satisfies trivially (6).

(3) The right-hand side of (6) is monotonic; therefore∫
A

E(X|A0) dP ≤
∫

A

E(Y |A0) dP

for all A ∈ A0, and the conclusion follows for example from the ‘Averages
lemma’.

(4) The right-hand side of the equation in property (4) is A0-measurable and
its integral over A equals

∫
A
(αX + βY ) dP for all A ∈ A0. By (6), it

coincides a.s. with E(αX + βY |A0).
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We show next that conditional expectations behave like ‘projections’ in an
appropriate sense.

Theorem I.7.5. Let A0 ⊂ A1 be σ-subalgebras of A. Then for all X ∈ L1(P ),

E(E(X|A0)|A1) = E(E(X|A1)|A0) = E(X|A0) a.s. (9)

Proof. E(X|A0) is A0-measurable, hence also A1-measurable (since A0 ⊂ A1),
and therefore, by Theorem I.7.4, Part 2, the far left and far right in (9)
coincide a.s.

Next, for all A ∈ A0(⊂ A1), we have by (6)∫
A

E(E(X|A1)|A0)dP =
∫
A

E(X|A1)dP =
∫
A

X dP =
∫
A

E(X|A0)dP,

so that the middle and far right expressions in (9) coincide a.s.

‘Almost sure’ versions of the usual convergence theorems for integrals are
valid for the conditional expectation.

Theorem I.7.6 (Monotone convergence theorem for E(.|A0)). Let 0 ≤
X1 ≤ X2 ≤ · · · (a.s.) be r.v.s such that limXn := X ∈ L1(P ). Then

E(X|A0) = limE(Xn|A0) a.s.

Proof. By Part (3) in Theorem I.7.4,

0 ≤ E(X1|A0) ≤ E(X2|A0) ≤ · · · a.s.

Therefore h := limn E(Xn|A0) exists a.s., and is A0-measurable (after being
extended as 0 on some P -null set). By the usual Monotone Convergence theorem,
we have for all A ∈ A0∫

A

h dP = lim
n

∫
A

E(Xn|A0) dP = lim
n

∫
A

Xn dP =
∫
A

X dP,

hence h = E(X|A0) a.s.

Corollary I.7.7 (Beppo Levi theorem for conditional expectation). Let
Xn ≥ 0 (a.s.) be r.v.s such that

∑
nXn ∈ L1(P ). Then

E

(∑
n

Xn

∣∣A0

)
=

∑
n

E(Xn

∣∣A0) a.s.

Taking in particular Xn = IBn with mutually disjoint Bn ∈ A, we obtain the
a.s. σ-additivity of P (.|A0):

P

( ∞⋃
n=1

Bn

∣∣A0

)
=

∞∑
n=1

P (Bn

∣∣A0) a.s. (10)
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Theorem I.7.8 (Dominated convergence theorem for conditional
expectation). Let {Xn} be a sequence of r.v.s such that

Xn → X a.s.

and
|Xn| ≤ Y ∈ L1(P ).

Then
E(X|A0) = lim

n
E(Xn|A0) a.s.

Proof. By Properties (1) and (3) in Theorem I.7.4, E(|E(Xn|A0)|) ≤ E(Y ) <
∞, and therefore E(Xn|A0) is finite a.s., and similarly E(X|A0). Hence
E(Xn|A0)−E(X|A0) is well-defined and finite a.s., and has absolute value equal
a.s. to

|E(Xn − X|A0)| ≤ E(|Xn − X‖A0) ≤ E(Zn|A0), (11)

where
Zn := sup

k≥n
|Xk − X|(∈ L1(P )).

Since Zn is a non-increasing sequence (with limit 0 a.s.), Property (3) in The-
orem I.7.4 implies that E(Zn|A0) is a non-increasing sequence a.s. Let h be
its (a.s.) limit. After proper extension on a P -null set, h is a non-negative
A0-measurable function. Since 0 ≤ Zn ≤ 2Y ∈ L1(P ), the usual Dominated
Convergence theorem gives

0 ≤
∫

Ω
h dP ≤

∫
Ω
E(Zn|A0) dP =

∫
Ω
Zn dP →n 0,

hence h = 0 a.s. By (11), this gives the conclusion of the theorem.

Property (2) in Theorem I.7.4 means that A0-measurable functions behave
like constants relative to the operation E(.|A0). This ‘constant like’ behaviour
is a special case of the following:

Theorem I.7.9. Let X,Y be r.v.s such that X, Y, XY ∈ L1(P ). If X is
A0-measurable, then

E(XY |A0) = X E(Y |A0) a.s. (12)

Proof. If B ∈ A0 and X = IB , then for all A ∈ A0,∫
A

XE(Y |A0) dP =
∫
A∩B

E(Y |A0) dP =
∫
A∩B

Y dP =
∫
A

XY dP,

so that (12) is valid for A0-measurable indicators, and by linearity, for all
A0-measurable simple functions. For an arbitrary A0-measurable r.v. X ∈
L1(P ), there exists a sequence {Xn} of A0-measurable simple functions such
that Xn → X and |Xn| ≤ |X|. We have

E(XnY |A0) = XnE(Y |A0) a.s.
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Since E(Y |A0) is P -integrable, it is a.s. finite, and therefore the right-hand side
converges a.s. to X E(Y |A0).

Since XnY → XY and |XnY | ≤ |XY | ∈ L1(P ), the left-hand side converges
a.s. to E(XY |A0) by Theorem I.7.8, and the result follows.

Conditioning by a r.v.

I.7.10. Given a r.v. X, it induces a σ-subalgebra AX of A, where

AX := {X−1(B);B ∈ B},

and B is the Borel algebra of R (or C). It is then ‘natural’ to define

E(Y |X) := E(Y |AX) (13)

for any integrable r.v. Y .
Thus E(Y |X) is the a.s. uniquely determined (AX)-measurable function such

that ∫
X−1(B)

E(Y |X) dP =
∫

X−1(B)
Y dP (14)

for all B ∈ B.
As a function of B, the right-hand side of (14) is a real (or complex) meas-

ure on B, absolutely continuous with respect to the probability measure PX

[PX(B) = 0 means that P (X−1(B)) = 0, which implies that the right-hand side
of (14) is zero]. By the Radon–Nikodym theorem, there exists a unique (up to
PX -equivalence) Borel L1(PX)-function h such that

∫
B

h dPX =
∫

X−1(B)
Y dP (B ∈ B). (15)

We shall denote (for X real valued)

h(x) := E(Y |X = x) (x ∈ R), (16)

and call this function the ‘conditional expectation of Y , given X = x’. Thus, by
definition, ∫

B

E(Y |X = x) dPX(x) =
∫

X−1(B)
Y dP (B ∈ B). (17)

Taking B = R in (17), we see that

EPX
(E(Y |X = x)) = E(Y ), (18)

where EPX
denotes the expectation operator on L1(R,B, PX).
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The proof of Theorem I.7.3 shows that E(Y |X = x) is PX -a.s. constant on
each PX -atom B ∈ B. By (17), we have

E(Y |X = x) =
1

P (X−1(B))

∫
X−1(B)

Y dP (19)

PX -a.s. on B, for each PX -atom B ∈ B.

As before, the ‘conditional probability of A ∈ A given X = x’ is defined by

P (A|X = x) := E(IA|X = x) (x ∈ R),

or directly by (17) for the special case Y = IA:∫
B

P (A|X = x) dPX(x) = P (A ∩ X−1(B)) (B ∈ B). (20)

If B ∈ B is a PX -atom, we have by (19)

P (A|X = x) =
P (A ∩ X−1(B))
P (X−1(B))

= P (A|[X ∈ B]) (21)

PX -almost surely on B, where the right-hand side of (21) is the ‘elementary’ con-
ditional probability of the event A ∈ A, given the event [X ∈ B]. In particular,
if B = {x} is a PX -atom (i.e., if PX({x}) > 0; i.e. if P [X = x] > 0), then

P (A|X = x) = P (A|[X = x]) (A ∈ A), (22)

so that the notation is ‘consistent’.
The relation between the AX -measurable function E(Y |X) and the Borel

function h(x) := E(Y |X = x) is stated in the next.

Theorem I.7.11. Let (Ω,A, P ) be a probability space, and let X,Y be (real)
r.v.s, with Y integrable. Then, P -almost surely,

E(Y |X) = h(X),

where h(x) := E(Y |X = x).

Proof. By (14) and (15),∫
X−1(B)

E(Y |X) dP =
∫
B

h dPX (B ∈ B). (23)

We claim that ∫
B

h dPX =
∫
X−1(B)

h(X) dP (B ∈ B) (24)

for any real Borel PX -integrable function h on R. If h = IC for C ∈ B, (24) is
valid, since∫

B

h dPX = PX(B ∩ C) = P (X−1(B ∩ C))

= P (X−1(B) ∩ X−1(C)) =
∫
X−1(B)

IX−1(C) dP =
∫
X−1(B)

h(X) dP.
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By linearity, (24) is then valid for simple Borel functions h. If h is a non-negative
Borel function, let {hn} be a sequence of simple Borel functions such that 0 ≤
h1 ≤ h2 ≤ · · · , and limhn = h. Then {hn(X)} is a sequence of AX -measurable
functions such that

0 ≤ h1(X) ≤ h2(X) ≤ · · ·
and limhn(X) = h(X). By the Monotone Convergence theorem applied in the
measure spaces (R,B, PX) and (Ω,A, P ), we have for all B ∈ B:∫

B

h dPX = lim
n

∫
B

hn dPX = lim
n

∫
X−1(B)

hn(X) dP =
∫

X−1(B)
h(X) dP.

For any real PX -integrable Borel function h, write h = h+ − h−; then∫
B

h dPX :=
∫

B

h+ dPX −
∫

B

h−dPX

=
∫

X−1(B)
h+(X)dP −

∫
X−1(B)

h−(X) dP

=
∫

X−1(B)
h(X) dP (B ∈ B).

Thus (24) is verified, and by (23), we have∫
A

E(Y |X) dP =
∫

A

h(X) dP

for all A ∈ AX(:= {X−1(B);B ∈ B}).
Since both integrands are in L1(Ω,AX , P ), it follows that they coincide

P -almost surely.

Theorem I.7.12. Let X,Y be (real) r.v.s, with Y ∈ L2(P ). Then Z = E(Y |X)
is the (real) AX-measurable solution in L2(P ) of the extremal problem

‖Y − Z‖2 = min.

(Geometrically, Z is the orthogonal projection of Y onto L2(Ω,AX , P ).)

Proof. Write (for Y,Z ∈ L2(P )):

(Y − Z)2 = [Y − E(Y |X)]2 + [E(Y |X) − Z]2

+ 2[E(Y |X) − Z][Y − E(Y |X)]. (25)

In particular, the third term is ≤ (Y − Z)2. Similarly, we see that the negative
of the third term is also ≤ (Y − Z)2. Hence this term has absolute value ≤
(Y − Z)2 ∈ L1(P ). Since E(Y |X) ∈ L1(P ), the functions U := E(Y |X) − Z,
V := Y −E(Y |X), and UV are all in L1(P ), and U is AX -measurable whenever
Z is. By Theorem I.7.9 with A0 = AX ,

E(UV |X) := E(UV |AX) = UE(V |AX) = UE(V |X)

= U [E(Y |X) − E(Y |X)] = 0.
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Hence by (25)
E([Y − Z]2|X) = E(U2|X) + E(V 2|X).

Applying E, we obtain

E((Y − Z)2) = E(U2) + E(V 2) ≥ E(V 2),

that is, ‖Y − Z‖2 ≥ ‖Y − E(Y |X)‖2, with the minimum attained when U = 0
(P -a.s.), that is, when Z = E(Y |X) a.s.

Applying Theorem I.7.11, we obtain the following extremal property of h =
E(Y |X = ·):
Corollary I.7.13. Let X,Y be (real) r.v.s, with Y ∈ L2(P ). Then the extremal
problem for (real) Borel functions g on R with g(X) ∈ L2(P )

‖Y − g(X)‖2 = min

has the solution
g = h := E(Y |X = ·) a.s.

Thus h(X) gives the best ‘mean square approximation’ of Y by ‘functions
of X’. The graph of the equation

y = h(x)(:= E(Y |X = x))

is called the regression curve of Y on X.

I.7.14. Linear regression. We consider the extremal problem of Corollary I.7.13
with the stronger restriction that g be linear. Thus we wish to find values of the
real parameters a, b such that

‖Y − (aX + b)‖2 = min,

where X,Y are given non-degenerate L2(P )-r.v.s. Necessarily, X,Y have finite
expectations µk and standard deviations σk > 0, and we may define the so-called
correlation coefficient of X and Y

ρ = ρ(X,Y ) :=
cov(X,Y )

σ1σ2
.

By I.2.5, |ρ| ≤ 1.
We have

‖Y − (aX + b)‖2
2

= E([Y − µ2] − a[X − µ1] + [µ2 − (aµ1 + b)])2

= E(Y − µ2)2 + a2E(X − µ1)2 + [µ2 − (aµ1 + b)]2 − 2aE((X − µ1)(Y − µ2))

= σ2
2 + a2σ2

1 + [µ2 − (aµ1 + b)]2 − 2aρσ1σ2

= (aσ1 − ρσ2)2 + (1 − ρ2)σ2
2 + [µ2 − (aµ1 + b)]2 ≥ (1 − ρ2)σ2

2 ,
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with equality (giving the minimal L2-distance σ2
√

1 − ρ2) attained when

aσ1 − ρσ2 = 0, µ2 − (aµ1 + b) = 0,

that is, when
a = a∗ := ρσ2/σ1; b = b∗ := µ2 − a∗µ1.

In conclusion, the linear solution of our extremum problem (the so-called linear
regression of Y on X) has the equation

y = µ2 + ρ
σ2

σ1
(x − µ1).

Note that the minimal L2-distance vanishes iff |ρ| = 1; in that case Y = a∗X +
b∗ a.s.

I.7.15. Conditional distribution; discrete case.
Let X,Y be discrete real r.v.’s, with respective ranges {xj} and {yk}. The

vector-valued r.v. (X,Y ) assumes the value (xj , yk) with the positive probability
pjk, where ∑

j,k

pjk = 1.

The joint distribution function of (X,Y ) is defined (in general, for any real r.v.’s)
by

F (x, y) := P [X < x, Y < y] (x, y ∈ R).

In the discrete case above,

F (x, y) =
∑

xj<x,yk<y

pjk.

The marginal distributions are defined in general by

FX(x) := P [X < x] = F (x,∞); FY (y) := P [Y < y] = F (∞, y).

In our case,
FX(x) =

∑
xj<x

pj.; FY (y) =
∑
yk<y

p.k,

where

pj. :=
∑
k

pjk = P [X = xj ]; p.k :=
∑
j

pjk = P [Y = yk].

Each singleton {xj} is a PX -atom (because P [X = xj ] = pj. > 0). By (22) in
Section I.7.10 (with A = [Y = yk]), we have

P (Y = yk|X = xj) =
pjk
pj.

(j, k = 1, 2, . . .)
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and similarly

P (X = xj |Y = yk) =
pjk

p.k
.

Note that ∑
k

P (Y = yk|X = xj) = 1,

and therefore the function of y given by

F (y|X = xj) :=
∑
yk<y

P (Y = yk|X = xj) = (1/pj.)
∑
yk<y

pjk (j = 1, 2, . . .)

is a distribution function. It is called the conditional distribution of Y , given
X = xj .

I.7.16. Conditional distribution; Continuous case. Consider now the case where
the vector-valued r.v. (X,Y ) has a (joint) density h (cf. Section I.5). Then the
distribution function of (X,Y ) is given by

F (x, y) =
∫ x

−∞

∫ y

−∞
h(s, t) ds dt (x, y ∈ R).

By Tonelli’s theorem, the order of integration is irrelevant. At all continuity
points (x, y) of h, one has h(x, y) = ∂2F/∂x ∂y. The marginal density functions
are defined by

hX(x) :=
∫

R

h(x, y)dy; hY (y) :=
∫

R

h(x, y)dx (x, y ∈ R).

These are densities for the distribution function FX and FY , respectively.
If S := {(x, y) ∈ R

2;hX(x) = 0}(= h−1
X ({0})× R), then

P [(X,Y ) ∈ S] = P [X ∈ h−1
X ({0})] =

∫
h−1

X ({0})
hX(x) dx = 0,

so that S may be disregarded. On R
2 − S, define

h(y|x) := h(x, y)
hX(x)

. (26)

This function is called the conditional distribution density of Y , given X = x.
The terminology is motivated by the following

Proposition I.7.17. In the above setting, we have PX-almost surely

E(Y |X = x) =
∫

R

y h(y|x) dy.
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Proof. For all B ∈ B(R), we have by Fubini’s theorem:∫
X−1(B)

Y dP =
∫∫

B×R

yh(x, y) dx dy =
∫
B

hX(x)
∫

R

yh(y|x) dy dx

=
∫
B

(∫
R

yh(y|x) dy
)
dPX(x),

and the conclusion follows from (17) in Section I.7.10.

If h is continuous on R
2, we also have

Proposition I.7.18. Suppose the joint distribution density h of (X,Y ) is con-
tinuous on R

2. Then for all x ∈ R for which hX(x) �= 0 and for all B ∈ B(R),
we have ∫

B

h(y|x) dy = lim
δ→0+

P (Y ∈ B
∣∣∣x − δ < X < x + δ).

Proof. For δ > 0,

P (Y ∈ B | x − δ < X < x + δ) =
P ([Y ∈ B] ∩ [x − δ < X < x + δ])

P [x − δ < X < x + δ]

=

∫ x+δ
x−δ

∫
B
h(s, y) dy ds∫ x+δ

x−δ hX(s) ds
.

Divide numerator and denominator by 2δ and let δ → 0. The continuity assump-
tion implies that, for all x for which hX(x) �= 0, the last expression has the
limit ∫

B
h(x, y) dy
hX(x)

=
∫
B

h(y|x) dy.

It follows from (26) that
∫

R
h(y|x)dy = 1, so that h(y|x) (defined for all x

such that hX(x) �= 0) is the density of a distribution function:

F (y|x) :=
∫ y

−∞
h(t|x) dt,

called the conditional distribution of Y given X = x.

Example I.7.19 (The binormal distribution). We say that X,Y are binor-
mally distributed if they have the joint density function (called the binormal
density) given by

h(x, y) = (1/c) exp
(

− Q

(
x − µ1

σ1
,
y − µ2

σ2

))
,

where Q is the positive definite quadratic form

Q(s, t) :=
s2 − 2ρst + t2

2(1 − ρ2)
,
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and
c = 2πσ1σ2

√
1− ρ2

(µk ∈ R, σk > 0, −1 < ρ < 1 are the parameters of the distribution).

Note that

Q(s, t) = [(s− ρt)2 + (1− ρ2)t2]/[2(1− ρ2)] ≥ 0

for all real s, t, with equality holding iff s = t = 0. Therefore h attains its
absolute maximum 1/c at the unique point (x, y) = (µ1, µ2).

The sections of the surface z = h(x, y) with the planes z = a are empty for
a > 1/c (and a ≤ 0); a single point for a = 1/c; and ellipses for 0 < a < 1/c (the
surface is ‘bell-shaped’).

In order to calculate the integral
∫

R2 h(x, y) dx dy, we make the transforma-
tion

x = µ1 + σ1s = µ1 + σ1(u+ ρt); y = µ2 + σ2t,

where u := s− ρt. Then (u, t) ranges over R
2 when (x, y) does, and

∂(x, y)
∂(u, t)

= σ1σ2 > 0.

Therefore the above integral is equal to

(1/c)
∫∫

R2
e−((u2+(1−ρ2)t2)/(2(1−ρ2))σ1σ2 du dt

= (1/
√
2π(1− ρ2))

∫
R

e−u2/2(1−ρ2) du = 1,

since the last integral is that of the N(0, 1− ρ2)-density.
Thus h is indeed the density of a two-dimensional distribution function.
Since Q(s, t) = s2/2 + (t − ρs)2/2(1 − ρ2), we get (for x ∈ R fixed, with

s = (x− µ1)/σ1 and t = (y − µ2)/σ2, so that dy = σ2 dt):

hX(x) = (1/c)e−s2/2
∫

R

e−(t−ρs)2/2(1−ρ2)σ2 dt =
1√
2πσ1

e−(x−µ1)2/2σ2
1 .

Thus hX is the N(µ1, σ
2
1)-density. By symmetry, the marginal density hY is the

N(µ2, σ
2
2)-density. In particular, the meaning of the parameters µk and σ2

k has
been clarified (as the expectations and variance of X and Y ).

We have (with s, t related to x, y as before and c′ =
√
2πσ2

2(1− ρ2)):

h(y|x) := h(x, y)
hX(x)

= (1/c′) exp
{

−ρ2s2 − 2ρst+ t2

2(1− ρ2)

}

= (1/c′) exp {−(t− ρs)2/2(1− ρ2)}

= (1/c′) exp
{

− [y − (µ2 + ρ(σ2/σ1)(x− µ1)]2

2σ2
2(1− ρ2)

}
.
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Thus h(y|x) is the N(µ2 + ρ(σ2/σ1)(x − µ1), σ2
2(1 − ρ2)) density.

By Proposition I.7.17, for all real x,

E(Y |X = x) = µ2 + ρ(σ2/σ1)(x − µ1),

with an analogous formula for E(X|Y = y).
Thus, for binormally distributed X,Y , the regression curves y = E(Y |X = x)

and x = E(X|Y = y) coincide with the linear regression curves (cf. Sec-
tion I.7.14). They intersect at (µ1, µ2), and the coefficient ρ here coincides with
the correlation coefficient ρ(X,Y ) (cf. Section I.7.14). Indeed (with previous
notations),

ρ(X,Y ) = E

(
X − µ1

σ1
· Y − µ2

σ2

)

= (1/c)
∫∫

R2
(u + ρt)t exp

{
− u2 + (1 − ρ2)t2

2(1 − ρ2)

}
σ1σ2 du dt.

The integrand splits as the sum of two terms. The term with the factor ut is
odd in each variable; by Fubini’s theorem, its integral vanishes. The remaining
integral is

ρ
1√

2π(1 − ρ2)

∫
R

e−u2/2(1−ρ2) du
1√
2π

∫
R

t2e−t2/2 dt = ρ.

Note in particular that if the binormally distributed r.v.s X,Y are uncorrelated,
then ρ = ρ(X,Y ) = 0, and therefore h(x, y) = hX(x)hY (y). By Proposi-
tion I.5.1, it follows that X,Y are independent. Since the converse is generally
true (cf. Section I.2.5), we have

Proposition. If the r.v.s X,Y are binormally distributed, then they are
independent if and only if they are uncorrelated.

I.8 Series of L2 random variables

The problem considered in this section is the a.s. convergence of series of
independent r.v.s.

We fix the following notation: {Xk}∞
k=1 is a sequence of real independent

central L2(P ) random variables; for n = 1, 2, . . . , we let

Sn =
n∑

k=1

Xk; s2
n = σ2(Sn) =

n∑
k=1

σ2
k; σ2

k = σ2(Xk);

and
Tn = max

1≤m≤n
|Sm|.

Lemma I.8.1 (Kolmogorov). For each ε > 0 and n = 1, 2, . . . ,

P [Tn ≥ ε] ≤ s2
n/ε

2.
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Proof. Write

[Tn ≥ ε] = [|S1| ≥ ε] ∪ {[|S2| ≥ ε] ∩ [|S1| < ε]} ∪ · · ·
∪ {[|Sn| ≥ ε] ∩ [|Sk| < ε; k = 1, . . . , n − 1]},

and denote the kth set in this union by Ak.
By independence and centrality of Xk,

∫
Ak

S2
n dP =

n∑
j=1

∫
Ak

X2
j dP ≥

k∑
j=1

∫
Ak

X2
j dP

=
∫
Ak

S2
k dP ≥ ε2P (Ak).

Since the sets Ak are mutually disjoint, we get

ε2P [Tn ≥ ε] =
n∑

k=1

ε2P (Ak) ≤
n∑

k=1

∫
Ak

S2
n dP

=
∫

[Tn≥ε]
S2
n dP ≤ E(S2

n) = s2
n.

Theorem I.8.2. (For Xk as above.) If
∑

k σ
2
k < ∞, then

∑
kXk converges a.s.

Proof. Fix ε > 0. For n,m ∈ N, denote

Anm = [ max
1≤k≤n

|
m+k∑

j=m+1

Xj | > ε]

and

Am = [ sup
1≤k<∞

|
m+k∑

j=m+1

Xj | > ε].

Then Am is the union of the increasing sequence {Anm}n, so that

P (Am) = lim
n

P (Anm).

By Lemma I.8.1,

P (Anm) ≤ (1/ε2)
m+n∑

k=m+1

σ2
k ≤ (1/ε2)

∞∑
k=m+1

σ2
k.

Hence for all m

P (Am) ≤ (1/ε2)
∞∑

k=m+1

σ2
k,
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and therefore

P [inf
m

sup
k

|
m+k∑

j=m+1

Xj | > ε] ≤ (1/ε2)
∞∑

k=m+1

σ2
k.

The right-hand side tends to zero when m → ∞ (by hypothesis), and therefore
the left-hand side equals 0. Thus

inf
m

sup
k

|
m+k∑

j=m+1

Xj | ≤ ε a.s.,

hence there exists m, such that for all k, one has |∑m+k
j=m+1 Xj | < 2ε (a.s.).

For an a.s. bounded sequence of r.v.s, a converse result is proved below.

Theorem I.8.3. Let {Xk} be a sequence of independent central r.v.s such that

(i) |Xk| ≤ c a.s.; and

(ii) P [
∑∞

k=1 Xk converges ] > 0.

Then
∑

k σ
2
k < ∞.

Proof. By (i), |Sn| ≤ nc a.s.
Let A be the set on which {Sn} converges. Since PA > 0 by (ii), it follows

from Egoroff’s theorem (Theorem 1.57) that {Sn} converges uniformly on some
measurable subset B ⊂ A with PB > 0. Hence |Sn| ≤ d for all n on some
measurable subset E ⊂ B with PE > 0. Let

En = [|Sk| ≤ d; 1 ≤ k ≤ n] (n ∈ N).

The sequence {En} is decreasing, with intersection E. Let α0 = 0 and

αn :=
∫
En

S2
n dP (n ∈ N).

Write
Fn = En−1 − En(⊂ En−1); En = En−1 − Fn,

so that

αn − αn−1 =
∫
En−1

S2
n dP −

∫
Fn

S2
n dP −

∫
En−1

S2
n−1 dP.

Since Xn and Sn−1 are central and independent, we have by BienAyme’s identity∫
En−1

S2
n dP =

∫
En−1

X2
n dP +

∫
En−1

S2
n−1 dP,

and therefore
αn − αn−1 =

∫
En−1

X2
n dP −

∫
Fn

S2
n dP.
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On Fn(⊂ En−1), we have

|Sn| ≤ |Xn|+ |Sn−1| ≤ c+ d a.s.

Therefore
αn − αn−1 ≥

∫
En−1

X2
n dP − (c+ d)2P (Fn). (1)

Since IEn−1 (which is defined exclusively by means of X1, . . . , Xn−1) and X2
n are

independent, it follows from Theorem I.2.2 that∫
En−1

X2
n dP = E(IEn−1X

2
n) = P (En−1)σ2(Xn) ≥ P (E)σ2

n.

Hence, by (1), and summing all the inequalities for n = 1, . . . , k, we obtain

αk ≥ P (E)
k∑

n=1

σ2
n − (c+ d)2

k∑
n=1

P (Fn).

However, the sets Fn are disjoint, so that

k∑
n=1

P (Fn) = P

( k⋃
n=1

Fn

)
≤ 1,

hence

αk ≥ P (E)
k∑

n=1

σ2
n − (c+ d)2.

Since P (E) > 0, we obtain for all k ∈ N

k∑
n=1

σ2
n ≤ αk + (c+ d)2

P (E)
≤ d2 + (c+ d)2

P (E)
,

so that
∑

n σ
2
n < ∞.

We consider next the non-central case.

Theorem I.8.4. Let {Xk} be a sequence of independent r.v.s, such that
|Xk| ≤ c, k = 1, 2, . . . a.s. Then

∑
k Xk converges a.s. if and only if the two

(numerical) series
∑

k E(Xk) and
∑

k σ
2
k converge.

Proof. Suppose the two ‘numerical’ series converge (for this part of the proof,
the hypothesis |Xk| ≤ c a.s. in not needed, and Xk are only assumed in L2, our
standing hypothesis). Let Yk = Xk − E(Xk). Then Yk are independent central
L2 random variables, and

∑
k σ

2(Yk) =
∑

k σ
2(Xk) < ∞. By Theorem I.8.2,∑

k Yk converges a.s., and therefore
∑

k Xk =
∑

k[Yk + E(Xk)] converges a.s.,
since

∑
E(Xk) converges by hypothesis.

Conversely, suppose that
∑
Xk converges a.s.
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Define on the product probability space

(Ω,A, P )× (Ω,A, P )

the random variables

Zn(ω1, ω2) := Xn(ω1)−Xn(ω2).

Then Zn are independent. They are central, since

E(Zn) =
∫

Ω×Ω
[Xn(ω1)−Xn(ω2)] d(P × P )

=
∫

Ω
Xn(ω1) dP (ω1)−

∫
Ω
Xn(ω2) dP (ω2) = E(Xn)− E(Xn) = 0.

Also |Zn| ≤ 2c.
Furthermore,

∑
Zn converges almost surely, because

{
(ω1, ω2) ∈ Ω × Ω;

∑
Zn diverges

}
⊂
{
(ω1, ω2);

∑
Xn(ω1) diverges} ∪ {(ω1, ω2);

∑
n

Xn(ω2) diverges
}
,

and both sets in the union have P × P -measure zero (by our a.s. convergence
hypothesis on

∑
Xn).

By Theorem I.8.3, it follows that
∑
σ2(Zn) < ∞. However,

σ2(Zn) =
∫

Ω×Ω
[Xn(ω1)−Xn(ω2)]2 d(P × P ).

Expanding the square and integrating, we see that

σ2(Zn) = 2[E(X2
n)− E(Xn)2] = 2σ2(Xn).

Therefore
∑
σ2(Xn) < ∞, and since Yn are central, and

∑
σ2(Yn) =∑

σ2(Xn) < ∞, we conclude from Theorem I.8.2 that
∑
Yn converges a.s.;

but then
∑
E(Xn) =

∑
(Xn − Yn) converges as well.

We consider finally the general case of a series of independent L2 random
variables.

Theorem I.8.5 (Kolmogorov’s ‘three series theorem’). Let {Xn} be a
sequence of real independent L2(P ) random variables. For any real k > 0 and
n ∈ N, denote

En := [|Xn| ≤ k]; X ′
n = IEnXn.
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Then the series
∑

Xn converges a.s. if and only if the following numerical
series (a), (b), and (c) converge

(a)
∑

n P (Ec
n);

(b)
∑

nE(X ′
n);

(c)
∑

n σ
2(X ′

n).

Proof. Consider the ‘truncated’ r.v.s

Y +
n := IEnXn + kIEc

n
,

and Y −
n defined similarly with −k instead of k.

If
∑

Xn(ω) converges, then Xn(ω) → 0, so that ω ∈ En for n > n0, and
therefore Y +

n (ω) = Y −
n (ω) = Xn(ω) for all n > n0; hence both series

∑
Y +
n (ω)

and
∑

Y −
n (ω) converge. Conversely, if one of these two series converge (say the

first), then Y +
n (ω) → 0, so that Y +

n (ω) �= k for n > n0, hence necessarily
Y +
n (ω) = Xn(ω) for n > n0, and so

∑
Xn(ω) converges.

We showed that
∑

Xn(ω) converges if and only if the series of Y +
n and Y −

n

both converge at ω; therefore
∑

Xn converges a.s. if and only if both Y -series
converge a.s. Since Y +

n and Y −
n satisfy the hypothesis of Theorem I.8.4, we

conclude from that theorem that
∑

Xn converges a.s. if and only if the numerical
series

∑
E(Y +

n ),
∑

σ2(Y +
n ), and the corresponding series for Y −

n converge. It
then remains to show that the convergence of these four series is equivalent to
the convergence of the three series (a)–(c).

Since
E(Y +

n ) = E(X ′
n) + kP (Ec

n)

(and a similar formula for Y −
n ), we see by addition and subtraction that the

convergence of the series (a) and (b) is equivalent to the convergence of the two
series ∑

E(Y +
n ),

∑
E(Y −

n ).

Next

σ2(Y +
n ) = E{(Y +

n )2} − {E(Y +
n )}2

= E{(X ′
n)2} + k2P (Ec

n) − [E(X ′
n) + kP (Ec

n)]2

= σ2(X ′
n) + k2P (En)P (Ec

n) − 2kE(X ′
n)P (Ec

n), (2)

and similarly for Y −
n (with −k replacing k).

If the series (a)–(c) converge, then we already know that
∑

E(Y +
n ) and∑

E(Y −
n ) converge. The convergence of (b) also implies that |E(X ′

n)| ≤ M
for all n, and therefore

|E(X ′
n)P (Ec

n)| ≤ MP (Ec
n),

so that
∑

E(X ′
n)P (Ec

n) converges (by convergence of (a)).
Since 0 ≤ P (En)P (Ec

n) ≤ P (Ec
n), the series

∑
P (En)P (Ec

n) converges (by
convergence of (a)).



“app-1” — 2002/11/21 — page 355 — #73

I.9. Infinite divisibility 355

Relation (2) and the convergence of (c) imply therefore that
∑

σ2(Y +
n )

converges (and similarly for Y −
n ), as wanted.

Conversely, if the ‘four series’ above converge, we saw already that the series
(a) and (b) converge, and this in turn implies the convergence of the series

∑
E(X ′

n)P (Ec
n) and

∑
P (En)P (Ec

n).

By Relation (2), the convergence of
∑

σ2(Y +
n ) implies therefore the convergence

of the series (c) as well.

I.9 Infinite divisibility

Definition I.9.1. A random variable X (or its distribution function F , or its
characteristic function f) is infinitely divisible (i.d.) if, for each n ∈ N, F is the
distribution function of a sum of n independent r.v.s with the same distribution
function Fn.

Equivalently, X is i.d. if there exists a triangular array of r.v.s

{Xnk; 1 ≤ k ≤ n, n = 1, 2, . . .} (1)

such that, for each n, the r.v.s of the nth row are independent and equi-
distributed, and their sum Tn =d X (if X,Y are r.v.s, we write X =d Y when
they have the same distribution).

By the Uniqueness theorem for ch.f.s, X is i.d. if and only if, for each n, there
exists a ch.f. fn such that

f = fnn . (2)

In terms of distribution functions, infinite divisibility of F means the
existence, for each n, of a distribution function Fn, such that

F = F (n)
n , (3)

where G(n) := G ∗ · · · ∗ G (n times) for any distribution function G. The
convolution F ∗ G of two distribution functions is defined by

(F ∗ G)(x) :=
∫

R

F (x − y) dG(y) (x ∈ R).

It is clearly a distribution function. An application of Fubini’s theorem shows
that its ch.f. is precisely fg (where f, g are the ch.f.s of F,G, respectively). It
then follows from the uniqueness theorem for ch.f.s (or directly!) that convolution
of distribution functions is commutative and associative. We may then omit
parenthesis and write F1 ∗ F2 ∗ · · · ∗ Fn for the convolution of finitely many
distribution functions. In particular, the repeated convolutions G(n) mentioned
above make sense, and criterion (3) is clearly equivalent to (2).
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Example I.9.2.

(1) The Poisson distribution is i.d.: take Fn to be Poisson with parameter λ/n
(where λ is the parameter of F ). Then indeed (cf. Section I.3.9):

fnn (u) = [e(λ/n)(eiu−1)]n = f(u).

(2) The normal distribution (parameters µ, σ2) is i.d.: take Fn to be the
normal distribution with parameters µ/n, σ2/n. Then (cf. Section I.3.12)

fnn (u) = [eiuµ/ne−(σu)2/2n]n = f(u).

(3) The Gamma distribution (parameters p, b) is i.d.: take Fn to be the
Gamma distribution with parameters p/n, b. Then (cf. Section I.3.15):

fnn (u) =

[(
1 − iu

b

)−p/n]n
= f(u).

It is also clear that the Cauchy distribution is i.d. (cf. Section I.3.14), while
the Laplace distribution is not.

We have the following criterion for infinite divisibility (its necessity is obvious,
by (1); we omit the proof of its sufficiency):

Theorem I.9.3. A random variable X is i.d. if and only if there exists a
triangular array (1) such that (cf. Definition I.4.3)

Tn →w X. (4)

Some elementary properties of i.d. random variables (or ch.f.s) are stated in
the next theorem.

Theorem I.9.4.

(a) If X is i.d., so is Y := a + bX.

(b) If f, g are i.d. characteristic functions, so is fg.

(c) If f is an i.d. characteristic function, so are f̄ and |f |2.
(d) If f is an i.d. characteristic function, then f �= 0 everywhere.

(e) If {fk} is a sequence of i.d. characteristic functions converging pointwise
to a function g continuous at 0, then g is an i.d. ch.f.

(f) If f is an i.d. characteristic function, then its representation (2) is unique
(for each n).

Proof.

(a) By Proposition I.3.5 and (2), for all n ∈ N,

fY (u) = eiuaf(bu) = [eiua/nfn(bu)]n = gnn ,

where gn is clearly a ch.f.
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(b) Represent f, g as in (2), for each n. Then fg = [fngn]n. By Corollary I.2.4,
fg and fngn are ch.f.s, and they satisfy (2) as needed.

(c) First, f̄ is a ch.f., since

f̄(u) =
∫

R

eiux dF (x) =
∫

R

e−iux dF (x)

=
∫

R

eiux d[1 − F (−x)] =
∫

R

eiux dF−X(x) = f−X(u).

If f is i.d., then by (2), f̄ = (fn)n, where fn is a ch.f., as needed. The
conclusion about |f |2 follows then from (b).

(d) Since it suffices to prove that |f |2 �= 0, and |f |2 is a non-negative i.d. ch.f.
(by (c)), we may assume without loss of generality that f ≥ 0. Let then
fn := f1/n be the unique non-negative nth root of f . Then g := lim fn
(pointwise) exists:

g = IE , E = f−1(R+).

Since f(0) = 1, the point 0 belongs to the open set E, and so g = 1 in
a neighbourhood of 0; in particular, g is continuous at 0. By the Paul
Levy Continuity theorem (Theorem I.4.8), g is a ch.f., and is therefore
continuous everywhere. In particular, its range is connected; since it is
a subset of {0, 1} containing 1, it must be precisely {1}, that is, g = 1
everywhere. This means that f > 0 everywhere, as claimed.

(e) By the Paul Levy Continuity theorem, g is a ch.f. By (d), fk �= 0 every-
where (for each k), and has therefore a continuous logarithm log fk,
uniquely determined by the condition log fk(0) = 0. Since fk is i.d.,
fk = fnk,n, with fk,n ch.f.s (by (2)). We have

e(1/n) log fk = e(1/n) log fn
k,n = fk,n.

The left-hand side converges pointwise (as k → ∞) to e(1/n) log g := gn.
Since g is a ch.f., g(0) = 1, and therefore log g is continuous at 0, and the
same is true of gn(= limk fk,n). By Paul Levy’s theorem, gn is a ch.f., and
clearly gnn = g. Hence g is i.d.

(f) Fix n, and suppose g, h are ch.f.s such that

gn = hn = f. (*)

By (d), h �= 0 everywhere, and therefore g/h is continuous, and (g/h)n = 1
everywhere. The continuity implies that g/h has a connected range, which is a
subset of the finite set of nth roots of unity. Since g(0) = h(0) = 1 (these are
ch.f.s!), the range contains 1, and coincides therefore with the singleton {1}, that
is, g/h = 1 identically.
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By Example I.9.2(1) and Theorem I.9.4 (Part (a)), if Y = a + bX with X
Poisson-distributed, then Y is i.d. We call the distribution FY of such an r.v. Y
a Poisson-type distribution. By Proposition I.3.5 and Section I.3.9,

fY (u) = eiua+λ(eiub−1). (5)

The Poisson-type distributions ‘generate’ all the i.d. distributions in the following
sense (compare with Theorem I.9.3):

Theorem I.9.5. A random variable X is infinitely divisible if and only if there
exists an array

{Xnk; 1 ≤ k ≤ r(n), n = 1, 2, . . .}
such that, for each n, the r.v.s in the nth row are independent Poisson-type, and

Tn :=
r(n)∑
k=1

Xnk →w X.

Proof. Sufficiency. As we just observed, each Xnk is i.d., hence Tn are i.d. by
Theorem I.9.4, Part (b), and therefore X is i.d. by Part (e) of Theorem I.9.4 and
Corollary I.4.6.

Necessity. Let X be i.d. By (2), there exist ch.f.s fn such that f := fX =
fnn , n = 1, 2, . . . By Theorem I.9.4, Part (f) and the proof of Part (e), the fn are
uniquely determined, and can be written as

fn = e(1/n) log f ,

where log f is continuous and uniquely determined by the condition log f(0) = 0.
Fix u ∈ R. Then

n[fn(u) − 1] = n[e(1/n) log f(u) − 1] = n[(1/n) log f(u) + o(1/n)]

→n→∞ log f(u),

that is, if Fn denotes the distribution function with ch.f. fn, then

log f(u) = lim
n

n

∫
R

(eiux − 1) dFn(x). (6)

For each n, let m = m(n) be such that

1 − Fn(m) + Fn(−m) <
1

2n2 .

Then for all u ∈ R,

∣∣∣∣
∫

R

(eiux − 1) dFn(x) −
∫ m(n)

−m(n)
(eiux − 1) dFn(x)

∣∣∣∣ < 1
n2 .
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Approximate the Stieltjes integral over [−m(n),m(n)] by Riemann–Stieltjes
sums, such that

∣∣∣∣
∫ m(n)

−m(n)
(· · · ) −

r(n)∑
k=1

(eiuxk − 1)[Fn(xk) − Fn(xk−1)]
∣∣∣∣ < 1

n2 ,

where xk = xk(n) = −m(n) + 2m(n)k/r(n), k = 1, . . . , r(n). By (6), f is the
pointwise limit (as n → ∞) of the products

r(n)∏
k=1

exp{λnk(eianku − 1)}, (7)

where λnk := n[Fn(xk) − Fn(xk−1)] and ank := xk(= xk(n)).
The products in (7) are the ch.f.s of sums of r(n) independent Poisson-type

r.v.s.

I.10 More on sequences of random variables

Let {Xn} be a sequence of (complex) random variables on the probability space
(Ω,A, P ). For c > 0, set

m(c) := sup
n

∫
[|Xn|≥c]

|Xn|dP.

Definition I.10.1. {Xn} is uniformly integrable (u.i.) if

lim
c→∞m(c) = 0.

For example, if |Xn| ≤ g ∈ L1(P ) for all n, then [|Xn| ≥ c] ⊂ [g ≥ c], so that

m(c) ≤
∫

[g≥c]
g dP → 0

as c → ∞.
A less trivial example is given in the following

Proposition. Let An be sub-σ-algebras of A, let Y ∈ L1(P ), and

Xn = E(Y |An) n = 1, 2, . . .

Then Xn are u.i.

Proof. Since |Xn| ≤ E(|Y ‖An), and Xn are An-measurable (so that An :=
[|Xn| ≥ c] ∈ An),∫

An

|Xn| dP ≤
∫
An

E(|Y ‖An) dP =
∫
An

|Y | dP.
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We have
P (An) ≤ E(|Xn|)/c ≤ E(|Y |)/c.

Given ε > 0, choose K > 0 such that
∫
[|Y |>K] |Y | dP < ε. Then

∫
An

|Y | dP =
(∫

An∩[|Y |≤K]
+

∫
An∩[|Y |>K]

)
|Y | dP

≤ KP (An) + ε ≤ K‖Y ‖1/c + ε,

hence
m(c) ≤ K‖Y ‖1/c + ε.

Since ε was arbitrary, it follows that limc→∞ m(c) = 0.

Theorem I.10.2. {Xn} is u.i. iff

(1) supn ‖Xn‖1 < ∞ (‘norm-boundedness’) and

(2) supn
∫
A

|Xn| dP → 0 when PA → 0 (‘uniform absolute continuity’).

Proof. If the sequence is u.i., let

M := sup
c>0

m(c) (< ∞).

Then for any c > 0,

‖Xn‖1 =
(∫

[|Xn|<c]
+

∫
[|Xn|≥c]

)
|Xn| dP ≤ c + m(c) ≤ c + M,

so that (1) is valid.
Also, for any A ∈ A,∫

A

|Xn| dP =
(∫

A∩[|Xn|<c]
+

∫
A∩[|Xn|≥c]

)
|Xn| dP ≤ cPA + m(c).

Given ε > 0, fix c > 0 such that m(c) < ε/2. For this c, if PA < ε/2c, then∫
A

|Xn| dP < ε for all n, proving (2).
Conversely, if (1) and (2) hold, then by (1), for all n

cP [|Xn| ≥ c] ≤
∫

[|Xn|≥c]
|Xn| dP ≤ sup

n
‖Xn‖1 := R < ∞,

so that
P [|Xn| ≥ c] ≤ R/c.

Given ε > 0, there exists δ > 0 such that
∫
A

|Xn| dP < ε for all n whenever
A ∈ A has PA < δ (by (2)). Therefore, if c > R/δ, surely P [|Xn| ≥ c] < δ, and
consequently m(c) < ε.

Fatou’s lemma extends as follows to u.i. real r.v.s:
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Theorem I.10.3. Let Xn be u.i. real r.v.s. Then

E(lim inf Xn) ≤ lim inf E(Xn) ≤ lim sup E(Xn) ≤ E(lim sup Xn).

Proof. Since [Xn < −c] ⊂ [|Xn| > c], we have∣∣∣∣
∫

[Xn<−c]
Xn dP

∣∣∣∣ ≤ m(c)

for any c > 0. Given ε > 0, we may fix c > 0 such that m(c) < ε (since Xn

are u.i.).
Denote An = [Xn ≥ −c].
We apply Fatou’s Lemma to the non-negative measurable functions c +

XnIAn :
E(c + lim inf XnIAn) ≤ lim inf E(c + XnIAn),

hence
E(lim inf XnIAn) ≤ lim inf E(XnIAn

). (*)

However
E(XnIAn

) = E(Xn) −
∫
Ac

n

Xn dP < E(Xn) + ε,

and therefore the right-hand side of (*) is

≤ lim inf E(Xn) + ε.

Since XnIAn
≥ Xn, the left-hand side of (*) is ≥ E(lim inf Xn), and the left

inequality of the theorem follows. The right inequality is then obtained by
replacing Xn by −Xn.

Corollary I.10.4. Let Xn be u.i. (complex) r.v.s, such that Xn → X a.s. or in
probability. Then Xn → X in L1 (and in particular, E(Xn) → E(X)).

Proof. Let K := supn ‖Xn‖1(< ∞, by Theorem I.10.2(1)). By Fatou’s Lemma,
if Xn → X a.s., then

‖X‖1 ≤ lim inf
m

‖Xm‖1 ≤ K,

so X ∈ L1 and
sup
n

‖Xn − X‖1 ≤ 2K.

Also, for A ∈ A, again by Fatou’s Lemma,∫
A

|Xn − X| dP ≤ lim inf
m

∫
A

|Xn − Xm| dP,

hence
sup
n

∫
A

|Xn − X| dP ≤ 2 sup
n

∫
A

|Xn| dP → 0

as PA → 0, by Theorem I.10.2(2).
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Consequently (by the same theorem) |Xn−X| are u.i., and since |Xn−X| → 0
a.s., Theorem I.10.3 applied to |Xn − X| shows that ‖Xn − X‖1 → 0.

In case Xn → X in probability, there exists a subsequence Xnk
converging

a.s. to X. By the first part of the proof, X ∈ L1, and ‖Xnk
− X‖1 → 0. The

previous argument with m = nk shows that |Xn − X| are u.i. Therefore any
subsequence of Xn has a subsequence converging to X in L1. If we assume that
{Xn} itself does not converge to X in L1, then given ε > 0, there exists a
subsequence Xnk

such that ‖Xnk
− X‖1 ≥ ε for all k, a contradiction.

Definition I.10.5. A submartingale is a sequence of ordered pairs (Xn,An),
where

(1) {An} is an increasing sequence of sub-σ-algebras of A;

(2) the real r.v. Xn ∈ L1 is An-measurable (n = 1, 2, . . .); and

(3) Xn ≤ E(Xn+1|An) a.s. (n = 1, 2, . . .).

If equality holds in (3), the sequence is called a martingale. The sequence is
a supermartingale if the inequality (3) is reversed.

By definition of conditional expectation, a sequence (Xn,An) satisfying (1)
and (2) is a submartingale iff∫

A

Xn dP ≤
∫
A

Xn+1 dP (A ∈ An).

For example, if An are as in (1) and Y is an L1- r.v., then setting

Xn := E(Y |An), n = 1, 2, . . . ,

the sequence (Xn,An) is a martingale: indeed (2) is clear by definition, and
equality in (3) follows from Theorem I.7.5.

An important example is given in the following:

Proposition I.10.6. Let {Yn} be a sequence of L1, central, independent r.v.s.
Let An be the smallest σ-algebra for which Y1, . . . , Yn are measurable, and let
Xn = Y1 + · · · + Yn. Then (Xn,An) is a martingale.

Proof. The requirements (1) and (2) are clear.
If Yn+1 = IB with B ∈ A independent of all A ∈ An, then for all A ∈ An,∫

A

Yn+1 dP = P (A ∩ B) = P (A)P (B) =
∫
A

E(Yn+1) dP,

and this identity between the extreme terms remains true, by linearity, for all
simple r.v.s Yn+1 independent of Y1, . . . , Yn. By monotone convergence, the iden-
tity is true for all Yn+1 ≥ 0, and finally for all L1-r.v.s Yn+1 independent of
Y1, . . . , Yn. Therefore

E(Yn+1|An) = E(Yn+1) a.s.,
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and in the central case,
E(Yn+1|An) = 0 a.s.

Since Xn is An-measurable,

E(Xn|An) = Xn a.s.

Adding these equations, we obtain E(Xn+1|An) = Xn a.s.

Proposition I.10.7. If (Xn,An) is a submartingale, and g : R → R is a con-
vex, increasing function such that g(Xn) ∈ L1 for all n, then (g(Xn),An) is
a submartingale. If (Xn,An) is a martingale, the preceding conclusion is valid
without assuming that g is increasing.

Proof. Since g is increasing, and Xn ≤ E(Xn+1|An) a.s., we have a.s.

g(Xn) ≤ g(E(Xn+1|An)).

By Jensen’s inequality for the convex function g, the right-hand side is
≤ E(g(Xn+1)|An) a.s., proving the first statement. In the martingale case, since
Xn = E(Xn+1|An), we get a.s.

g(Xn) = g(E(Xn+1|An)) ≤ E(g(Xn+1)|An).

We omit the proof of the following important theorem:

Theorem I.10.8 (Submartingale convergence theorem). If (Xn,An) is a
submartingale such that

sup
n

E(X+
n ) < ∞,

then there exists an L1-r.v. X such that Xn → X a.s.

By the proposition following Definition I.10.1 and the comments following
Definition I.10.5, if An are increasing sub-σ-algebras, Y is an L1-r.v., and Xn :=
E(Y |An), then (Xn,An) is a u.i. martingale. The converse is also true:

Theorem I.10.9. (Xn,An) is a u.i. martingale iff there exists an L1-r.v. Y such
that Xn = E(Y |An) (a.s.) for all n. When this is the case, Xn → Y = E(Y |A∞)
a.s. and in L1, where A∞ is the σ-algebra generated by the algebra

⋃
n An.

Proof. We just observed that if Xn = E(Y |An), then (Xn,An) is a u.i. mar-
tingale. Conversely, let (Xn,An) be a u.i. martingale. By Theorem I.10.2 (1),
supn ‖Xn‖1 < ∞, hence by Theorem I.10.8, there exists an L1-r.v. Y such that
Xn → Y a.s. By Corollary I.10.4, Xn → Y in L1 as well. Hence, for all A ∈ An

and m ≥ n, ∫
A

Xn dP =
∫
A

Xm dP →m

∫
A

Y dP =
∫
A

E(Y |An) dP

and it follows that Xn = E(Y |An) a.s.
For any Borel set B ⊂ R, we have X−1

n (B) ∈ An ⊂ A∞. Hence Xn is
A∞-measurable for all n. If we give Y some arbitrary value on the null set where
it is not determined, Y is A∞ measurable, and therefore E(Y |A∞) = Y .
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Distributions

II.1 Preliminaries

II.1.1. Let Ω be an open subset of R
n. For 0 ≤ k < ∞, let Ck(Ω) denote the

space of all complex functions on Ω with continuous (mixed) partial derivatives
of order ≤ k. The intersection of all these spaces is denoted by C∞(Ω); it is
the space of all (complex) functions with continuous partial derivatives of all
orders in Ω. For 0 ≤ k ≤ ∞, Ckc (Ω) stands for the space of all f ∈ Ck(Ω) with
compact support (in Ω). We shall also use the notation Ckc (∆) for the space of
all functions in Ck(Rn) with compact support in the arbitrary set ∆ ⊂ R

n. (The
latter notation is consistent with the preceding one when ∆ is open, since in
that case any Ck-function in ∆ with compact support in ∆ extends trivially to
a Ck-function on R

n.)

Define f : R → [0,∞) by f(t) = 0 for t ≥ 0, and f(t) = e1/t for t < 0. Then
f ∈ C∞(R), and therefore, with a suitable choice of the constant γ, the function
φ(x) := γf(|x|2 − 1) on R

n has the following properties:

(1) φ ∈ C∞
c (R

n);

(2) suppφ = {x ∈ R
n; |x| ≤ 1};

(3) φ ≥ 0 and ∫ φdx = 1.
(For x ∈ R

n, |x| denotes the usual Euclidean norm; ∫ · dx denotes integration
over R

n with respect to the n-dimensional Lebesgue measure dx.)
In the following, φ will denote any fixed function with Properties (1)–(3).
If u : R

n → C is locally integrable, then for any r > 0, we consider its
regularization

ur(x) :=
∫
u(x− ry)φ(y) dy = r−n

∫
u(y)φ

(
x− y

r

)
dy, (1)

(i.e. ur is the convolution of u with φr := r−nφ(·/r); note that the subscript r
has different meanings when assigned to u and to φ.)



“app-2” — 2002/11/21 — page 365 — #2

II.1. Preliminaries 365

Theorem II.1.2. Let K be a compact subset of (the open set) Ω ⊂ R
n, and let

u ∈ L1(Rn) vanish outside K. Then

(1) ur ∈ C∞
c (Ω) for all r < δ := dist(K,Ωc);

(2) limr→0 ur = u in Lp-norm if u ∈ Lp(1 ≤ p < ∞), and uniformly if u is
continuous.

Proof. Since ur = u ∗ φr, one sees easily that (mixed) differentiation of any
order can be performed on ur by performing the operation on φr; the resulting
convolution is clearly continuous. Hence ur ∈ C∞(Ω).
Let

Kr := {x ∈ R
n; dist(x,K) ≤ r}. (2)

It is a compact set, contained in Ω for r < δ. If y is in the closed unit ball S of
R
n and x− ry ∈ K, then dist(x,K) ≤ |x− (x− ry)| = |ry| ≤ r, that is, x ∈ Kr.
Hence for x /∈ Kr, x − ry /∈ K for all y ∈ S. Since u and φ vanish outside
K and S respectively, it follows from (1) that ur = 0 outside Kr. Therefore,
suppur ⊂ Kr ⊂ Ω (and so ur ∈ C∞

c (Ω)) for r < δ.
By Property (3) of φ,

ur(x)− u(x) =
∫
S

[u(x− ry)− u(x)]φ(y) dy.

If u is continuous (hence uniformly continuous, since its support is in K), then
for given ε > 0, there exists η > 0 such that |u(x− ry)−u(x)| < ε for all x ∈ R

n

and all y ∈ S if r < η. Hence ‖ur − u‖∞ ≤ ε for r < η.
In case u ∈ Lp, we have

‖ur‖p = ‖u ∗ φr‖p ≤ ‖u‖p‖φr‖1 = ‖u‖p.
Fix v ∈ Cc(Ω) such that ‖u−v‖p < ε (by density of Cc(K) in Lp(K)). LetM be
a bound for the (Lebesgue) measure of (supp v)r for all r < 1. Then for r < 1,

‖ur − u‖p ≤ ‖(u− v)r‖p + ‖vr − v‖p + ‖v − u‖p < 2ε+ ‖vr − v‖∞M1/p < 3ε

(by the preceding case), for r small enough.

The inequality

‖f ∗ g‖p ≤ ‖f‖p‖g‖1 (f ∈ Lp; g ∈ L1) (3)

used in the above proof, can be verified as follows:

‖f ∗ g‖p = sup
{∣∣∣∣
∫
(f ∗ g)h dx

∣∣∣∣;h ∈ Lq, ‖h‖q ≤ 1
}

≤ sup
h

∫∫
|f(x− y)||g(y)| dy|h(x)| dx

= sup
h

∫∫
|f(x− y)| |h(x)| dx|g(y)| dy

≤ sup
h

∫
‖f(· − y)‖p‖h‖q|g(y)| dy = sup

h
‖f‖p‖h‖q‖g‖1 = ‖f‖p‖g‖1,
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where the suprema are taken over all h in the unit ball of Lq. (We used
Theorems 4.6, 2.18, and 1.33, and the translation invariance of Lebesgue
measure.)

Corollary II.1.3.

(1) C∞
c (Ω) is dense in Lp(Ω) (1 ≤ p < ∞).

(2) A regular complex Borel measure µ on Ω is uniquely determined by the
integrals

∫
Ω f dµ with f ∈ C∞

c (Ω).

Corollary II.1.4. Let K be a compact subset of the open set Ω ⊂ R
n. Then

there exists ψ ∈ C∞
c (Ω) such that 0 ≤ ψ ≤ 1 and ψ = 1 in a neighbourhood of K.

Proof. Let δ be as in Theorem II.1.2, r < δ/3, and ψ = ur, where u is the
indicator of K2r (cf. (2)). Then suppψ ⊂ (K2r)r = K3r ⊂ Ω, ψ ∈ C∞

c (Ω), 0 ≤
ψ ≤ 1, and ψ = 1 on Kr.

The last corollary is the special case k = 1 of the following.

Theorem II.1.5 (Partitions of unity in C∞
c (Ω)). Let Ω1, . . . ,Ωk be an open

covering of the compact set K in R
n. Then there exist φj ∈ C∞

c (Ωj) (j =
1, . . . , k) such that φj ≥ 0,

∑
j φj ≤ 1, and

∑
j φj = 1 in a neighbourhood of K.

The set {φj} is called a partition of unity subordinate to the covering {Ωj}.
Proof. There exist open sets with compact closures Kj ⊂ Ωj such that K ⊂⋃

j Kj . Let ψj be associated withKj and Ωj as in Corollary II.1.4. Define φ1 = ψ1
and φj = ψj(1−ψj−1) . . . (1−ψ1) for j = 2, . . . , k (as in the proof of Theorem 3.3).
Then ∑

j

φj = 1−
∏
j

ψj ,

from which we read off the desired properties of φj .

II.2 Distributions

II.2.1. Topology on C∞
c (Ω).

Let Dj := −i∂/∂xj (j = 1, . . . , n). For any ‘multi-index’ α = (α1, . . . , αn)
(αj = 0, 1, 2, . . .) and x = (x1, . . . , xn) ∈ R

n, set

Dα := Dα1
1 · · ·Dαn

n ,

α! := α1! · · ·αn!, |α| :=
∑

αj , and xα := xα1
1 · · ·xαn

n .

We denote also

f (α) =
∂|α|f

∂xα1
1 · · · ∂xαn

n

for any function f for which the above derivative makes sense.
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Let K be a compact subset of the open set Ω ⊂ R
n. The sequence of

semi-norms on C∞
c (K)

‖φ‖k :=
∑

|α|≤k
sup |Dαφ|, k = 0, 1, . . . ,

induces a (locally convex) topology on the vector space C∞
c (K): it is the weak-

est topology on the space for which all these semi-norms are continuous. Basic
neighbourhoods of 0 in this topology have the form

{φ ∈ C∞
c (K); ‖φ‖k < ε}, (1)

with ε > 0 and k = 0, 1, . . . .
A sequence {φj} converges to φ in C∞

c (K) iff D
αφj → Dαφ uniformly, for

all α.
A linear functional u on C∞

c (K) is continuous iff there exist a constant C > 0
and a non-negative integer k such that

|u(φ)| ≤ C‖φ‖k (φ ∈ C∞
c (K)) (2)

(cf. Theorem 4.2).
Let {Ωj} be a sequence of open subsets of Ω, with union Ω, such that, for

each j,Ωj has compact closure Kj contained in Ωj+1.
Since C∞

c (Ω) =
⋃
j C

∞
c (Kj), we may topologize C

∞
c (Ω) in a natural way so

that any linear functional u on C∞
c (Ω) is continuous iff its restriction to C

∞
c (K)

is continuous for all compact K ⊂ Ω. (This so-called ‘inductive limit topology’
will not be described here systematically.) We note the following facts:

(i) a linear functional u on C∞
c (Ω) is continuous iff for each compact K ⊂ Ω,

there exist C > 0 and k ∈ N ∪ {0} such that (2) holds;
(ii) a sequence {φj} ⊂ C∞

c (Ω) converges to 0 iff {φj} ⊂ C∞
c (K) for some

compact K ⊂ Ω, and φj → 0 in C∞
c (K).

(iii) a linear functional u on C∞
c (Ω) is continuous iff u(φj) → 0 for any

sequence {φj} ⊂ C∞
c (Ω) converging to 0.

Definition II.2.2. The space C∞
c (Ω) with the topology described above is

denoted D(Ω) and is called the space of test functions on Ω. The elements of
its dual D′(Ω) (= the space of all continuous linear functionals on D(Ω)) are
called distributions in Ω.
The topology on D′(Ω) is the ‘weak∗’ topology: the net {uν} of distributions

converges to 0 iff uν(φ)→ 0 for all φ ∈ D(Ω).
II.2.3. Measures and functions.
If µ is a regular complex Borel measure on Ω, it may be identified with a con-

tinuous linear functional on Cc(Ω) (through the Riesz representation theorem);
since it is uniquely determined by its restriction to D(Ω) (cf. Corollary II.1.3),
and this restriction is continuous (with respect to the stronger topology of D(Ω)),
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the measure µ can (and will) be identified with the distribution u := µ|D(Ω). We
say in this case that the distribution u is a measure.

In the special case where dµ = f dx with f ∈ L1
loc(Ω) (i.e. f ‘locally integ-

rable’, that is, integrable on compact subsets), the function f is usually identified
with the distribution it induces (as above) through the formula

f(φ) :=
∫

Ω
φf dx (φ ∈ D(Ω)).

In such event, we say that the distribution is a function.
If Ω′ is an open subset of Ω, the restriction of a distribution u in Ω to D(Ω′)

is a distribution in Ω′, denoted u|Ω′ (and called the restriction of u to Ω′). If
the distributions u1, u2 have equal restrictions to some open neighbourhood of
x, one says that they are equal in a neighbourhood of x.

Proposition II.2.4. If two distributions in Ω are equal in a neighbourhood of
each point of Ω, then they are equal.

Proof. Fix φ ∈ D(Ω), and let K = suppφ. Each x ∈ K has an open neighbour-
hood Ωx ⊂ Ω in which the given distributions u1, u2 are equal. By compactness
of K, there exist open sets Ωj := Ωxj (j = 1, . . . ,m) such that K ⊂ ⋃

j Ωj . Let
{φj} be a partition of unity subordinate to the open covering {Ωj} of K. Then
φ =

∑
j φφj and φφj ∈ D(Ωj). Hence u1(φφj) = u2(φφj) by hypothesis, and

therefore u1(φ) = u2(φ).

II.2.5. The support.
For any distribution u in Ω, the set

Z(u) := {x ∈ Ω;u = 0 in a neighbourhood of x}
is open, and u|Z(u) = 0 by Proposition II.2.4; furthermore, Z(u) is the largest
open subset Ω′ of Ω such that u|Ω′ = 0 (if x ∈ Ω′ for such a set Ω′, then u = 0
in the neighbourhood Ω′ of x, that is, x ∈ Z(u); hence Ω′ ⊂ Z(u)). The support
of u, denoted suppu, is the set Ω − Z(u) (relatively closed in Ω). The previous
statement may be rephrased as follows in terms of the support: suppu is the
smallest relatively closed subset S of Ω such that u(φ) = 0 for all φ ∈ D(Ω) such
that suppφ ∩ S = ∅.

If the distribution u is a measure or a function, its support as a distribution
coincides with its support as a measure or a function, respectively (exercise).

II.2.6. Differentiation.
Fix the open set Ω ⊂ R

n.
For j = 1, . . . , n and u ∈ D′ := D′(Ω), we set

(Dju)φ = −u(Djφ) (φ ∈ D := D(Ω)).

Then Dju ∈ D′ and the map u → Dju is a continuous linear map of D′ into
itself. Furthermore, DkDj = DjDk for all j, k ∈ {1, . . . , n}, and

(Dαu)φ = (−1)|α|u(Dαφ) (φ ∈ D).
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For example, if δ denotes the Borel measure

δ(E) = IE(0) (E ∈ B(Rn))
(the so called delta measure at 0), then for all φ ∈ D,

(Dαδ)φ = (−1)|α|δ(Dαφ) = (−1)|α|(Dαφ)(0).

If u is a function such that ∂u/∂xj exists and is locally integrable in Ω, then for
all φ ∈ D, an integration by parts shows that

(Dju)φ := −u(Djφ) = i
∫
u(∂φ/∂xj) dx = −i

∫
(∂u/∂xj)φdx :=

(
1
i
∂u

∂xj

)
(φ),

so that Dju is the function (1/i)∂u/∂xj in this case, as desired.

Proposition II.2.7 (du Bois–Reymond). Let u, f ∈ C(Ω), and suppose
Dju = f (in the distribution sense). Then Dju = f in the classical sense.

Proof. Case u ∈ Cc(Ω). Let ur, fr be regularizations of u, f (using the same φ
as in II.1). Then

rnDjur(x) =
∫
u(y)Dxjφ((x− y)/r) dy = −

∫
u(y)Dyjφ((x− y)/r) dy

=
∫
(Dju)φ((x− y)/r) dy = rnfr.

By Theorem II.1.2, ur → u and Djur = fr → f uniformly as r → 0. Therefore,
Dju = f in the classical sense.

u ∈ C(Ω) arbitrary. Let ψ ∈ D(Ω). Then v := ψu ∈ Cc(Ω), and Djv =
(Djψ)u + ψf := g ∈ C(Ω), so by the first case above, Djv = g in the classical
sense. For any point x ∈ Ω, we may choose ψ as above not vanishing at x. Then
u = v/ψ is differentiable with respect to xj at x, and Dju = f at x (in the
classical sense).

Let ω be an open set with compact closure contained in Ω (this relation
between ω and Ω is denoted ω ⊂⊂ Ω), and let ρ = diam(ω) := sup{|x−y|;x, y ∈
ω}(<∞). Denote the unit vectors in the xj-direction by ej . Given x ∈ ω, let tj
be the smallest positive number t such that x + tej ∈ ∂ω. If φ ∈ D(ω), then
φ(x + tjej) = 0, and by the mean value theorem, there exists 0 < τj < tj such
that

|φ(x)| = |φ(x)− φ(x+ tjej)| = tj |Djφ(x+ τjej)| ≤ ρ sup |Djφ|.
Hence

sup |φ| ≤ ρ sup |Djφ| (φ ∈ D(ω)).
Therefore, for any multi-index α with |α| ≤ k,

sup |Dαφ| ≤ ρnk−|α| sup |Dk1 · · ·Dknφ|,
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and consequently

‖φ‖k ≤ C ′ sup |Dk1 · · ·Dknφ| (φ ∈ D(ω)),
where C ′ = C ′(ρ, k, n) is a positive constant. Let u ∈ D′(Ω). By (2), there exist
a constant C > 0 and a non-negative integer k such that

|u(φ)| ≤ CC ′ sup |Dk1 · · ·Dknφ| (φ ∈ D(ω)).
Write

(Dk1 · · ·Dknφ)(x) = in
∫

[y<x]
Dk+1

1 · · ·Dk+1
n φdy,

where [y < x] := {y ∈ R
n; yj < xj (j = 1, . . . , n)} and φ is extended to R

n in
the usual way (φ = 0 on ωc). Writing s := k + 1, we have therefore

sup |Dk1 · · ·Dknφ| ≤
∫
ω

|Ds1 · · ·Dsnφ| dy,

and consequently

|u(φ)| ≤ CC ′‖Ds1 · · ·Dsnφ‖L1(ω) (φ ∈ D(ω)).
This means that the linear functional

(−1)nsDs1 · · ·Dsnφ → u(φ)

is continuous with norm ≤CC ′ on the subspace Ds1 · · ·DsnD(ω) of L1(ω). By the
Hahn–Banach theorem, it has an extension as a continuous linear functional on
L1(ω) (with the same norm). Therefore there exists f ∈ L∞(ω) such that

u(φ) = (−1)ns
∫
ω

fDs1 · · ·Dsnφdx (φ ∈ D(ω)).

This means that
u|ω = Ds1 · · ·Dsnf.

We may also define

g(x) = in
∫

[y<x]
Iω(y)f(y) dy;

Then g is continuous, and one verifies easily that f = D1 · · ·Dng (in the
distribution sense). Hence

u|ω = Ds+1
1 · · ·Ds+1

n g

(with g continuous in ω). We proved

Theorem II.2.8. Let u ∈ D′(Ω). Then for any ω ⊂⊂ Ω, there exist a non-
negative integer s and a function f ∈ L∞(ω) such that u|ω = Ds1 · · ·Dsnf .
Moreover, f may be chosen to be continuous.
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II.2.9. Leibnitz’ formula.
If φ, ψ ∈ C∞(Ω), then for any multi-index α

Dα(φψ) =
∑
β≤α

α!
β!(α− β)!

DβφDα−βψ (3)

(the sum goes over all multi-indices β with βj ≤ αj for all j). This gen-
eral Leibnitz formula follows by repeated application of the usual one-variable
formula.

Multiplication of a distribution by a function.
Let u ∈ D′(Ω) and ψ ∈ C∞(Ω). Since ψφ ∈ D(Ω) for all φ ∈ D(Ω), the map

φ → u(ψφ) is well defined on D(Ω). It is trivially linear, and for any compact
K ⊂ Ω, if C and k are as in (2), then for all φ ∈ C∞

c (K), we have by (3)

|u(ψφ)| ≤ C‖ψφ‖k ≤ C ′‖φ‖k,

where C ′ is a constant depending on n, k,K, and ψ. This means that the map
defined above is a distribution in Ω; it is denoted ψu (and called the product of
u by ψ). Thus

(ψu)(φ) = u(ψφ) (φ ∈ D(Ω)) (4)

for all ψ ∈ C∞(Ω).
This definition clearly coincides with the usual pointwise multiplication when

u is a function or a measure.
We verify easily the inclusion Z(ψ) ∪ Z(u) ⊂ Z(ψu), that is,

supp(ψu) ⊂ suppψ ∩ suppu.

It follows from the definitions that

Dj(ψu) = (Djψ)u+ ψ(Dju)

(ψ ∈ C∞(Ω), u ∈ D′(Ω), j = 1, . . . , n), and therefore, by the same formal
arguments as in the classical case, Leibnitz’ formula (3) is valid in the present
situation.

If P is a polynomial on R
n, we denote by P (D) the differential operator

obtained by substituting formally D for the variable x ∈ R
n. Let Pα(x) := xα

for any multi-index α. Since P (β)
α (x) = (α!/(α− β)!)xα−β for β ≤ α (and equals

zero otherwise), we can rewrite (3) in the form

P (D)(ψu) =
∑

β

(1/β!)(Dβψ)P (β)(D)u (5)

for the special polynomials P = Pα, hence by linearity, for all polynomials P .
This is referred to as the ‘general Leibnitz formula’.
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II.2.10. The space E(Ω) and its dual.
The space E(Ω) is the space C∞(Ω) as a (locally convex) t.v.s. with the

topology induced by the family of semi-norms

φ → ‖φ‖k,K :=
∑

|α|≤k

sup
K

|Dαφ|, (6)

with k = 0, 1, 2, . . ., and K varying over all compact subsets of Ω.

A sequence {φk} converges to 0 in E(Ω) iff Dαφk → 0 uniformly on every
compact subset of Ω, for all multi-indices α.

A linear functional u on E(Ω) is continuous iff there exist constants k ∈ N∪{0}
and C > 0 and a compact set K such that

|u(φ)| ≤ C‖φ‖k,K (φ ∈ E(Ω)). (7)

The dual space E ′(Ω) of E(Ω) consists of all these continuous linear functionals,
with the weak*-topology: the net uν converges to u in E ′(Ω) if uν(φ) → u(φ) for
all φ ∈ E(Ω).

If u ∈ E ′(Ω), then by (7), u(φ) = 0 whenever φ ∈ E(Ω) vanishes in a
neighbourhood of the compact set K (appearing in (7)). For all φ ∈ D(Ω),
|u(φ)| ≤ C‖φ‖k,K ≤ C‖φ‖k, that is, ũ := u|D(Ω) ∈ D′(Ω). Also, if x ∈ Ω − K
and ω is an open neighbourhood of x contained in Ω−K, then for all φ ∈ D(ω),
‖φ‖k,K = 0, and (7) implies that u(φ) = 0. This shows that Ω−K ⊂ Z(ũ), that
is, supp ũ ⊂ K, that is, ũ is a distribution with compact support in Ω.

Conversely, let v be a distribution with compact support in Ω, and let K
be any compact subset of Ω containing this support. Fix ψ ∈ D(Ω) such that
ψ = 1 in a neighbourhood of K. For any φ ∈ E(Ω), define u(φ) = v(φψ). Then
u is a well-defined linear functional on E(Ω), u(φ) = 0 whenever φ = 0 in a
neighbourhood of K, and u(φ) = v(φ) for φ ∈ D(Ω). On the other hand, if w is a
linear functional on E(Ω) with these properties, then for all φ ∈ E(Ω), φψ ∈ D(Ω)
and φ(1− ψ) = 0 in a neighbourhood of K, and consequently

w(φ) = w(φψ) + w(φ(1− ψ)) = v(φψ) = u(φ).

This shows that v has a unique extension as a linear functional on E(Ω) such
that v(φ) = 0 whenever φ vanishes in a neighbourhood of K.

Let Q = suppψ. By (2) applied to the compact set Q, there exist C and k
such that

|u(φ)| = |v(φψ)| ≤ C‖φψ‖k

for all φ ∈ E(Ω) (because φψ ∈ D(Q)). Hence, by Leibnitz’ formula, |u(φ)| ≤
C ′‖φ‖k,Q for some constant C ′, that is, u ∈ E ′(Ω).

We have established, therefore, that each distribution v with compact support
has a unique extension as an element u ∈ E ′(Ω), and conversely, each u ∈ E ′(Ω)
restricted to D(Ω) is a distribution with compact support. This relationship
allows us to identify E ′(Ω) with the space of all distributions with compact support
in Ω.
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II.2.11. Convolution.
Let u ∈ D′ := D′(Rn) and φ ∈ D := D(Rn). For x ∈ R

n fixed, let

(u ∗ φ)(x) := u(φ(x− ·)).
The function u ∗ φ is called the convolution of u and φ.

For x fixed, h �= 0 real, and j = 1, . . . , n, the functions (ih)−1[φ(x+hej −·)−
φ(x− ·)] converge to (Djφ)(x− ·) (as h → 0) in D. Therefore (ih)−1[(u ∗ φ)(x+
hej)− (u∗φ)(x)] → (u∗ (Djφ))(x), that is, Dj(u∗φ) = u∗ (Djφ) in the classical
sense. Also u∗(Djφ) = (Dju)∗φ by definition of the derivative of a distribution.
Iterating, we obtain that u ∗ φ ∈ E := E(Rn) and for any multi-index α,

Dα(u ∗ φ) = u ∗ (Dαφ) = (Dαu) ∗ φ. (8)

If suppu ∩ suppφ(x− ·) = ∅, then (u ∗ φ)(x) = 0. Equivalently, if (u ∗ φ)(x) �= 0
then suppu meets suppφ(x − ·) at some point y, that is, x − y ∈ suppφ and
y ∈ suppu, that is, x ∈ suppu+ suppφ. This shows that

supp (u ∗ φ) ⊂ suppu+ suppφ. (9)

Hence
E ′ ∗ D ⊂ D (10)

and in particular
D ∗ D ⊂ D. (11)

Let φm → 0 in D. There exits then a compact set K containing suppφm for
all m, and Dαφm → 0 uniformly for all α. Let Q be any compact set in R

n. It
follows that suppφm(x− ·) ⊂ Q−K := {x− y;x ∈ Q, y ∈ K} for all x ∈ Q. By
(2) with the compact set Q−K and the distribution Dαu, there exist C, k such
that

|Dα(u ∗ φm)(x)| = |(Dαu)(φm(x− ·))| ≤ C‖φm(x− ·)‖k = C‖φm‖k → 0

for all x ∈ Q. Hence Dα(u ∗ φm) → 0 uniformly on Q, and we conclude that
u∗φm → 0 in the topological space E . In other words, the (linear) map φ → u∗φ
is sequentially continuous from D to E . If u ∈ E ′, the map is (sequentially)
continuous from D into itself (cf. (10)). In this case, the definition of u∗φ makes
sense for all φ ∈ E, and the (linear) map φ → u∗φ from E into itself is continuous
(note that E(Ω) is metrizable, so there is no need to qualify the continuity; the
metrizability follows from the fact that the topology of E(Ω) is induced by the
countable family of semi-norms {‖ · ‖k,Km

; k,m = 0, 1, 2, . . .}, where {Km} is a
suitable sequence of compact sets with union equal to Ω).

If φ, ψ ∈ D and u ∈ D′, it follows from (11) and the fact that u ∗ φ ∈ E that
both u ∗ (φ ∗ψ) and (u ∗ φ) ∗ψ make sense. In order to show that they coincide,
we approximate (φ ∗ ψ)(x) = ∫

Q
φ(x − y)ψ(y) dy (where Q is an n-dimensional

cube containing the support of ψ) by (finite) Riemann sums of the form

χm(x) = m−n
∑

y∈Zn

φ(x− y/m)ψ(y/m).
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If χm(x) �= 0 for some x and m, then there exists y ∈ Z
n such that y/m ∈

suppψ and x−y/m ∈ suppφ, that is, x ∈ y/m+suppφ ⊂ suppψ+suppφ. This
shows that for all m,χm have support in the fixed compact set suppψ+ suppφ.
Also for all multi-indices α,

(Dαχm)(x) = m−n∑
y

Dαφ(x−y/m)ψ(y/m)→ ((Dαφ)∗ψ)(x) = (Dα(φ∗ψ))(x)

uniformly (in x). This means that χm → φ ∗ ψ in D. By continuity of u on D,

[u ∗ (φ ∗ ψ)](x) := u((φ ∗ ψ)(x− ·)) = lim
m
u(χm(x− ·))

= lim
m
(u ∗ χm)(x) = lim

m
m−n∑

m

(u ∗ φ)(x− y/m)ψ(y/m)

= [(u ∗ φ) ∗ ψ](x),

for all x, that is,

u ∗ (φ ∗ ψ) = (u ∗ φ) ∗ ψ (φ, ψ ∈ D;u ∈ D′). (12)

Fix φ as in Section II.1, consider φr as before, and define ur := u ∗ φr for any
u ∈ D′.

Proposition II.2.12 (Regularization of distributions). For any distribu-
tion u in R

n,

(i) ur ∈ E for all r > 0;
(ii) suppur ⊂ suppu+ {x; |x| ≤ r};
(iii) ur → u in the space D′.

Proof. Since suppφr = {x; |x| ≤ r}, (i) and (ii) are special cases of properties
of the convolution discussed in II.2.11.
Denote J : ψ(x) ∈ D → ψ̃(x) := ψ(−x). Then

u(ψ) = (u ∗ ψ̃)(0). (13)

By Theorem II.1.2 applied to ψ̃, φr ∗ ψ̃ → ψ̃ in D. Therefore, by (13),

ur(ψ) = [(u ∗ φr) ∗ ψ̃](0) = [u ∗ (φr ∗ ψ̃)](0)
= u(J(φr ∗ ψ̃))→ u(ψ)

for all ψ ∈ D, that is, ur → u in D′.

In particular, E is sequentially dense in D′.
Note also that if u ∗ D = {0}, then ur = 0 for all r > 0; letting r → 0, it

follows that u = 0.
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II.2.13. Commutation with translations.
Consider the translation operators (for h ∈ R

n)

τh : φ(x)→ φ(x− h)

from D into itself. For any u ∈ D′, it follows from the definitions that

τh(u ∗ φ) = u ∗ (τhφ),
that is, convolution with u commutes with translations. This commutation prop-
erty, together with the previously observed fact that convolution with u is a
(sequentially) continuous linear map from D to E , characterizes convolution with
disributions. Indeed, let U : D → E be linear, sequentially continuous, and com-
muting with translations. Define u(φ) = (U(φ̃))(0), (φ ∈ D). Then u is a linear
functional on D, and if φk → 0 in D, the sequential continuity of U on D implies
that u(φk)→ 0. Hence u ∈ D′. For any x ∈ R

n and φ ∈ D,
(Uφ)(x) = [τ−xUφ](0) = [U(τ−xφ)](0)

= u(J(τ−xφ)) = [u ∗ (τ−xφ)](0) = [τ−x(u ∗ φ)](0) = (u ∗ φ)(x),
that is, Uφ = u ∗ φ, as wanted.

II.2.14. Convolution of distributions.
Let u, v be distributions in R

n, one of which has compact support. The map

W : φ ∈ D → u ∗ (v ∗ φ) ∈ E
is linear, continuous, and commutes with translations. By II.2.13, there exists a
distribution w such that Wφ = w ∗ φ. By the final observation in II.2.12, w is
uniquely determined; we call it the convolution of u and v and denote it by u∗v;
thus, by definition,

(u ∗ v) ∗ φ = u ∗ (v ∗ φ) (φ ∈ D). (14)

If v = ψ ∈ D, the right-hand side of (14) equals (u ∗ ψ) ∗ φ by (12) (where
u ∗ ψ is the ‘usual’ convolution of the distribution u with ψ). Again by the final
observation of II.2.12, it follows that the convolution of the two distributions
u, v coincides with the previous definition when v is a function in D (the same
is true if u ∈ E ′ and v = ψ ∈ E).
One verifies easily that

supp(u ∗ v) ⊂ suppu+ supp v. (15)

(With φr as in Section II.1, it follows from (9) and Proposition II.2.12 that

supp[(u ∗ v) ∗ φr] = supp[u ∗ (v ∗ φr)] ⊂ suppu+ supp vr
⊂ suppu+ supp v + {x; |x| ≤ r},

and we obtain (15) by letting r → 0.)
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If u, v, w are distributions, two of which (at least) having compact support,
then by (15) both convolutions (u ∗ v) ∗w and u ∗ (v ∗w) are well-defined distri-
butions. Since their convolutions with any given φ ∈ D coincide, the ‘associative
law’ for distributions follows (cf. end of Proposition II.2.12).
Convolution of functions in E (one of which at least having compact support)

is seen to be commutative by a change of variable in the defining integral. If u ∈
D′ and ψ ∈ D, we have for all φ ∈ D (by definition and the associative law we
just verified!):

(u ∗ ψ) ∗ φ := u ∗ (ψ ∗ φ) = u ∗ (φ ∗ ψ)
:= (u ∗ φ) ∗ ψ = ψ ∗ (u ∗ φ) = (ψ ∗ u) ∗ φ,

and therefore u∗ψ = ψ ∗u. The same is valid (with a similar proof) when u ∈ E ′

and ψ ∈ E .
For any two distributions u, v (one of which at least having compact support),

the commutative law of convolution follows now from the same formal calculation
with ψ replaced by v.
Let δ be the ‘delta measure at 0’ (cf. II.2.6). Then for any multi-index α and

u ∈ D′,
(Dαδ) ∗ u = Dαu. (16)

Indeed, observe first that for all φ ∈ D, (δ ∗ φ)(x) = ∫ φ(x − y) dδ(y) = φ(x),
that is δ ∗ φ = φ. Therefore, for any v ∈ D′, (v ∗ δ) ∗ φ = v ∗ (δ ∗ φ) = v ∗ φ, and
consequently

v ∗ δ = v (v ∈ D′). (17)

Now for all φ ∈ D,
(u ∗Dαδ) ∗ φ = u ∗ (Dαδ ∗ φ) = u ∗ (Dαφ ∗ δ)

= u ∗Dαφ = (Dαu) ∗ φ,
and (16) follows (cf. end of II.2.12 and (8)).
Next, for any distributions u, v with one at least having compact support, we

have by (16) and the associative and commutative laws for convolution:

Dα(u ∗ v) = (Dαδ) ∗ (u ∗ v) = (Dαδ ∗ u) ∗ v = (Dαu) ∗ v
= Dα(v ∗ u) = (Dαv) ∗ u = u ∗ (Dαv).

This generalizes (8) to the case when both factors in the convolution are
distributions.

II.3 Temperate distributions

II.3.1. The Schwartz space.
The Schwartz space S = S(Rn) of rapidly decreasing functions consists of all

φ ∈ E = E(Rn) such that
‖φ‖α,β := sup

x
|xβDαφ(x)| < ∞.
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The topology induced on S by the family of semi-norms ‖·‖α,β (where α, β range
over all multi-indices) makes S into a locally convex (metrizable) topological
vector space. It follows from Leibnitz’ formula that S is a topological algebra for
pointwise multiplication. It is also closed under multiplication by polynomials
and application of any operator Dα, with both operations continuous from S
into itself.

We have the topological inclusions

D ⊂ S ⊂ E ; S ⊂ L1 := L1(Rn).

(Let pn(x) =
∏n
j=1(1 + x

2
j ); since ‖1/pn‖L1 = πn, we have

‖φ‖L1 ≤ πn sup
x

|pn(x)φ(x)|. (1)

If φk → 0 in S, it follows from (1) that φk → 0 in L1.)
Fix φ as in II.1.1, and let χ be the indicator of the ball {x; |x| ≤ 2}. The

function ψ := χ ∗ φ belongs to D (cf. Theorem II.1.2), and ψ = 1 on the closed
unit ball (because for |x| ≤ 1, {y; |y| ≤ 1 and |x−y| ≤ 2} = {y; |y| ≤ 1} = suppφ,
and therefore ψ(x) =

∫
suppφ χ(x− y)φ(y) dy =

∫
φ(y) dy = 1).

Now, for any φ ∈ S and the function ψ defined above, consider the functions
φr(x) := φ(x)ψ(rx), (r > 0) (not to be confused with the functions defined in
II.1.1). Then φr ∈ D and φ − φr = 0 for |x| ≤ 1/r. Therefore ‖φ − φr‖α,β =
sup|x|>1/r |xβDα(φ−φr)|. We may chooseM such that supx |xβ |x|2Dα(φ−φr)| <
M for all 0 < r ≤ 1. Then ‖φ−φr‖α,β ≤ sup|x|>1/r

M
|x|2 < Mr2 → 0 when r → 0.

Thus φr → φ in S, and we conclude that D is dense in S. A similar argument
shows that φr → φ in E for any φ ∈ E ; hence D (and therefore S) is dense in E .
II.3.2. The Fourier transform on S.
Denote the inner product in R

n by x · y (x · y :=∑j xjyj), and let F : f → f̂

be the Fourier transform on L1:

f̂(y) =
∫

Rn

e−ix·yf(x) dx (f ∈ L1). (2)

(All integrals in the sequel are over R
n, unless specified otherwise.)

If φ ∈ S, xαφ(x) ∈ S ⊂ L1 for all multi-indices α, and therefore, the integral∫
e−ix·y(−x)αφ(x) dx converges uniformly in y. Since this integral is the result
of applying Dα to the integrand of (2), we have φ̂ ∈ E and

Dαφ̂ = F [(−x)αφ(x)]. (3)

For any multi-index β, it follows from (3) (by integration by parts) that

yβ(Dαφ̂)(y) = FDβ [(−x)αφ(x)]. (4)

In particular (α = 0)
yβφ̂(y) = [FDβφ](y). (5)
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SinceDβ [(−x)αφ(x)] ∈ S ⊂ L1, it follows from (4) that yβ(Dαφ̂)(y) is a bounded
function of y, that is, φ̂ ∈ S. Moreover, by (1) and (4),

sup
y

∣∣∣yβ(Dαφ̂)(y)∣∣∣ ≤ ‖Dβ [(−x)αφ(x)]‖L1

≤ πn sup
x

∣∣∣pn(x)Dβ [(−x)αφ(x)]∣∣∣.
This inequality shows that if φk → 0 in S, then φ̂k → 0 in S, that is, the map
F : φ ∈ S → φ̂ ∈ S is a continuous (linear) operator. Denote

Mβ : φ(x) ∈ S → xβφ(x) ∈ S.
Then (4) can be written as the operator identity on S:

MβDαF = FDβ(−M)α. (6)

A change of variables shows that

(Fψ(ry))(s) = r−nψ̂(s/r) (7)

for any ψ ∈ L1 and r > 0.
If φ, ψ ∈ L1, an application of Fubini’s theorem gives∫

φ̂(y)ψ(y)eix·y dy =
∫
ψ̂(t− x)φ(t) dt =

∫
ψ̂(s)φ(x+ s) ds. (8)

Replacing ψ(y) by ψ(ry) in (8), we obtain by (7) and the change of variable
s = rt∫

φ̂(y)ψ(ry)eix·y dy = r−n
∫
ψ̂(s/r)φ(x+ s) ds =

∫
ψ̂(t)φ(x+ rt) dt. (9)

In case φ, ψ ∈ S(⊂ L1), we have φ̂, ψ̂ ∈ S ⊂ L1, and φ, ψ are bounded and
continuous. By Lebesgue’s Dominated Convergence theorem, letting r → 0 in
(9) gives

ψ(0)
∫
φ̂(y)eix·y dy = φ(x)

∫
ψ̂(t) dt (10)

for all φ, ψ ∈ S and x ∈ R
n.

Choose for example ψ(x) = (2π)−n/2 e−|x|2/2. Then ψ̂(t) = e−|t|2/2 (cf. I.3.12)
and

∫
ψ̂(t) dt = (2π)n/2. Substituting these values in (10), we obtain (for all

φ ∈ S)
φ(x) = (2π)−n

∫
φ̂(y)eix·y dy. (11)

This is the inversion formula for the Fourier transform F on S. It shows that F
is an automorphism of S, whose inverse is given by

F−1 = (2π)−nJF, (12)

where J : φ → φ̃.
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Note that JF = FJ and F 2 = (2π)nJ .
Also, by definition and the inversion formula,

¯̂
ψ(y) =

∫
eix·yψ(x) dx = (2π)n(F−1ψ̄)(y),

that is,
F ( ¯̂ψ) = (2π)nψ̄ (ψ ∈ S). (13)

(It is sometimes advantageous to define the Fourier transform by F = (2π)−n/2F ;
the inversion formula for F : S → S is then F−1 = JF , and the last identities
become F2 = J and FCF = C, where C : ψ → ψ̄ is the conjugation operator.)
An application of Fubini’s theorem shows that

F (φ ∗ ψ) = φ̂ψ̂ (φ, ψ ∈ S). (14)

(This is true actually for all φ, ψ ∈ L1.)
Replacing φ, ψ by φ̂, ψ̂(∈ S) respectively, we get

F (φ̂ ∗ ψ̂) = (F 2φ)(F 2ψ) = (2π)2n(Jφ)(Jψ)

= (2π)2nJ(φψ) = (2π)nF 2(φψ).

Hence
F (φψ) = (2π)−nφ̂ ∗ ψ̂ (φ, ψ ∈ S). (15)

For x = 0, the identity (8) becomes∫
φ̂ψ dx =

∫
φψ̂ dx (φ, ψ ∈ L1). (16)

In case ψ ∈ S (so that ψ̂ ∈ S ⊂ L1), we replace ψ by ¯̂ψ in (16); using (13),
we get ∫

φ̂
¯̂
ψ dx = (2π)n

∫
φψ̄ dx (φ, ψ ∈ S). (17)

This is Parseval’s formula for the Fourier transform.
In terms of the operator F , the formula takes the form

(Fφ,Fψ) = (φ, ψ) (φ, ψ ∈ S), (18)

where (·, ·) is the L2 inner product.
In particular,

‖Fφ‖2 = ‖φ‖2, (19)

where ‖ · ‖2 denotes here the L2-norm.
Thus, F is a (linear) isometry of S onto itself, with respect to the L2-norm on

S. Since S is dense in L2 (recall that D ⊂ S, and D is dense in L2), the operator
F extends uniquely as a linear isometry of L2 onto itself. This operator, also
denoted F , is called the L2-Fourier transform.
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Example. Consider the orthonormal sequence {fk; k ∈ Z} in L2(R) defined in
the second example of Section 8.11. Since F is a Hilbert automorphism of L2(R),
the sequence {gk := Ffk; k ∈ Z} is orthonormal in L2(R). The fact that fk are
also in L1(R) allows us to calculate as follows

gk(y) = (1/
√

2π)
∫

R

e−ixyfk(x) dx = (1/2π)
∫ π

−π

e−ix(y−k) dx

= (−1)k sinπy
π(y − k)

.

Note in particular that

∫
R

sin2(πy)
(πy)2

dy = ‖g0‖2
2 = 1,

that is,
∫

R
sin2 t/t2 dt = π. Integrating by parts, we have for all a < b real

∫ b

a

sin2 t/t2 dt =
∫ b

a

sin2 t d(−1/t) = sin2 a/a− sin2 b/b+
∫ b

a

sin(2t)/t dt.

Letting a → −∞ and b → ∞, we see that the integral
∫

R
sin(2t)/t dt converges

and has the value π, i.e, ∫
R

sin t
t

dt = π.

This is the so-called Dirichlet integral.

If g = Ff is in the closure of the span of {gk} in L2(R), f is necessarily in the
closure of the span of {fk}, hence vanishing on (−π, π)c; in particular, f is also
in L1(R), and therefore g is continuous. Also g has the unique L2(R)-convergent
generalized Fourier expansion g =

∑
k∈Z

akgk (equality in L2). Since both {ak}
and {‖gk‖∞} are in l2(Z), it follows (by Schwarz’ inequality for l2(Z)) that
the above series for g converges (absolutely and) uniformly on R; in particular,∑
akgk is continuous. Since g is continuous as well, g =

∑
akgk everywhere,

that is,

g(y) =
sinπy
π

∑
k

(−1)kak/(y − k).

Letting y → n for any given n ∈ Z, we get g(n) = an Thus

g(y) =
sinπy
π

∑
k

(−1)kg(k)/(y − k).

II.3.3. The dual space S ′.
If u ∈ S ′, then u|D ∈ D′ (because the inclusion D ⊂ S is topological).

Moreover, since D is dense in S, u is uniquely determined by its restriction to D.
The one-to-one map u ∈ S ′ → u|D ∈ D′ allows us to identify S ′ as a subspace of
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D′; its elements are called temperate distributions. We also have E ′ ⊂ S ′:

E ′ ⊂ S ′ ⊂ D′,

topologically.

Note that Lp ⊂ S ′ for any p ∈ [1,∞].
The Fourier transform of the temperate distribution u is defined by

û(φ) = u(φ̂) (φ ∈ S). (20)

If u is a function in L1, it follows from (16) and the density of S in L1 that
its Fourier transform as a temperate distribution ‘is the function û’, the usual
L1-Fourier transform. Similarly, if u ∈ M(Rn), that is, if u is a (regular Borel)
complex measure, û ‘is’ the usual Fourier–Stieltjes transform of u, defined by

û(y) =
∫

Rn

e−ix·ydu(x) (y ∈ R
n).

In general, (20) defines û as a temperate distribution, since the map F : φ → φ̂
is a continuous linear map of S into itself and û := u◦F . We shall write Fu for û
(using the same notation for the ‘extended’ operator); F is trivially a continuous
linear operator on S ′.
Similarly, we define the (continuous linear) operators J and F on S ′ by

(Ju)(φ) = u(Jφ) (φ ∈ S)
and F = (2π)−n/2F .
We have for all φ ∈ S

(F 2u)(φ) = u(F 2φ) = (2π)nu(Jφ) = (2π)n(Ju)(φ),

that is
F 2 = (2π)nJ

on S ′. It follows that F is a continuous automorphism of S ′; its inverse is given
by the Fourier inversion formula F−1 = (2π)−nJF (equivalently, F−1 = JF)
on S ′.
It follows in particular that the restrictions of F to L1 and toM :=M(Rn) are

one-to-one. This is the so-called uniqueness property of the L1-Fourier transform
and of the Fourier–Stieltjes transform, respectively.
If u ∈ L2(⊂ S ′), then for all φ ∈ S

|(Fu)(φ)| = |u(Fφ)| =
∣∣∣∣
∫
u · Fφdx

∣∣∣∣
≤ ‖u‖2‖Fφ‖2 = ‖u‖2‖φ‖2.

Thus, Fu is a continuous linear functional on the dense subspace S of L2 with
norm ≤ ‖u‖2. It extends uniquely as a continuous linear functional on L2 with
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the same norm. By the (‘little’) Riesz representation theorem, there exists a
unique g ∈ L2 such that ‖g‖2 ≤ ‖u‖2 and

(Fu)(φ) =
∫
φg dx (φ ∈ S).

This shows that Fu ‘is’ the L2-function g, that is, F maps L2 into itself. The
identity u = F2Ju shows that FL2 = L2. Also ‖Fu‖2 = ‖g‖2 ≤ ‖u‖2, so that

‖u‖2 = ‖Ju‖2 = ‖F2u‖2 ≤ ‖Fu‖2,

and the equality ‖Fu‖2 = ‖u‖2 follows. This proves that F|L2 is a (linear)
isometry of L2 onto itself. Its restriction to the dense subspace S of L2 is the
operator F originally defined on S; therefore F|L2 coincides with the L2 Fourier
transform defined at the end of II.3.2.
The formulae relating the operators F, Dα, and Mβ on S extend easily to

S ′: if u ∈ S ′, then for all φ ∈ S,
[FDβu]φ = (Dβu)(Fφ) = u

(
(−D)βFφ)

= u
(
FMβφ

)
= (MβFu)(φ),

that is, FDβ =MβF on S ′. By linearity of F , it follows that for any polynomial
P on R

n, FP (D) = P (M)F on S ′.

Theorem II.3.4. If u ∈ E ′, û ‘is the function’ ψ(y) := u(e−ix·y) (y is a para-
meter on the right of the equation), and extends to C

n as the entire function
ψ(z) := u(e−ix·z), (z ∈ C

n). In particular, û ∈ E.
Proof.

(i) Case u ∈ D(⊂ E ′). Since ψ(z) =
∫
suppu e

−ix·zu(x) dx, it is clear that ψ is
entire, and coincides with û on R

n.

(ii) General case. Let φ be as in II.1.1, and consider the regularizations ur :=
u ∗ φr ∈ D. By Proposition II.2.12, ur → u in D′ and suppur ⊂ suppu+
{x; |x| ≤ 1} := K for all 0 < r ≤ 1. Given φ ∈ E , choose φ′ ∈ D that
coincides with φ in a neighbourhood of K. Then for 0 < r ≤ 1, ur(φ) =
ur(φ′) → u(φ′) = u(φ) as r → 0, that is, ur → u in E ′, hence also in S ′.
Therefore ûr → û in S ′ (by continuity of the Fourier transform on S ′).
By Case (i), ûr(y) = ur(e−ix·y) → u(e−ix·y), since ur → u in E ′. More
precisely, for any z ∈ C

n,

ur(e−ix·z) = [(u ∗ φr) ∗ eix·z](0) = [u ∗ (φr ∗ eix·z)](0).
However,

φr ∗ eix·z = r−n
∫
ei(x−y)·zφ(y/r) dy

= eix·z
∫
e−it·rzφ(t) dt = eix·zφ̂(rz).
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Therefore,
ur(e−ix·z) = φ̂(rz)(u ∗ eix·z)(0) = φ̂(rz)u(e−ix·z),

and so, for all 0 < r ≤ 1,
|ur(e−ix·z)− u(e−ix·z)| = |φ̂(rz)− 1| |u(e−ix·z)|

=
∣∣∣∣
∫

|x|≤1
(e−ix·rz − 1)φ(x) dx

∣∣∣∣ |u(e−ix·z)|

≤ C‖e−ix·z‖k,K |z|e|�z|r,

with the constants C, k and the compact set K independent of r. Consequently
ur(e−ix·z)→ u(e−ix·z) as r → 0, uniformly with respect to z on compact subsets
of Cn. Since ur(e−ix·z) are entire (cf. Case (i)), it follows that u(e−ix·z) is entire.
In order to verify that û is the function u(e−ix·y), it suffices to show that

û(φ) =
∫
φ(y)u(e−ix·y) dy

for arbitrary φ ∈ D, since D is dense in S. Let K be the compact support of φ,
and 0 < r ≤ 1. Since φ(y)ûr(y) → φ(y)u(e−ix·y) uniformly on K as r → 0, we
get

û(φ) = lim
r→0

ûr(φ) = lim
r

∫
K

φ(y)ûr(y) dy =
∫
K

φ(y)u(e−ix·y) dy,

as desired.

The entire function u(e−ix·z) will be denoted û(z); since the distribution û ‘is’
the above function restricted to R

n (by Theorem II.3.4), the notation is justified.
The function û(z) is called the Fourier–Laplace transform of u ∈ E ′.

Theorem II.3.5. If u ∈ E ′ and v ∈ S ′, then u ∗ v ∈ S ′ and F (u ∗ v) = û v̂.
Proof. By Theorem II.3.4, û ∈ E , and therefore the product û v̂ makes sense as
a distribution (cf. (4), II.2.9). We prove next that u ∗ v ∈ S ′; then F (u ∗ v) will
make sense as well (and belong to S ′), and it will remain to verify the identity.
For all φ ∈ D,

(u ∗ v)(φ) = [(u ∗ v) ∗ Jφ](0) = [u ∗ (v ∗ Jφ)](0)
= u(J(v ∗ Jφ)) = (Ju)(v ∗ Jφ). (21)

Since Ju ∈ E ′, there exist K ⊂ R
n compact and constants C > 0 and k ∈ N∪{0}

(all independent of φ) such that

|(u ∗ v)(φ)| ≤ C‖v ∗ Jφ‖k,K (22)

(cf. (7) in II.2.10).
For each multi-index α,Dαv ∈ S ′. Therefore, there exist a constant C ′ > 0

and multi-indices β, γ (all independent of φ and x), such that

|(Dαv ∗ Jφ)(x)| = |(Dαv)(φ(y − x))| ≤ C ′ sup
y

|yβ(Dγφ)(y)|. (23)
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By (22) and (23), |(u ∗ v)(φ)| can be estimated by semi-norms of φ in S (for
all φ ∈ D). Since D is dense in S, u ∗ v extends uniquely as a continuous linear
functional on S. Thus, u ∗ v ∈ S ′.
We shall verify now the identity of the theorem, first in the special case

u ∈ D. Then û ∈ S, and therefore ûv̂ ∈ S ′ (by a simple application of Leibnitz’
formula).
By (21), if ψ ∈ S is such that ψ̂ ∈ D,

[F (u ∗ v)](ψ) = (u ∗ v)(ψ̂) = (v ∗ u)(ψ̂) = v(J(u ∗ Jψ̂)).
For f, g ∈ D, it follows from the integral definition of the convolution that
J(f ∗ g) = (Jf) ∗ (Jg). Then, by (12) and (15) in II.3.2,

[F (u ∗ v)](ψ) = v((Ju) ∗ ψ̂) = v[(2π)−n(F 2u) ∗ Fψ)]
= v(F (ûψ)) = v̂(ûψ) = (ûv̂)(ψ),

where the last equality follows from the definition of the product of the dis-
tribution v̂ by the function û ∈ S ⊂ E . Hence F (u ∗ v) = ûv̂ on the set
S0 = {ψ ∈ S; ψ̂ ∈ D}. For ψ ∈ S arbitrary, since ψ̂ ∈ S and D is dense in
S, there exists a sequence φk ∈ D such that φk → ψ̂ in S. Let ψk = F−1φk.
Then ψk ∈ S, Fψk = φk ∈ D (that is, ψk ∈ S0), and ψk → ψ by continuity of
F−1 on S (i.e., S0 is dense in S).
Since F (u ∗ v) and ûv̂ are in S ′ (as observed above) and coincide on S0, they

are indeed equal.
Consider next the general case u ∈ E ′. If φ ∈ D, φ ∗ u ∈ D and v ∈ S ′, and

also φ ∈ D and u ∗ v ∈ S ′. Applying the special case to these two pairs, we get

(φ̂û)v̂ = [F (φ ∗ u)]v̂ = F [(φ ∗ u) ∗ v]
= F [φ ∗ (u ∗ v)] = φ̂F (u ∗ v).

For each point y, we can choose φ ∈ D such that φ̂(y) �= 0; it follows that
ûv̂ = F (u ∗ v).
The next theorem characterizes Fourier–Laplace transforms of distributions

with compact support (cf. Theorem II.3.4).

Theorem II.3.6 (Paley–Wiener–Schwartz).

(i) The entire function f on C
n is the Fourier–Laplace transform of a distri-

bution u with support in the ball SA := {x ∈ R
n; |x| ≤ A} iff there exist a

constant C > 0 and a non-negative integer m such that

|f(z)| ≤ C(1 + |z|)m eA|�z| (z ∈ C
n).

(ii) The entire function f is the Fourier–Laplace transform of a function u ∈
D(SA) iff for each m, there exists a positive constant C = C(m) such that

|f(z)| ≤ C(m)(1 + |z|)−m eA|�z| (z ∈ C
n).
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Proof. Let r > 0, and suppose u ∈ E ′ with suppu ⊂ SA. By Theorem II.2.8
with ω = {x; |x| < A + r}, there exists g ∈ L∞(ω) such that u|ω = Ds1 · · ·Dsng.
We may take g and s independent of r for all 0 < r ≤ 1. Extend g to R

n by
setting g = 0 for |x| ≥ A+ 1 (then of course ‖g‖L1 < ∞). Since suppu ⊂ ω, we
have u = Ds1 · · ·Dsng, and therefore

|û(z)| =
∣∣∣∣
∫
ω

e−ix·zDs1 · · ·Dsng(x)] dx
∣∣∣∣ =

∣∣∣∣
∫
ω

Ds1 · · ·Dsn(e−ix·z)g(x) dx
∣∣∣∣

=
∣∣∣∣
∫
ω

(−1)sn(z1 · · · zn)se−ix·zg(x) dx
∣∣∣∣ ≤ (|z1| · · · |zn|)s‖g‖L1 sup

ω
ex·�z

≤ C(1 + |z|)me(A+r)|�z|,

for any constant C > ‖g‖L1 ,m = sn, and r ≤ 1 (since |x · �z| ≤ |x‖�z| ≤
(A+r)|�z| on ω, by Schwarz’s inequality). Letting r → 0, we obtain the necessity
of the estimate in (i).
If u ∈ D with support in SA, we have for any multi-index β and z ∈ C

n

|zβ û(z)| = |(FDβu)(z)| = |
∫
SA

e−ix·z(Dβu)(x) dx| ≤ ‖Dβu‖L1eA|�z|,

and the necessity of the estimates in (ii) follows.
Suppose next that the entire function f satisfies the estimates in (ii). In

particular, its restriction to R
n is in L1, and we may define u = (2π)−n/2JFf |Rn .

The estimates in (ii) show that yαf(y) ∈ L1(Rn) for all multi-indices α, and
therefore Dα may be applied to the integral defining u under the integration
sign; in particular, u ∈ E .
The estimates in (ii) show also that the integral defining u can be shifted

(by Cauchy’s integral theorem) to R
n + it, with t ∈ R

n fixed (but arbitrary).
Therefore

|u(x)| ≤ C(m) exp[A|t| − x · t]
∫
(1 + |y|)−m dy

for all x ∈ R
n and m ∈ N. Fix m so that the above integral converges, and

choose t = λx(λ > 0). Then for a suitable constant C ′ and |x| > A, |u(x)| ≤ C ′

exp[−λ|x|(|x| − A)] → 0 as λ → ∞. This shows that suppu ⊂ SA, and so
u ∈ D(SA). But then its Fourier-Laplace transform is entire, and coincides with
the entire function f on R

n (hence on C
n), by the Fourier inversion formula.

Finally, suppose the estimate in (i) is satisfied. Then f |Rn ∈ S ′, and therefore
f |Rn = û for a unique u ∈ S ′. It remains to show that suppu ⊂ SA. Let φ be
as in II.1.1, and let ur := u ∗ φr be the corresponding regularization of u. By
Theorem II.3.5, ûr = ûφ̂r. Since φr ∈ D(Sr), it follows from the necessity part
of (ii) that |φ̂r(z)| ≤ C(m)(1+ |z|)−mer|�z| for all m. Therefore, by the estimate
in (i),

|f(z)φ̂r(z)| ≤ C ′(k)(1 + |z|)−ke(A+r)|�z|

for all integers k. By the sufficiency part of (ii), the entire function f(z)φ̂r(z)
is the Fourier-Laplace transform of some ψr ∈ D(SA+r). Since F is injective on



“app-2” — 2006/6/6 — page 386 — #23

386 Application II Distributions

S ′, we conclude (by restricting to R
n) that the distribution ur ‘is the function’

ψr. In particular, suppur ⊂ SA+r for all r > 0. If χ ∈ D has support in
(the open set) Sc

A, there exists r0 > 0 such that suppχ ⊂ Sc
A+r0

; then for
all 0 < r ≤ r0, ur(χ) = 0 because the supports of ur and χ are contained in
the disjoint sets SA+r and Sc

A+r0
(respectively). Letting r → 0, it follows that

u(χ) = 0, and we conclude that u has support in SA.

Example. Consider the orthonormal sequences {fk; k ∈ Z} and {gk; k ∈ Z}
in L2(R) defined in the example at the end of II.3.2. We saw that f ∈ L2(R)
belongs to the closure of the span of {fk} in L2(R) iff it vanishes in (−π, π)c.
Since F is a Hilbert isomorphism of L2(R) onto itself, g := Ff ∈ L2(R) belongs
to the closure of the span of {gk} iff it extends to C as an entire function of
exponential type ≤ π (by Theorem II.3.6). The expansion we found for g in the
above example extends to C:

g(z) = (1/π) sinπz
∑

k

(−1)kg(k)/(z − k) (z ∈ C), (24)

where the series converges uniformly in |�z| ≤ r, for each r. We proved that
any entire function g of exponential type ≤ π, whose restriction to R belongs to
L2(R), admits the expansion (24).

Suppose h is an entire function of exponential type ≤ π, whose restriction to
R is bounded. Let g(z) := [h(z) − h(0)]/z for z 
= 0 and g(0) = h′(0). Then g is
entire of exponential type ≤ π, and g|R ∈ L2(R). Applying (24) to g, we obtain

h(z) = h(0)+(1/π) sinπz
(
h′(0)+

∑
k �=0

(−1)k[h(k)−h(0)][1/k+1/(z−k)]
)
. (25)

The series s(z) in (25) can be differentiated term-by-term (because the series
thus obtained converges uniformly in any strip |�z| ≤ r). We then obtain

h′(z) = cosπz(h′(0) + s(z)) + (1/π) sinπz
∑
k �=0

(−1)k−1[h(k) − h(0)]/(z − k)2.

In particular,

h′(1/2) = (1/π)
∑
k �=0

(−1)k−1[h(k) − h(0)]/(k − 1/2)2

= (4/π)
∑
k∈Z

(−1)k−1h(k) − h(0)
(2k − 1)2

.

Since
∑

k∈Z
(−1)k−1/(2k − 1)2 = 0, we can rewrite the last formula in the form

h′(1/2) = (4/π)
∑
k∈Z

(−1)k−1 h(k)
(2k − 1)2

. (26)

For t ∈ R fixed, the function h̃(z) := h(z + t− 1/2) is entire of exponential type
≤ π, sup |h̃

∣∣∣
R

| = sup |h
∣∣∣
R

| := M < ∞, and h̃′(1/2) = h′(t). Therefore by (26)
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applied to h̃,

h′(t) = (4/π)
∑
k∈Z

(−1)k−1h(t+ k − 1/2)
(2k − 1)2

. (27)

Hence (cf. example at the end of Terminology 8.11)

|h′(t)| ≤ (4/π)M
∑
k∈Z

1
(2k − 1)2

= (4/π)M(π2/4) = πM. (28)

Thus, considering h restricted to R,

‖h′‖∞ ≤ π‖h‖∞. (29)

Let 1 ≤ p < ∞, and let q be its conjugate exponent. For any simple measurable
function φ on R with ‖φ‖q = 1, we have by (27) and Holder’s inequality∣∣∣∣∣

∫
R

h′φdt

∣∣∣∣∣ = (4/π)

∣∣∣∣∣
∑
k∈Z

(−1)k−1

(2k − 1)2

∫
h(t+ k − 1/2)φ(t) dt

∣∣∣∣∣
≤ (4/π)

∑
k∈Z

1
(2k − 1)2

‖h‖p‖φ‖q = π‖h‖p.

Taking the supremum over all such functions φ, it follows that

‖h′‖p ≤ π‖h‖p. (30)

(For p = 1, (30) follows directly from (27): for any real numbers a < b,∫ b

a

|h′(t)| dt ≤ (4/π)
∑
k∈Z

1
(2k − 1)2

‖h‖1 = π‖h‖1,

and (30) for p = 1 is obtained by letting a → −∞ and b → ∞.)
If f is an entire function of exponential type ≤ ν > 0 and is bounded on R,

the function h(z) := f(πz/ν) is entire of exponential type ≤ π; ‖h‖∞ = ‖f‖∞
(norms in L∞(R)); and h′(t) = (π/ν)f ′(πt/ν). A simple calculation starting
from (30) for h shows that

‖f ′‖p ≤ ν‖f‖p (31)

for all p ∈ [1,∞]. This is Bernstein’s inequality (for f entire of exponential type
≤ ν, that is bounded on R).

The spaces Wp,k

II.3.7. Temperate weights.
A (temperate) weight on R

n is a positive function k on R
n such that

k(x+ y)
k(y)

≤ (1 + C|x|)m (x, y ∈ R
n) (32)

for some constants C,m > 0.
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By (32),

(1 + C|x|)−m ≤ k(x+ y)
k(y)

≤ (1 + C|x|)m (x, y ∈ R
n), (33)

and it follows that k is continuous, satisfies the estimate

k(0)(1 + C|x|)−m ≤ k(x) ≤ k(0)(1 + C|x|)m (x ∈ R
n), (34)

and 1/k is also a weight.

For any real s, ks is a weight (trivial for s > 0, and since 1/k is a weight, the
conclusion follows for s < 0 as well).

An elementary calculation shows that 1+ |x|2 is a weight; therefore, ks(x) :=
(1 + |x|2)s/2 is a weight for any real s.

Sums and product of weights are weights. For any weight k, set

k(x) := sup
y

k(x+ y)
k(y)

, (35)

so that, by definition,

k(x) ≤ (1 + C|x|)m and k(x+ y) ≤ k(x)k(y). (36)

Also
k(x+ y) ≤ k(x)k(y). (37)

By (36) and (37), k is a weight with the additional ‘normal’ properties (37) and

1 = k(0) ≤ k(x). (38)

(k(0) = 1 by (35); then by (37) and (36), for all r = 1, 2, . . . ,

1 = k(0) = k(rx− rx) ≤ k(x)rk(−rx) ≤ k(x)r(1 + Cr|x|)m;

taking the rth root and letting r → ∞, we get 1 ≤ k(x).)
Given a weight k and t > 0, define

kt(x) := sup
y
k(x− y) exp(−t|y|) = sup

y
exp(−t|x− y|)k(y).

(x, y range in R
n.)

We have

k(x) ≤ kt(x) ≤ sup
y

(1 + C|y|)mk(x) exp(−t|y|) ≤ Ctk(x),

that is,

1 ≤ kt(x)
k(x)

≤ Ct (x ∈ R
n),

where Ct is a constant depending on t.
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Also

kt(x+ x′) = sup
y
k(x+ x′ − y) exp(−t|y|)

≤ sup
y
(1 + C|x′|)mk(x− y) exp(−t|y|) = (1 + C|x′|)mkt(x),

that is, kt is a weight (with the constants C,m of k, whence independent of t).
By the last inequality,

(1≤)kt(x) ≤ (1 + C|x|)m.
Since

kt(x+x′) = sup
y
exp(−t|x+x′−y|)k(y) ≤ et|x′| sup

y
exp(−t|x−y|)k(y) = et|x′|kt(x),

therefore
(1≤)kt(x) ≤ et|x|.

In particular, kt → 1 as t → 0+, uniformly on compact subsets of R
n.

A weight associated with the differential operator P (D) (for any polynomial
P on R

n) is defined by

kP :=

[∑
α

|P (α)|2
]1/2

, (39)

where the (finite) sum extends over all multi-indices α. The estimate (32) follows
from Taylor’s formula and Schwarz’s inequality:

k2
P (x+ y) =

∑
α

∣∣∣∣∣
∑

|β|≤m
P (α+β)(y)xβ/β!

∣∣∣∣∣
2

≤
∑
α

∑
β

|P (α+β)(y)|2
∑

|β|≤m
|xβ/β!|2

≤ k2
P (y)(1 + C|x|)2m,

where m = degP .
Extending the sum in (39) over multi-indices α �= 0 only, we get a weight k′

P

(same verification!), that will also play a role in the sequel.

II.3.8. Weighted Lp-spaces.
For any (temperate) weight k and p ∈ [1,∞], consider the normed space

Lp,k := (1/k)Lp = {f ; kf ∈ Lp}

(where Lp := Lp(Rn)), with the natural norm ‖f‖Lp,k
= ‖kf‖p(‖ · ‖p denotes

the Lp-norm). One verifies easily that Lp,k is a Banach space for all p ∈ [0,∞],
and (Lp,k)∗ is isomorphic and isometric to Lq,1/k for 1 ≤ p < ∞ (q denotes the
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conjugate exponent of p): if Λ ∈ (Lp,k)∗, there exists a unique g ∈ Lq,1/k such
that

Λf =
∫
fg dy (f ∈ Lp,k)

and
‖Λ‖ = ‖g‖Lq,1/k

.

By (34), S ⊂ Lp,k topologically.
Given f ∈ Lp,k, Holder’s inequality shows that∣∣∣∣

∫
φf dx

∣∣∣∣ ≤ ‖f‖Lp,k
‖φ‖Lq,1/k

(φ ∈ S). (40)

Since S ⊂ Lq,1/k topologically, it follows from (40) that the map φ → ∫
φf dx

is continuous on S, and belongs therefore to S ′. With the usual identification,
this means that Lp,k ⊂ S ′, and it follows also from (40) that the inclusion is
topological (if fj → 0 in Lp,k, then

∫
φfj , dx → 0 by (40), for all φ ∈ S, that is,

fj → 0 in S ′). We showed therefore that

S ⊂ Lp,k ⊂ S ′ (41)

topologically.

II.3.9. The spaces Wp,k.
Let

F : u ∈ S ′ → Fu := (2π)−n/2û ∈ S ′,

and consider the normed space (for p, k given as before)

Wp,k := F−1Lp,k = {u ∈ S ′; Fu ∈ Lp,k} (42)

with the norm

‖u‖p,k := ‖Fu‖Lp,k
= ‖kFu‖p (u ∈ Wp,k). (43)

Note that for any t > 0,
Wp,k = Wp,kt

(because of the inequality 1 ≤ kt/k ≤ Ct, cf. II.3.7).
By definition, F : Wp,k → Lp,k is a (linear) surjective isometry, and therefore

Wp,k is a Banach space. Since F−1 is a continuous automorphism of both S and
S ′, it follows from (41) in II.3.8 (and the said isometry) that

S ⊂ Wp,k ⊂ S ′ (44)

topologically.
Fix φ as in II.1.1, and consider the regularizations ur = u ∗ φr ∈ E of

u ∈ Wp,k, p < ∞. As r → 0+, k(x)ûr(x) = k(x)û(x)φ̂(rx) → k(x)û(x) pointwise,
and |kûr| ≤ |kû| ∈ Lp; therefore kûr → kû in Lp, that is, ur → u in Wp,k. One
verifies easily that ur ∈ S, and consequently S is dense in Wp,k. Since D is dense
in S, and S is topologically included in Wp,k, we conclude that D is dense in
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Wp,k (and so Wp,k is the completion of D with respect to the norm ‖ · ‖p,k) for
any 1 ≤ p < ∞ and any weight k. The special space W2,ks

is called Sobolev’s
space, and is usually denoted Hs.

Let L ∈ W∗
p,k (for some 1 ≤ p < ∞). Since F is a linear isometry of Wp,k onto

Lp,k, the map Λ = LF−1 is a continuous linear functional on Lp,k with norm
‖L‖. By the preceding characterization of L∗

p,k, there exists a unique g ∈ Lq,1/k

such that ‖g‖Lq,1/k
= ‖L‖ and Λf =

∫
fg dx for all f ∈ Lp,k. Define v = F−1g.

For all u ∈ Wp,k, denoting f = Fu(∈ Lp,k), we have ‖v‖q,1/k = ‖L‖ and

Lu = LF−1f = Λf =
∫

(Fu)(Fv) dx. (45)

The continuous functional L is uniquely determined by its restriction to the
dense subspace S of Wp,k. For u ∈ S, we may write (45) in the form

Lu = v(F2u) = v(Ju) = (Jv)(u) (u ∈ S), (46)

that is, L|S = Jv. Conversely, any v ∈ Wq,1/k determines through (45) an
element L ∈ W∗

p,k such that ‖L‖ = ‖v‖q,1/k (and L|S = Jv). We conclude that
W∗

p,k is isometrically isomorphic with Wq,1/k. In particular, (Hs)∗ is isometrically
isomorphic with H−s.

If the distribution u ∈ Wp,k has compact support, and v ∈ W∞,k′ , then by
Theorem II.3.5, u ∗ v ∈ S ′ and

‖u ∗ v‖p,kk′ = ‖kk′F(u ∗ v)‖p = (2π)n/2‖(kFu)(k′Fv)‖p

≤ (2π)n/2‖kFu‖p‖k′Fv‖∞ = (2π)n/2‖u‖p,k‖v‖∞,k′ .

In particular,
(Wp,k ∩ E ′) ∗ W∞,k′ ⊂ Wp,kk′ . (47)

Let P be any polynomial on R
n. We have P (D)δ ∈ E ′ ⊂ S ′, and

FP (D)δ = P (M)Fδ = (2π)−n/2P (M)1 = (2π)−n/2P.

Thus
‖P (D)δ‖∞,k′ = (2π)−n/2‖k′P‖∞ < ∞,

for any weight k′ such that k′P is bounded (we may take for example k′ = 1/kP ,
or k′ = ks with s ≤ −m, where m = degP ).

Thus P (D)δ ∈ W∞,k′ (for such k′), and for any u ∈ Wp,k, P (D)u = (P (D)δ)∗
u ∈ Wp,kk′ .

Formally stated, for any weight k′ such that k′P is bounded,

P (D)Wp,k ⊂ Wp,kk′ . (48)

The above calculations show also that

‖P (D)u‖p,kk′ ≤ ‖k′P‖∞‖u‖p,k (u ∈ Wp,k), (49)

that is, P (D) is a continuous (linear) map of Wp,k into Wp,kk′ .
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If u ∈ Wp,k and φ ∈ D, then û ∈ Lp,k and φ̂ ∈ S ⊂ Lq,1/k, so that the
convolution φ̂ ∗ û makes sense as a usual integral. On the other hand, φu is
well defined and belongs to S ′. Using Theorem II.3.5 and the Fourier inversion
formula on S ′, we see that

(2π)n/2F(φu) = (Fφ) ∗ (Fu).
Hence (since k(x) ≤ k(x− y)k(y))

(2π)n/2‖φu‖p,k = ‖k(Fφ) ∗ (Fu)‖p
≤ ‖(k|Fφ|) ∗ (k|Fu|)‖p ≤ ‖kFφ‖1‖kFu‖p,

that is,
‖φu‖p,k ≤ (2π)−n/2‖φ‖1,k‖u‖p,k. (50)

Since D is dense in S and S ⊂ W1,k, it follows from (50) that the multiplication
operator φ ∈ D → φu ∈ Wp,k extends uniquely as an operator from S to Wp,k
(same notation!), that is, SW p,k ⊂ Wp,k, and (50) is valid for all φ ∈ S and
u ∈ Wp,k.
Apply (50) to the weights kt associated with k (cf. II.3.7). We have (for any

φ ∈ S)
‖φ‖1,kt =

∫
|ktFφ| dx.

As t → 0+, the integrand converges pointwise to Fφ, and are dominated by
(1 + C|x|)m|Fφ| ∈ L1 (with C,m independent of t). By Lebesgue’s dominated
convergence theorem, the integral tends to ‖Fφ‖1 := ‖φ‖1,1. There exists there-
fore t0 > 0 (depending on φ) such that ‖φ‖1,kt ≤ 2‖φ‖1,1 for all t < t0. Hence
by (50)

‖φu‖p,kt ≤ 2(2π)−n/2‖φ‖1,1‖u‖p,kt (51)

for all 0 < t < t0, φ ∈ S, and u ∈ Wp,k = Wp,kt , with t0 depending on φ. This
inequality will be used in the proof of Theorem II.7.2.
Let j be a non-negative integer. If |y|j ∈ Lq,1/k for some weight k and some

1 ≤ q ≤ ∞, then yα ∈ Lq,1/k for all multi-indices α with |α| ≤ j. Consequently,
for any u ∈ Wp,k (with p conjugate to q), yαû(y) ∈ L1. By the Fourier inversion
formula, u(x) = (2π)−n

∫
eix.yû(y) dy, and the integrals obtained by formal dif-

ferentiations under the integral sign up to the order j converge absolutely and
uniformly, and are equal therefore to the classical derivatives of u. In particular,
u ∈ Cj . This shows that

Wp,k ⊂ Cj (52)

if |y|j ∈ Lq,1/k. This is a regularity property of the distributions in Wp,k.

II.4 Fundamental solutions

II.4.1. Let P be a polynomial on R
n. A fundamental solution for the (partial)

differential operator P (D) is a distribution v on R
n such that

P (D)v = δ. (1)
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For any f ∈ E ′, the (well defined) distribution u := v ∗ f is then a solution of
the (partial) differential equation

P (D)u = f. (2)

(Indeed, P (D)u = (P (D)v) ∗ f = δ ∗ f = f .) The identity

P (D)(v ∗ u) = v ∗ (P (D)u) = u (u ∈ E ′) (3)

means that the map V : u ∈ E ′ → v ∗u is the inverse of the map P (D) : E ′ → E ′.

Theorem II.4.2 (Ehrenpreis–Malgrange–Hormander). Let P be a poly-
nomial on R

n, and ε > 0. Then there exists a fundamental solution v for P (D)
such that

sech(ε|x|)v ∈ W∞,kP
,

and ‖sech(ε|x|)v‖∞,kP
is bounded by a constant depending only on ε, n, and m =

degP .

Note that sech(ε|x|) ∈ E (since cosh(ε|x|) = ∑k ε2k(x2
1 + · · · + x2

n)
k/(2k)!),

and therefore its product with the distribution v is well defined.
For any ψ ∈ D (and v as in the theorem), write

ψv = [ψ cosh(ε|x|)][sech(ε|x|)v].

The function in the first square brackets belongs to D; the distribution in
the second square brackets belongs to W∞,kP

. Hence ψv ∈ W∞,kP
by (50) in

Section II.3.9. Denoting

W loc
p,k = {u ∈ D′;ψu ∈ Wp,k for all ψ ∈ D},

the above observation means that the operator P (D) has a fundamental solution
in W loc

∞,kP
.

The basic estimate needed for the proof of the theorem is stated in the
following.

Lemma II.4.3 (Notation as in Theorem II.4.2.). There exists a constant
C > 0 (depending only on ε, n, and m) such that, for all u ∈ D,

|u(0)| ≤ C‖ cosh(ε|x|)P (D)u‖1,1/kP
.

Proof of Theorem II.4.2. Assuming the lemma, we proceed with the proof
of the theorem. Consider the linear functional

w : P (D)u → u(0) (u ∈ D). (4)

By the lemma and the Hahn–Banach theorem, w extends as a continuous linear
functional on D such that

|w(φ)| ≤ C‖ cosh(ε|x|)φ‖1,1/kP
(φ ∈ D). (5)
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Since D ⊂ W1,1/kP
topologically, it follows that w is continuous on D, that is,

w ∈ D′. By (5),

|[sech(ε|x|)w](φ)| = |w(sech(ε|x|)φ)| ≤ C‖φ‖1,1/kP

for all φ ∈ D. Since D is dense in W1,1/kP
, the distribution sech(ε|x|)w extends

uniquely to a continuous linear functional onW1,1/kP
with norm ≤ C. Therefore

sech(ε|x|)w ∈ W∞,kP
(6)

and
‖sech(ε|x|)w‖∞,kP

≤ C. (7)

Define v = Jw := w̃. Then the distribution sech(ε|x|)v ∈ W∞,kP
has ‖ · ‖∞,kP

-
norm ≤ C (the constant in the lemma), and for all φ ∈ D, we have by (4)

(P (D)v)(φ) = [(P (D)v) ∗ φ̃](0) = (v ∗ P (D)φ̃)(0)
= [w̃ ∗ P (D)φ̃](0) = w̃(J [P (D)φ̃]) = w(P (D)φ̃)
= φ̃(0) = φ(0) = δ(φ),

that is, P (D)v = δ.

Proof of Lemma II.4.3. (1) Let p be a monic polynomial of degree m in
one complex variable, say p(z) =

∑m
j=0 ajz

j , am = 1. The polynomial q(z) =∑m
j=0 ajz

m−j satisfies q(0) = 1 and

|q(eit)| =
∣∣∣eimt∑

j

aj eijt
∣∣∣ = |p(eit)|.

If f is analytic on the closed unit disc, it follows from Cauchy’s formula applied
to the function fq that

|f(0)| = |f(0)q(0)| ≤ 1
2π

∫ 2π

0
|f(eit)q(eit)| dt = 1

2π

∫ 2π

0
|f(eit)p(eit)| dt. (8)

Writing p(z) =
∏m
j=1(z + zj), we have for k ≤ m

p(k)(z) =
∑
n1

∑
n2 /∈{n1}

· · ·
∑

nk /∈{n1,...,nk−1}

∏
j /∈{n1,...,nk}

(z + zj), (9)

where all indices range in {1, . . . ,m}.
Using (8) with the analytic function

f(z)
∏

j /∈{n1,...,nk}
(z + zj)

and the polynomial
p(z) =

∏
j∈{n1,...,nk}

(z + zj),
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we obtain ∣∣∣f(0) ∏
j /∈{n1,...,nk}

zj

∣∣∣ ≤ 1
2π

∫ 2π

0
|f(eit)p(eit)| dt.

Since the number of summands in (9) is m(m−1) · · · (m−k+1) = m!/(m− k)!,
it follows that

|f(0)p(k)(0)| ≤ m!
(m− k)!

1
2π

∫ 2π

0
|f(eit)p(eit)| dt. (10)

Since (10) remains valid when p is replaced by cp with c �= 0 complex, the
inequality (10) is true for any polynomial p and any function f analytic on the
closed unit disc.

(2) If f is entire, we apply (10) to the function f(rz) and the polynomial
p(rz) for each r > 0. Then

|f(0)p(k)(0)|2πrk ≤ m!
(m− k)!

∫ 2π

0
|f(r eit)p(r eit)| dt. (11)

Let g be a non-negative function with compact support, integrable with respect
to Lebesgue measure on C, and depending only on |z|. We multiply (11) by
rg(r eit) and integrate with respect to r over [0,∞). Thus

|f(0)p(k)(0)
∫

C

|zk|g(z) dz ≤ m!
(m− k)!

∫
C

|f(z)p(z)|g(z) dz, (12)

where dz = r dr dt is the area measure in C.
(3) The n-dimensional version of (12) is obtained by applying (12) ‘one vari-

able at a time’: let f be an entire function on C
n, p a polynomial on C

n, and g a
non-negative function with compact support, integrable with respect to Lebesgue
measure dz on C

n, and depending only on |z1|, . . . , |zn|. Then

|f(0)p(α)(0)|
∫

Cn

|zα|g(z) dz ≤ m!
(m− |α|)!

∫
Cn

|f(z)p(z)|g(z) dz. (13)

(4) Let u ∈ D, fix y ∈ R
n, and apply (13) to the entire function f(z) =

û(y + z), the polynomial p(z) = P (y + z), and the function g equal to the
indicator of the ball B := {z ∈ C

n; |z| < ε/2}. Then∣∣∣û(y)P (α)(y)
∣∣∣ ∫

B

|zα| dz ≤ m!
(m− |α|)!

∫
B

|û(y + z)P (y + z)| dz.

Therefore

kP (y)|û(y)| ≤
∑

|α|≤m

|P (α)(y)‖û(y)|

≤ C1

∫
B

|û(y + z)P (y + z)| dz = C1(2π)n/2
∫

B

|(FP (D)u)(y + z)| dz

= C1(2π)n/2
∫

B

|F [e−ix·zP (D)u](y)| dz,



“app-2” — 2002/11/21 — page 396 — #33

396 Application II Distributions

where C1 is a constant depending only on m and n. Denote k := 1/kP . Then

(2π)n/2|u(0)| = (2π)−n/2
∣∣∣∣
∫

Rn

û(y) dy
∣∣∣∣

≤ C1

∫
Rn

∫
B

k(y)|F [e−ix.zP (D)u](y)| dz dy

= C1

∫
B

‖e−ix.zP (D)u‖1,k dz ≤ C1|B| sup
z∈B

‖e−ix·.zP (D)u‖1,k,

where |B| denotes the C
n-Lebesgue measure of B (depends only on n and ε).

For z ∈ B, all derivatives of the function φz(x) := e−ix.z/cosh(ε|x|) are
O(e−ε|x|/2), and therefore the family φB := {φz; z ∈ B} is bounded in S (this
means that given any zero neighborhood U in S, there exists η > 0 such that
λφB ⊂ U for all scalars λ with modulus < η. For a topological vector space with
topology induced by a family of semi-norms, the above condition is equivalent
to the boundedness of the semi-norms of the family on the set φB ; thus, in the
special case of S, the boundedness of φB means that supz∈B ‖φz‖α,β < ∞). Since
S ⊂ Wp,k topologically (for any p, k), it follows that the set φB is bounded in
Wp,k for any p, k. In particular, MB := supz∈B ‖φz‖1,k < ∞. (MB depends only
on n and ε.) By (50) in II.3.9,

|u(0)| ≤ C1|B| sup
z∈B
(2π)−n/2‖φz[cosh(ε|x|)P (D)u]‖1,k

≤ (2π)−nC1|B| sup
z∈B

‖φz‖1,k‖ cosh(ε|x|)P (D)u‖1,k = C‖ cosh(ε|x|)P (D)u‖1,k,

where C = (2π)−nC1|B|MB depends only on n,m and ε.

II.5 Solution in E′

II.5.1. Consider the operator P (D) restricted to E ′. We look for necessary and
sufficient conditions on f ∈ E ′ such that the equation P (D)u = f has a solution
u ∈ E ′. A necessary condition is immediate. For any solution φ ∈ E of the
so-called homogeneous ‘adjoint’ equation P (−D)φ = 0, we have (for u as above)

f(φ) = (P (D)u)(φ) = u(P (−D)φ) = u(0) = 0,
that is, f annihilates the null space of P (−D)|E . In particular, f annihilates
elements of the null space of the special form φ(x) = q(x)eix.z, where z ∈ C

n

and q is a polynomial on R
n (let us call such elements ‘exponential solutions’ of

the homogeneous adjoint equation). The next theorem establishes that the later
condition is also sufficient.

Theorem II.5.2. The following statements are equivalent for f ∈ E ′:

(1) The equation P (D)u = f has a solution u ∈ E ′.
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(2) f annihilates every exponential solution of the homogeneous adjoint
equation.

(3) The function F (z) := f̂(z)/P (z) is entire on C
n.

Proof. 1 =⇒ 2. See II.5.1.
2 =⇒ 3. In order to make one-complex-variable arguments, we consider the

function

F (t; z, w) :=
f̂(tw + z)
P (tw + z)

(t ∈ C; z, w ∈ C
n). (1)

Let Pm be the principal part of P , and fix w ∈ C
n such that Pm(w) �= 0. Since

P (tw + z) = Pm(tw + z) + terms of lower degree

=
∑
α

P (α)
m (tw)z

α/α! + terms of lower degree

= Pm(tw) + terms of lower degree = tmPm(w) + terms of lower degree,

and Pm(w) �= 0, P (tw + z) is a polynomial of degree m in t (for each given z).
Fix z = z0, and let t0 be a zero of order k of P (tw + z0). For j < k, set

φj(x, t) := (x · w)j exp(−ix · (tw + z0)). (2)

Then

P (−D)φj(x, t) = P (−D)
(
i
∂

∂t

)j
exp (−ix · (tw + z0))

=
(
i
∂

∂t

)j
P (−D) exp(−ix · (tw + z0))

=
(
i
∂

∂t

)j
P (tw + z0) exp(−ix · (tw + z0)),

and therefore P (−D)φj(x, t0) = 0, that is, φj(·, t0) are exponential solutions of
the homogeneous adjoint equation. By hypothesis, we then have f(φj(·, t0)) = 0
for all j < k. This means that, for all j < k,

∂j

∂tj
| t=t0 f̂(tw + z0) = 0,

that is, f̂(tw+z0) has a zero of order ≥ k at t = t0, and F (·; z0, w) is consequently
entire (cf. (1)).
Choose r > 0 such that P (tw + z0) �= 0 on the circle Γ := {t; |t| = r} (this

is possible since, as a polynomial in t, P (tw + z0) has finitely many zeros). By
continuity, P (tw+z) �= 0 for all t on Γ and z in a neighborhood U of z0. Therefore
the function G(z) := 1/2πi

∫
Γ F (t; z, w) dt/t is analytic in U , that is, G is entire

(by the arbitrariness of z0). However, by Cauchy’s integral theorem for the entire
function F (·; z, w), we have G(z) = F (0; z, w) = f̂(z)/P (z), and Statement (3).
is proved.
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3 =⇒ 1. By Theorem II.3.6 (the Paley–Wiener–Schwartz theorem), it suffices
to show that F satisfies the estimate in Part (i) of Theorem II.3.6 (for then F
is the Fourier–Laplace transform of some u ∈ E ′; restricting to R

n, we have
therefore Ff = PFu = FP (D)u, hence P (D)u = f).
Fix ζ ∈ C

n and apply (13) in the proof of Lemma II.4.3 to the entire function
f(z) = F (ζ+ z), the polynomial p(z) = P (ζ+ z), and g the indicator of the unit
ball B of C

n. Then

|F (ζ)P (α)(ζ)| ≤ C

∫
B

|f̂(ζ + z)| dz ≤ C|B| sup
z∈B

|f̂(ζ + z)|,

where C is a constant depending only on n and m = degP . Choose α such that
P (α) is a non-zero constant. Then, by the necessity of the estimate in Part (i) of
Theorem II.3.6 (applied to the distribution f ∈ E ′), we have

|F (ζ)| ≤ C1 sup
z∈B
(1 + |ζ + z|)keA|�(ζ+z)| ≤ C2(1 + |ζ|)keA|�ζ|,

as desired.

II.6 Regularity of solutions

II.6.1. Let Ω be an open subset of Rn. If φ ∈ D(Ω) and u ∈ D′(Ω), the product
φu is a distribution with compact support in Ω, and may then be considered as
an element of E ′ := E ′(Rn) ⊂ S ′ := S ′(Rn). Set (for any weight k and p ∈ [1,∞])

W loc
p,k(Ω) := {u ∈ D′(Ω);φu ∈ Wp,k for all φ ∈ D(Ω)}.

(cf. comments following Theorem II.4.2.) Note that if u ∈ E(Ω), then φu ∈
D(Ω) ⊂ S ⊂ Wp,k for all φ ∈ D(Ω), that is, E(Ω) ⊂ W loc

p,k(Ω) for all p, k.
Conversely, if u ∈ W loc

p,k(Ω) for all p, k (or even for some p and all weights ks),
it follows from (52) in Section II.3.9 that u ∈ E(Ω). This observation gives an
approach for proving regularity of distribution solutions of the equation P (D)u =
f in Ω (for suitable f): it would suffice to prove that the solutions u belong to
all the spaces W loc

p,k(Ω) (since then u ∈ E(Ω)).
II.6.2. Hypoellipticity.
The polynomial P (or the differential operator P (D)) is hypoelliptic if there

exist constants C, c > 0 such that∣∣∣∣ P (x)
P (α)(x)

∣∣∣∣ ≥ C|x|c|α| (1)

as x ∈ R
n → ∞, for all multi-indices α �= 0.

Conditions equivalent to (1) are any one of the following conditions (2)–(4):

lim
|x|→∞

P (α)(x)
P (x)

= 0 (2)
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for all α �= 0;
lim

|x|→∞
dist(x,N(P )) =∞, (3)

where N(P ) := {z ∈ C
n;P (z) = 0};

dist(x,N(P )) ≥ C|x|c (4)

as x ∈ R
n → ∞, for suitable positive constants C, c (these equivalent descriptions

of hypoellipticity will not be used in the sequel). For example, if the principal
part Pm of P does not vanish for 0 �= x ∈ R

n (in this case, P and P (D) are
said to be elliptic), Condition (2) is clearly satisfied; thus elliptic differential
operators are hypoelliptic.

Theorem II.6.3. Let P be a hypoelliptic polynomial, and let Ω be an open subset
of R

n. If u ∈ D′(Ω) is a solution of the equation P (D)u = f with f ∈ W loc
p,k(Ω),

then u ∈ W loc
p,kkP

(Ω). In particular, if f ∈ E(Ω), then u ∈ E(Ω).
[The following converse is also true (proof omitted): suppose that for some Ω,

some p ∈ [1,∞], and some weight k, every solution of the equation P (D)u = 0
in W loc

p,k(Ω) is in E(Ω). Then P is hypoelliptic.]

Proof. Fix ω ⊂⊂ Ω. For any u ∈ D′(Ω) and φ ∈ D(ω), we view φu as an element
of E ′ with support in ω (cf. II.6.1). By the necessity of the estimate in Part (i)
of the Paley–Wiener–Schwartz theorem (II.3.6), |F(φu)(x)| ≤ M(1 + |x|)r for
some constants M, r independent of φ. Hence, for any given p, there exists s
(independent of φ) such that k−sF(φu) ∈ Lp. Denote k′ = k−s for such an s
(fixed from now on). Thus φu ∈ Wp,k′ for all φ ∈ D(ω), that is, u ∈ W loc

p,k′(ω).

The hypoellipticity condition (1) (Section II.6.2) implies the existence of a
constant C ′ > 0 such that |P (α)/P | ≤ (1/C ′)|x|−c|α| for all α �= 0. Summing
over all α �= 0 with |α| ≤ m, we get that k′

P /|P | ≤ (1/C ′′)(1 + |x|)−c for some
constant C ′′ > 0 (cf. notation at the end of II.3.7). Hence

kP
k′
P

= 1 +
|P |
k′
P

≥ C ′′(1 + |x|)c. (5)

Given the weight k, kkP /k′ is a weight, and therefore it is O((1+ |x|)ν) for some
ν. Consequently there exists a positive integer r (depending only on the ratio
k/k′) such that kkP /k′ ≤ const.(1 + |x|)cr. By (5), it then follows that

kkP ≤ Ck′
(
kP
k′
P

)r
(6)

for some constant C.

Claim. If k is any weight such that f ∈ W loc
p,k(ω) and (6) with r = 1 is valid (that

is, k ≤ C(k′/k′
P )), then any solution u ∈ W loc

p,k′(ω) of the equation P (D)u = f

is necessarily in W loc
p,kkP

(ω).
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Proof of claim. We first observe that

P (D)W loc
p,k(ω) ⊂ W loc

p,k/kP
(ω) (7)

(cf. II.3.9, Relation (48)). Therefore, P (α)(D)u ∈ W loc
p,k′/k′

P
(ω) ⊂ W loc

p,k(ω) for all
α �= 0 (for u as in the claim, because k ≤ C(k′/k′

P )).
If φ ∈ D(ω), we have by Leibnitz’ formula (II.2.9, (5))

P (D)(φu) = φf +
∑
α�=0

DαφP (α)(D)u/α!.

The first term is in Wp,k by hypothesis. The sum over α �= 0 is in Wp,k by the
preceding observation. Hence P (D)(φu) ∈ Wp,k (and has compact support).

Let v ∈ W loc
∞,kP

(Rn) be a fundamental solution for P (D) (by Theorem II.4.2
and the observation following its statement). Then

φu = v ∗ [P (D)(φu)] ∈ Wp,kkP

since for any weights k, k1 (cf. II.3.9, (47))

W loc
∞,k1

(Rn) ∗ [Wp,k ∩ E ′] ⊂ Wp,kk1 .

This concludes the proof of the claim.
Suppose now that r > 1. Consider the weights

kj = k

(
k′

P

kP

)j

j = 0, . . . , r − 1.

Since
k = k0 ≥ k1 ≥ · · · ≥ kr−1,

we have f ∈ W loc
p,kj

(ω) for all j = 0, . . . , r − 1. Also by (6)

kP kr−1

(
= kP k

(
k′

P

kP

)r−1
)

≤ Ck′ kP

k′
P

.

We may then apply the claim with the weight kr−1 replacing k. Then u ∈
W loc

p,kP kr−1
(ω), f ∈ W loc

p,kr−2
(ω), and kr−2 = kP kr−1/k

′
P . By the claim with

the weights k, k′ replaced by kr−2, kP kr−1 (respectively), it follows that u ∈
W loc

p,kP kr−2
(ω). Repeating this argument, we obtain finally (since k0 = k) that u ∈

W loc
p,kP k(ω). This being true for any ω ⊂⊂ Ω, we conclude that u ∈ W loc

p,kP k(Ω).

II.7 Variable coefficients

II.7.1. The constant coefficients theory of II.4.1 and Theorem II.4.2 can be
applied ‘locally’ to linear differential operators P (x,D) with (locally) C∞-
coefficients. (This means that P (x, y) is a polynomial in y ∈ R

n, with coefficients
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that are C∞-functions of x in some neighborhood Ω ⊂ R
n of x0.) Denote

P0 = P (x0, ·). We shall assume that there exist ε > 0 and 0 < M < ∞ such
that the ε-neighbourhood V of x0 is contained in Ω and for all x ∈ V

kP (x,·)
kP0

≤ M. (1)

The method described below regards the operator P (x,D) as a ‘perturbation’ of
the operator P0(D) for x in a ‘small’ neighbourhood of x0.

Let r + 1 be the (finite!) dimension of the space of polynomials Q such that
kQ/kP0 is bounded, and choose a basis P0, P1, . . . , Pr for this space. By (1), we
have a unique representation

P (x, ·) = P0 +
r∑
j=1

cj(x)Pj (2)

for all x ∈ V . Necessarily cj(x0) = 0 (take x = x0) and cj ∈ C∞(V ).
By Theorem II.4.2, we may choose a fundamental solution v ∈ W loc

∞,kP0
for

the operator P0(D). Fix χ ∈ D such that χ = 1 in a 3ε-neighbourhood of x0.
Then

w := χv ∈ W∞,kP0
, (3)

and for all h ∈ E ′(V ),

P0(D)(w ∗ h) = w ∗ (P0(D)h) = v ∗ P0(D)h = h. (4)

(The second equality follows from the fact that suppP0(D)h ⊂ V and w ∗ g =
v ∗ g for all g ∈ E ′(V ).) By (2) and (4)

P (x,D)(w ∗ h) = h+
r∑
j=1

cj(x)Pj(D)(w ∗ h) (5)

for all h ∈ E ′(V ).
We localize to a suitable δ-neighbourhood of x0 by fixing some function φ ∈ D

such that φ = 1 for |x| ≤ 1 and suppφ ⊂ {x; |x| < 2}, and letting φδ(x) =
φ((x− x0)/δ). (Thus φδ = 1 for |x− x0| ≤ δ and suppφδ ⊂ {x; |x− x0| < 2δ.)
By (5), whenever δ < ε and h ∈ E ′(V ),

P (·, D)(w ∗ h) = h+
r∑
j=1

φδcjPj(D)(w ∗ h) (6)

in |x− x0| < δ.

Claim. There exists δ0 < ε/2 such that, for δ < δ0, the equation

h+
r∑
j=1

φδcjPj(D)(w ∗ h) = φδf (7)
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(for any f ∈ E ′) has a unique solution h ∈ E ′.

Assuming the claim, the solution h of (7) satisfies (by (6))

P (·, D)(w ∗ h) = φδf = f (8)

in Vδ := {x; |x−x0| < δ}. (Since 2δ < ε, suppφδ ⊂ V , and therefore, supph ⊂ V
by (7), and (6) applies.)

In other words, u = w ∗ h ∈ E ′ solves the equation P (·, D)u = f in Vδ.
Equivalently, the map

T : f ∈ E ′ → w ∗ h ∈ E ′ (9)

(with h as in the ‘claim’) is ‘locally’ a right inverse of the operator P (·, D),
that is,

P (x,D)Tf = f (f ∈ E ′;x ∈ Vδ). (10)

The operator T is also a left inverse of P (·, D) (in the above local sense). Indeed,
given u ∈ E ′(Vδ), we take f := P (·, D)u and h := P0(D)u. By (4), w ∗ h =
w ∗ P0(D)u = u (since u ∈ E ′(V )). Therefore, the left-hand side of (7) equals

P0(D)u+
∑
j

φδcjPj(D)u = P (·, D)u = f = φδf

in Vδ (since φδ = 1 in Vδ). Thus ‘our’ h is the (unique) solution of (7) (for ‘our’ f)
in Vδ. Consequently

TP (·, D)u := w ∗ h = u (u ∈ E ′(Vδ)) (11)

in Vδ. Since 2δ < ε, (11) is true in Vδ for all u ∈ E ′(Rn). Modulo the ‘claim’, we
proved the first part of the following.

Theorem II.7.2. Let P (·, D) have C∞-coefficients and satisfy

kP (x,·) ≤ M kP0 (*)

in an ε-neighbourhood of x0 (where M is a constant and P0 := P (x0, ·)). Then
there exists a δ-neighbourhood Vδ of x0 (with δ < ε) and a linear map T : E ′ → E ′

such that
P (·, D)Tg = TP (·, D)g = g in Vδ (g ∈ E ′).

Moreover, the restriction of T to the subspace Wp,k ∩ E ′ of Wp,k is a bounded
operator into Wp,kkP0

, for any weight k.

Proof. We first prove the ‘claim’ (this will complete the proof of the first part
of the theorem.)
For any δ < ε, consider the map

Sδ : h ∈ S ′ →
r∑
j=1

φδcjPj(D)(w ∗ h).



“app-2” — 2006/6/2 — page 403 — #40

II.7. Variable coefficients 403

Since w ∈ W∞,kP0
and kPj

/kP0 are bounded (by definition of Pj), we have

|PjFw| ≤ kPj |Fw| ≤ const · kP0 |Fw| ≤ C < ∞ (j = 0, . . . , r). (12)

Let k be any given weight. By (51) in Section II.3.9, there exists t0 > 0 such
that, for 0 < t < t0,

‖Sδh‖p,kt ≤ 2(2π)−n/2
r∑

j=1

‖φδcj‖1,1‖Pj(D)(w ∗ h)‖p,kt . (13)

By the inequality preceding (47) in II.3.9,

‖Pj(D)(w ∗ h)‖p,kt = ‖[Pj(D)w] ∗ h‖p,kt ≤ (2π)n/2‖Pj(D)w‖∞,1‖h‖p,kt

for all h ∈ Wp,k = Wp,kt . Since by (12)

‖Pj(D)w‖∞,1 = ‖F [Pj(D)w]‖∞ = ‖PjFw‖∞ ≤ C

(for j = 1, . . . , r), we obtain from (13)

‖Sδh‖p,kt ≤ 2C
r∑

j=1

‖φδcj‖1,1‖h‖p,kt (14)

for all h ∈ Wp,k.
Since cj(x0) = 0, cj = O(δ) on suppφδ by the mean value inequality. Using

the definition of φδ, it follows that cjDαφδ = O(δ1−|α|). Hence by Leibnitz’
formula, Dα(φδcj) = O(δ1−|α|). Therefore, since the measure of supp(φδcj) is
O(δn), we have

xαF(φδcj) = F [Dα(φδcj)] = O(δn+1−|α|).

Hence
(1 + δ|x|)n+1F(φδcj) = O(δn+1).

Consequently,

‖φδcj‖1,1 :=
∫

|F(φδcj)| dx ≤ const · δn+1
∫

dx

(1 + δ|x|)n+1 = O(δ).

We may then choose 0 < δ0 < ε/2 such that

r∑
j=1

‖φδcj‖1,1 <
1
4C

(15)

for 0 < δ < δ0. By (14), we then have

‖Sδh‖p,kt ≤ (1/2)‖h‖p,kt

for all h ∈ Wp,k = Wp,kt . This means that for δ < δ0, the operator Sδ on
the Banach space Wp,kt has norm ≤1/2, and therefore I + Sδ has a bounded
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inverse (I is the identity operator). Thus, (7) (in II.7.1) has a unique solution
h ∈ Wp,k for each f ∈ Wp,k. By the equation, h is necessarily in E ′ (since
φδ ∈ D). If f is an arbitrary distribution in E ′, the trivial part of the Paley–
Wiener–Schwartz theorem (II.3.6) shows that f̂(x) = O(1 + |x|)N for some N ,
and therefore f ∈ Wp,k for suitable weight k (e.g. k = k−s with s large enough).
Therefore (for δ < δ0) there exists a solution h of (7) in Wp,k ∩ E ′. The solution
is unique (in E ′), because if h, h′ ∈ E ′ are solutions, there exists a weight k such
that f, h, h′ ∈ Wp,k, and therefore h = h′ by the uniqueness of the solution in
Wp,k. This completes the proof of the claim.

Since ‖Sδ‖ ≤ 1/2 (the norm is the B(Wp,kt)-norm!), we have ‖(I +Sδ)−1‖ ≤
2 (by the Neumann expansion of the resolvent!), and therefore ‖h‖p,kt ≤
2‖φδf‖p,kt . Consequently (with h related to f as in the ‘claim’, and t small
enough), we have by the inequality preceding (47) and by (51) in II.3.9:

‖Tf‖p,kP0kt = ‖w ∗ h‖p,kP0kt ≤ (2π)n/2‖w‖∞,kP0
‖h‖p,kt

≤ 2(2π)n/2‖w‖∞,kP0
‖φδf‖p,kt ≤ 4‖w‖∞,kP0

‖φδ‖1,1‖f‖p,kt .

This proves the second part of the theorem, since the norms ‖ · ‖p,k (‖ · ‖p,kP0k)
and ‖ · ‖p,kt (‖ · ‖p,kP0kt , respectively) are equivalent.

Corollary II.7.3. For P (·, D) and Vδ as in Theorem II.7.2, the equation
P (·, D)u = f has a solution u ∈ C∞(Vδ) for each f ∈ C∞(Rn).

Proof. Fix φ ∈ D such that φ = 1 in a neighbourhood of Vδ. For f ∈ C∞,
φf ∈ Wp,k ∩ E ′ for all k; therefore u := T (φf) is a solution of P (·, D)u = f in
Vδ (because φf = f in Vδ), which belongs to Wp,kkP0

for all weights k, hence
u ∈ C∞(Vδ).

II.8 Convolution operators

Let h : R
n → C be locally Lebesgue integrable, and consider the convolution

operator
T : u → h ∗ u,

originally defined on the space L1
c of integrable functions u on R

n with compact
support.

We set ht(x) := tnh(tx), and make the following

Hypothesis I.∫
|x|≥2

|ht(x− y)− ht(x)| dx ≤ K < ∞ (|y| ≤ 1; t > 0). (1)

Lemma II.8.1. If u ∈ L1
c has support in the ball B(a, t) and

∫
u dx = 0, then∫

B(a,2t)c

|Tu| dx ≤ K‖u‖1.
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Proof. Denote ua(x) = u(x+ a). Since (Tu)a = Tua, we have∫
B(a,2t)c

|Tu| dx =
∫

B(0,2t)c

|(Tu)a| dx =
∫

B(0,2t)c

|h ∗ ua| dx

=
∫

B(0,2)c

|ht ∗ (ua)t| dx.

Since (ua)t(y) = tnu(ty + a) = 0 for |y| ≥ 1 and
∫
(ua)t(y) dy =

∫
u(x) dx = 0,

the last integral is equal to

∫
B(0,2)c

∣∣∣∣∣
∫

|y|<1
[ht(x− y)− ht(x)](ua)t(y) dy

∣∣∣∣∣ dx
≤
∫

B(0,2)c

∫
|y|<1

|ht(x− y)− ht(x)| |(ua)t(y)| dy dx

=
∫

|y|<1

(∫
B(0,2)c

|ht(x− y)− ht(x)| dx
)

|(ua)t(y)| dy ≤ K‖(ua)t‖1 = K‖u‖1.

We shall need the following version of the Calderon–Zygmund decomposition
lemma.

Lemma II.8.2. Fix s > 0, and let u ∈ L1(Rn). Then there exist disjoint open
(hyper)cubes Ik and functions uk, v ∈ L1(Rn) (k ∈ N), such that

(1) suppuk ⊂ Ik and
∫
uk dx = 0 for all k ∈ N;

(2) |v| ≤ 2ns a.e.;

(3) u = v +
∑

k uk;

(4) ‖v‖1 +
∑

k ‖uk‖1 ≤ 3‖u‖1; and

(5)
∑

k |Ik| ≤ ‖u‖1/s (where |Ik| denotes the volume of Ik).

Proof. We first partition R
n into cubes of volume >‖u‖1/s. For any such cube

Q, the average on Q of |u|,

AQ(|u|) := |Q|−1
∫

Q

|u| dx,

satisfies
AQ(|u|) ≤ |Q|−1‖u‖1 < s. (2)

Subdivide Q into 2n congruent subcubes Qi (by dividing each side of Q into two
equal intervals). If AQi

(|u|) ≥ s for all i, then

AQ(|u|) = |Q|−1
∑

i

∫
Qi

|u| dx ≥ |Q|−1s
∑

i

|Qi| = s,
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contradicting (2). Let Q1,j be the open subcubes of Q on which the averages of
|u| are ≥ s, and let Q′

1,l be the remaining subcubes (there is at least one subcube
of the latter kind). We have

s|Q1,j | ≤
∫

Q1,j

|u| dx ≤
∫

Q

|u| dx < s|Q| = 2ns|Q1,j |. (3)

We define v on the the cubes Q1,j as the constant AQ1,j (u) (for each j), and we
let u1,j be equal to u− v on Q1,j and to zero on Qc

1,j .
For each cube Q′

1,l we repeat the construction we did with Q (since the aver-
age of |u| over such cubes is < s, as it was over Q). We obtain the open subcubes
Q2,j (of the cubes Q′

1,l) on which the average of |u| is ≥ s, and the remaining
subcubes Q′

2,l on which the average is <s. We then extend the definition of v
to the subcubes Q2,j , by assigning to v the constant value AQ2,j (u) on Q2,j (for
each j). The functions u2,j are then defined in the same manner as u1,j , with
Q2,j replacing Q1,j .

Continuing this process (and renaming), we obtain a sequence of mutually
disjoint open cubes Ik, a sequence of measurable functions uk defined on R

n,
and a measurable function v defined on Ω :=

⋃
Ik (which we extend to R

n by
setting v = u on Ωc). By construction, Property 3 is satisfied.

Since the average of |u| on each Ik is ≥ s (by definition), we have

s
∑

|Ik| ≤
∑∫

Ik

|u| dx =
∫

Ω
|u| dx ≤ ‖u‖1,

and Property 5 is satisfied.
If x ∈ Ω, then x ∈ Ik for precisely one k, and therefore

|v(x)| = |AIk
(u)| ≤ AIk

(|u|) ≤ 2ns

by (3) (which is true for all the cubes Ik, by construction). If x /∈ Ω, there is
a sequence of open cubes Jk containing x, over which the average of |u| is < s,
such that |Jk| → 0. This implies that |u(x)| ≤ s a.e. on Ωc, and since v = u on
Ωc, we conclude that v has Property 2.

By construction, suppuk ⊂ Ik and
∫
uk dx =

∫
Ik
u dx − ∫

Ik
v dx = 0 for all

k ∈ N (Property 1).
Since Ik are mutually disjoint and suppuk ⊂ Ik, we have

‖v‖1 +
∑

‖uk‖1 =
∫

Ωc
|v| dx+

∑∫
Ik

(|v|+ |uk|) dx.

However v = u on Ωc and uk = u− v on Ik; therefore, the right-hand side is

≤
∫

Ωc
|u| dx+

∑
k

(
2
∫

Ik

|v| dx+
∫

Ik

|u| dx
)
.

Since v has the constant value AIk
(u) on Ik,∫

Ik

|v| dx = |AIk
(u)| |Ik| ≤

∫
Ik

|u| dx,

and Property 4 follows.
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Consider now u ∈ L1(Rn) with compact support and ‖u‖1 = 1. It follows
from the construction in the last proof that v has compact support; by 1. in
Lemma II.8.2, uk have compact support as well, for all k. Therefore, Tv and
Tuk are well defined (for all k), and

Tu = Tv +
∑
k

Tuk. (4)

For any r > 0, we then have

[|Tu| > r] ⊂ [|Tv| > r/2] ∪
[∑

|Tuk| > r/2
]
. (5)

Denote the sets in the above union by Fr and Gr.
Let B(ak, tk) be the smallest ball containing the cube Ik and let cn be the

ratio of their volumes (depends only on the dimension n of R
n). Since uk has

support in B(ak, tk) and
∫
uk dx = 0, we have by Lemma II.8.1∫
B(ak,2tk)c

|Tuk| dx ≤ K‖uk‖1. (6)

Let

E :=
∞⋃
k=1

B(ak, 2tk).

Then (for s > 0 given as in Lemma II.8.2)

|E| ≤
∑
k

|B(ak, 2tk)| = 2n
∑
k

|B(ak, tk)|

= 2ncn
∑
k

|Ik| ≤ 2ncn/s. (7)

Therefore

|Gr| = |Gr ∩ Ec|+ |Gr ∩ E| ≤ |Gr ∩ Ec|+ |E|
≤ |Gr ∩ Ec|+ 2ncn/s. (8)

Since Ec ⊂ B(ak, 2tk)c for all k, we have by (6)∫
Ec

|Tuk| dx ≤ K‖uk‖1 (k = 1, 2, . . .),

and therefore

|Gr ∩ Ec| ≤ (2/r)
∫
Ec

∑
|Tuk| dx = (2/r)

∑∫
Ec

|Tuk| dx

≤ (2/r)K
∑

‖uk‖1 ≤ (6/r)K



“app-2” — 2002/11/21 — page 408 — #45

408 Application II Distributions

by Property 4 of the functions uk (cf. Lemma II.8.2). We then conclude from (8)
that

|Gr| ≤ 6K/r + 2ncn/s. (9)

In order to get an estimate for |Fr|, we make the following.

Hypothesis II.
‖Tφ‖2 ≤ C‖φ‖2 (φ ∈ D), (10)

for some finite constant C > 0.
Since v is bounded a.e. (Property 2 in Lemma II.8.2) with compact support,

it belongs to L2, and it follows from (10) and the density of D in L2 that

‖Tv‖2
2 ≤ C2‖v‖2

2 ≤ C2‖v‖∞‖v‖1 ≤ 3C22ns, (11)

where Properties 2 and 4 in Lemma II.8.2 were used. Therefore

|Fr| ≤ (4/r2)‖Tv‖2
2 ≤ 12C22ns/r2,

and we conclude from (5) and (9) that

|[|Tu| > r]| ≤ 6K/r + 2ncn/s+ 12C22ns/r2.

The left-hand side being independent of s > 0, we may minimize the right-hand
side with respect to s; hence

|[|Tu| > r]| ≤ C ′/r, (12)

where C ′ := 6K + 2n+2√3cnC depends linearly on the constants K and C of
the hypothesis (1) and (10) (and on the dimension n).
If u ∈ L1 (with compact support) is not necessarily normalized, we consider

w = u/‖u‖1 (when ‖u‖1 > 0). Then by (12) for w,

|[|Tu| > r]| = |[|Tw| > r/‖u‖1]| ≤ C ′‖u‖1/r. (13)

Since (13) is trivial when ‖u‖1 = 0, we proved the following.

Lemma II.8.3. Let h : Rn → C be locally Lebesgue integrable and satisfy Hypo-
theses I and II (where T denotes the convolution operator T :u → h∗u, originally
defined on L1

c). Then there exists a positive constant C
′ depending linearly on

the constants K and C of the hypothesis (and on the dimension n) such that

|[|Tu| > r]| ≤ C ′‖u‖1/r (r > 0)

for all u ∈ L1
c.

Under the hypothesis of Lemma II.8.3, the linear operator T is of weak type
(1, 1) with weak (1, 1)-norm ≤ C ′, and of strong (hence weak) type (2, 2) with
strong (hence weak) (2, 2)-norm ≤ C < C ′. By the Marcinkiewicz Interpolation
Theorem (Theorem 5.41), it follows that T is of strong type (p, p) with strong
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(p, p)-norm ≤ ApC
′, for any p in the interval 1 < p ≤ 2, where Ap depends only

on p (and is bounded when p is bounded away from 1).
Let h̃(x) := h(−x), and let T̃ be the corresponding convolution operator.

Since h̃ satisfies hypotheses (1) and (10) (when h does) with the same constants
K and C, the operator T̃ is of strong type (p, p) with strong (p, p)-norm ≤ ApC

′

for all p ∈ (1, 2]. Let q be the conjugate exponent of p (for a given p ∈ (1, 2]).
Then for all u ∈ D,

‖Tu‖q = sup
{∣∣∣ ∫ (Tu)v dx

∣∣∣; v ∈ D, ‖v‖p = 1
}

= sup
v

∣∣∣∣
∫∫

h(x− y)u(y) dy v(x) dx
∣∣∣∣

= sup
v

∣∣∣∣
∫∫

h̃(y − x)v(x) dx u(y) dy
∣∣∣∣ = sup

v

∣∣∣∣
∫

(T̃ v)u dy
∣∣∣∣

≤ sup
v

‖T̃ v‖p ‖u‖q ≤ ApC
′ ‖u‖q.

Thus, T is of strong type (q, q) with strong (q, q)-norm ≤ ApC
′. Since q varies

over the interval [2,∞) when p varies in (1, 2], we conclude that T is of strong
type (p, p) with strong (p, p)-norm ≤ A′

pC
′ for all p ∈ (1,∞) (A′

p = Ap for
p ∈ (1, 2] and A′

p = Ap′ for p ∈ [2,∞), where p′ is the conjugate exponent of p).
Observe that A′

p is a bounded function of p in any compact subset of (1,∞). We
proved the following.

Theorem II.8.4 (Hormander). Let h : R
n → C be locally integrable, and let

T : u → h ∗ u be the corresponding convolution operator (originally defined on
L1

c). Assume Hypotheses I and II. Then for all p ∈ (1,∞), T is of strong type
(p, p) with strong (p, p)-norm ≤ ApC

′, where the constant Ap depends only on p
and is a bounded function of p in any compact subset of (1,∞), and C ′ depends
linearly on the constants K and C of the hypothesis (and on the dimension n).

In order to apply Theorem II.8.4 to some special convolution operators, we
need the following

Lemma II.8.5. Let S := {y ∈ R
n; 1/2 < |y| < 2}. There exists φ ∈ D(S) with

range in [0, 1] such that∑
k∈Z

φ(2−ky) = 1 (y ∈ R
n − {0}).

(For each 0 �= y ∈ R
n, at most two summands of the series are �= 0.)

Proof. Fix ψ ∈ D(S) such that ψ(x) = 1 for 3/4 ≤ |x| ≤ 3/2. Let y ∈ R
n − {0}

and k ∈ Z. If ψ(2−ky) �= 0, then 2−ky ∈ S, that is, log2 |y|−1 < k < log2 |y|+ 1;
there are at most two values of the integer k in that range. Moreover, ψ(2−ky) = 1
if 3/4 ≤ 2−k|y| ≤ 3/2, that is, if log2(|y|/3) + 1 ≤ k ≤ log2(|y|/3) + 2; there is at
least one value of k in this range. It follows that

1 ≤
∑
k∈Z

ψ(2−ky) < ∞
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(there are at most two non-zero terms in the series, all terms are ≥ 0 and at
least one term equals 1).
Define

φ(y) =
ψ(y)∑

j∈Z
ψ(2−jy)

.

Then φ ∈ D(S) has range in [0, 1] and for each y �= 0

φ(2−ky) =
ψ(2−ky)∑

j∈Z
ψ(2−j−ky)

=
ψ(2−ky)∑
j∈Z

ψ(2−jy)
,

hence
∑
k∈Z

φ(2−ky) = 1.

The following discussion will be restricted to the case n = 1 for simplicity
(a similar analysis can be done in the general case). Fix φ as in Lemma II.8.5;
let c := max(1, sup |φ′|), and denote φk(y) := φ(2−ky) for k ∈ Z.
Let f be a measurable complex function, locally square integrable on R.

Denote fk := fφk. Then

supp fk ⊂ 2k supp φ ⊂ 2kS,
f =

∑
k∈Z

fk on R − {0},

and |fk| ≤ |f |.
Let Ik denote the indicator of the set 2kS. Then |fk| = |fkIk| ≤ |fIk|, and

therefore
‖fk‖2 ≤ ‖fIk‖2 < ∞. (14)

Consider f and fk as distributions, and suppose that Df (in distribution sense)
is a locally square integrable (measurable) function. Since

|Dfk| ≤ |Df |φk + 2−k sup |φ′| |f | ≤ c(|Df |+ 2−k|f |),
it follows that

‖Dfk‖2 = ‖(Dfk)Ik‖2 ≤ c(‖(Df)Ik‖2 + 2−k‖fIk‖2)

= c2−k/2[2−k/2‖fIk‖2 + 2k/2‖(Df)Ik‖2]. (15)

Notation. We denote by H the space of all measurable complex functions f on
R, locally square integrable on R, for which

‖f‖H := sup
k∈Z

[2−k/2‖fIk‖2 + 2k/2‖(Df)Ik‖2] < ∞.

Assume f ∈ H. It follows from (14) and (15) that
‖fk‖2 ≤ 2k/2‖f‖H and ‖Dfk‖2 ≤ c2−k/2‖f‖H (16)

for all k ∈ Z.
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Let gk = F−1fk. Since F−1 is isometric on L2 and F−1D = −MF−1 (where
M denotes the operator of multiplication by the independent variable), we have
by (16):∫

R

(1 + 22kx2)|gk(x)|2 dx = ‖gk‖2
2 + 2

2k‖(−M)gk‖2
2

= ‖fk‖2
2 + 2

2k‖Dfk‖2
2 ≤ 2k(1 + c2)‖f‖2

H. (17)

Therefore, by Schwarz’s inequality

‖gk‖1 =
∫

R

(1 + 22kx2)−1/2[(1 + 22kx2)1/2|gk(x)|] dx

≤
(∫

R

dx

1 + 22kx2

)1/2(∫
R

(1 + 22kx2)|gk(x)|2 dx
)1/2

≤
√
1 + c2‖f‖H

(∫
R

2k dx

1 + (2kx)2

)1/2

= c′‖f‖H,

where c′ =
√
π(1 + c2). Hence

|fk| = |Fgk| ≤ ‖gk‖1 ≤ c′‖f‖H (k ∈ Z). (18)

Consider now the ‘partial sums’

sm =
∑

|k|≤m

fk (m = 1, 2, . . .),

and let hm := F−1sm =
∑

|k|≤m gk.
Since at most two summands fk are �= 0 at each point y �= 0 (and sm(0) = 0),

we have by (18)
|sm| ≤ 2c′‖f‖H (m = 1, 2, . . .). (19)

Therefore, for all ψ ∈ S := S(R) and m ∈ N,

‖hm ∗ ψ‖2 = ‖F(hm ∗ ψ)‖2 =
√
2π‖FhmFψ‖2

=
√
2π‖sm Fψ‖2 ≤ c′′‖f‖H‖Fψ‖2 = c′′‖f‖H‖ψ‖2,

where c′′ := 2
√
2πc′. Thus, hm satisfy Hypothesis II of Theorem II.8.4, with

C = c′′‖f‖H independent of m.

Claim. hm satisfies Hypothesis I of Theorem II.8.4 with K = K ′‖f‖H, where
K ′ is a constant independent of m.

Assuming the claim, it follows from Theorem II.8.4 that

‖hm ∗ ψ‖p ≤ Cp‖f‖H‖ψ‖p (m ∈ N) (20)

for all p ∈ (1,∞), where Cp is a constant depending only on p.
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Let ψ, χ ∈ S. By (19)
|smFψFχ| ≤ 2c′ ‖f‖H|Fψ| |Fχ| ∈ S ⊂ L1.

Since sm → f pointwise a.e., it follows from the Lebesgue dominated convergence
theorem that

lim
m

∫
R

smFψFχdx =
∫

R

fFψFχdx. (21)

On the other hand, by Parseval’s identity and (20) (with p′ = p/(p− 1))
√
2π
∣∣∣∣
∫

R

smFψFχdx
∣∣∣∣ =

∣∣∣∣
∫

R

F(hm ∗ ψ)Fχdx
∣∣∣∣ =

∣∣∣∣
∫

R

(hm ∗ ψ)χ̄ dx
∣∣∣∣

≤ ‖hm ∗ ψ‖p‖χ‖p′ ≤ Cp ‖f‖H‖ψ‖p ‖χ‖p′

for all m ∈ N. Hence∣∣∣∣
∫

R

fFψFχdx
∣∣∣∣ ≤ (2π)−1/2Cp ‖f‖H ‖ψ‖p ‖χ‖p′ . (22)

Let u ∈ S ′ be such that Fu ∈ H. We may then apply (22) to f = Fu. Since
f Fψ = FuFψ = (2π)−1/2F(u ∗ ψ), the integral on the left-hand side of (22) is
equal to (2π)−1/2

∫
R
(u ∗ ψ)χ̄ dx (by Parseval’s identity). Hence∣∣∣∣

∫
R

(u ∗ ψ)χ̄ dx
∣∣∣∣ ≤ Cp ‖f‖H ‖ψ‖p ‖χ‖p′ (ψ, χ ∈ S).

Therefore
‖u ∗ ψ‖p ≤ Cp ‖f‖H ‖ψ‖p (ψ ∈ S). (23)

This proves the following result (once the ‘claim’ above is verified).

Theorem II.8.6. Let u ∈ S ′(R) be such that Fu ∈ H. Then for each p ∈ (1,∞),
the map T : ψ ∈ S → u ∗ ψ is of strong type (p, p), with strong (p, p)-norm
≤ Cp ‖Fu‖H, where the constant Cp depends only on p, and is a bounded function
of p in any compact subset of (1,∞).
Proof of the ‘claim’. The change of variables tx → x and ty → y shows that
we must prove the estimate∫

|x|≥2t
|hm(x− y)− hm(x)| dx ≤ K (24)

for all t > 0 and |y| ≤ t. Since hm =
∑

|k|≤m gk, we consider the corresponding
integrals for gk.∫

|x|≥2t
|gk(x− y)− gk(x)| dx ≤

∫
|x|≥2t

|gk(x− y)| dx+
∫

|x|≥2t
|gk(x)| dx. (25)

The change of variable x′ = x − y in the first integral on the right-hand
side tranforms it to

∫
{x′;|x′+y|≥2t} |gk(x′)| dx′. However, for |y| ≤ t, we have
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{x′; |x′ + y| ≥ 2t} ⊂ {x′; |x′| ≥ t}; therefore the first integral (and trivially, the
second as well) is ≤ ∫|x|≥t

|gk(x)| dx.
By the Cauchy–Schwarz’s inequality and (17),

∫
|x|≥t

|gk(x)| dx ≤
(∫

R

(1 + 22kx2)|gk(x)|2 dx
)1/2

(∫
|x|≥t

dx

22kx2

)1/2

≤ (1 + c2)1/2‖f‖H2−k/2

(∫
|x|≥t

x−2 dx

)1/2

=
√
2(1 + c2)‖f‖H(2kt)−1/2.

Therefore, for all t > 0 and |y| ≤ t,∫
|x|≥2t

|gk(x− y) − gk(x)| dx ≤ 2
√

2(1 + c2)‖f‖H(2kt)−1/2. (26)

Another estimate of the integral on the left-hand side of (26) is obtained by
writing it in the form ∫

|x|≥2t

∣∣∣∣
∫ x−y

x

g′
k(s) ds

∣∣∣∣ dx. (27)

The integrand of the outer integral is ≤ ∫ x−y

x
|g′

k(s)| ds for y ≤ 0
(≤ ∫ x

x−y
|g′

k(s)| ds for y > 0). Therefore, by Tonelli’s theorem, the expression in

(27) is ≤ ∫
R
(
∫ s

s+y
dx)|g′

k(s)| ds for y ≤ 0 (≤ ∫
R
(
∫ s+y

s
dx)|g′

k(s)| ds for y > 0,
respectively) = |y| ‖g′

k‖1 ≤ t‖g′
k‖1.

Since supp fk ⊂ 2kS ⊂ B(0, 2k+1) and gk = F−1fk = F f̃k, the Paley–
Wiener–Schwartz theorem (II.3.6) implies that gk extends to C as an entire
function of exponential type ≤ 2k+1, and is bounded on R. By Bernstein’s
inequality (cf. Example in Section II.3.6, (31)) and (18)

‖g′
k‖1 ≤ 2k+1‖gk‖1 ≤ c′‖f‖H2k+1,

and it follows that the integral on the left-hand side of (26) is ≤ 2c′‖f‖H2kt.
Hence (for all t > 0 and |y| ≤ t)∫

|x|≥2t

|gk(x− y) − gk(x)| dx ≤ C ‖f‖H min(2kt, (2kt)−1/2),

where C = 2
√
π(1 + c2). It follows that∫

|x|≥2t

|hm(x− y) − hm(x)| dx ≤ C ‖f‖H
∑
k∈Z

min(2kt, (2kt)−1/2). (28)

We split the sum as
∑

k∈J +
∑

k∈Jc , where

J := {k ∈ Z; 2kt ≤ (2kt)−1/2} = {k; 2kt ≤ 1} = {k; k = −j, j ≥ log2 t},
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and Jc := Z − J . We have

∑
k∈J
= t

∑
j≥log2 t

1
2j
=

∑
j−log2 t≥0

1
2j−log2 t

≤
∑

j−log2 t≥0

1
2[j−log2 t]

≤ 2.

Similarly

∑
k∈Jc

= t−1/2
∑

k>− log2 t

(1/
√
2)k =

∑
k+log2 t>0

(1/
√
2)k+log2 t

≤
∑

k+log2 t>0

(1/
√
2)[k+log2 t] ≤ 1

1− (1/√2) .

We then conclude from (28) that hm satisfies Hypothesis I with K = K ′‖f‖H,
where K ′ = C(2 + (

√
2/

√
2− 1)) is independent of m.

Notation. Let
K := {f ∈ L∞; MDf ∈ L∞},

where L∞ := L∞(R), M denotes the multiplication by x operator, and D is
understood in the distribution sense.

The norm on K is
‖f‖K = ‖f‖∞ + ‖MDf‖∞.

If f ∈ K, we have for all k ∈ Z

2−k/2‖fIk‖2 ≤ 2−k/2‖f‖∞|2kS|1/2 =
√
3‖f‖∞,

and

2k/2‖(Df)Ik‖2 = 2k/2‖(MDf)(1/x)Ik‖2

≤ ‖MDf‖∞

(
2k
∫

2kS

x−2 dx

)1/2

=
√
3‖MDf‖∞.

Therefore
‖f‖H ≤

√
3‖f‖K

and K ⊂ H. We then have

Corollary II.8.7. Let u ∈ S ′ be such that Fu ∈ K. Then for each p ∈ (1,∞),
the map T : ψ ∈ S → u ∗ ψ is of strong type (p, p), with strong (p, p)-norm
≤ Cp‖Fu‖K.

(The constant Cp here may be taken as
√
3 times the constant Cp in

Theorem II.8.6.)
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II.9 Some holomorphic semigroups

II.9.1. We shall apply Corollary II.8.7 to the study of some holomorphic
semigroups of operators and their boundary groups.
Let C

+ = {z ∈ C;�z > 0}. For any z ∈ C
+ and ε > 0, consider the function

Kz,ε(x) = Γ(z)−1 e−εxxz−1 (x > 0) (1)

and Kz,ε(x) = 0 for x ≤ 0.
Clearly, Kz,ε ∈ L1 ⊂ S ′, and a calculation using residues shows that

(FKz,ε)(y) = (1/
√
2π)(ε2 + y2)−z/2 e−iz arctan(y/ε). (2)

We get easily from (2) that

(MDFKz,ε)(y) = − zy

ε+ iy
(FKz,ε)(y). (3)

Hence
|MDFKz,ε| ≤ |z| |FKz,ε|. (4)

Therefore, for all z = s+ it, s ∈ R
+, t ∈ R,

‖FKz,ε‖K ≤ (1 + |z|)‖FKz,ε‖∞ ≤ (1/
√
2π)ε−s eπ|t|/2(1 + |z|). (5)

By Corollary II.8.7, it follows from (5) that the operator

Tz,ε : f → Kz,ε ∗ f

acting on Lp(R) (1 < p < ∞) has B(Lp(R))-norm ≤ C ε−s eπ|t|/2(1+ |z|), where
C is a constant depending only on p. In the special case p = 2, the factor
C(1 + |z|) can be omitted from the estimate, since

‖Tz,εf‖2 = ‖Kz,ε ∗ f‖2 = ‖F(Kz,ε ∗ f)‖2 =
√
2π‖(FKz,ε)(Ff)‖2

≤
√
2π‖FKz,ε‖∞‖f‖2 ≤ ε−s eπ|t|/2‖f‖2,

by (2) and the fact that F is isometric on L2(R).
Consider Lp(R+) as the closed subspace of Lp(R) consisting of all (equivalence

classes of) functions in Lp(R) vanishing a.e. on (−∞, 0). This is an invariant
subspace for Tz,ε, and

(Tz,εf)(x) = Γ(z)−1
∫ x

0
(x− y)z−1 e−ε(x−y)f(y) dy (f ∈ Lp(R+)). (6)

We have for all f ∈ Lp(R+)

‖Tz,εf‖Lp(R+) = ‖Tz,εf‖Lp(R) ≤ ‖Tz,ε‖B(Lp(R))‖f‖Lp(R)

= ‖Tz,ε‖B(Lp(R))‖f‖Lp(R+)
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hence
‖Tz,ε‖B(Lp(R+)) ≤ ‖Tz,ε‖B(Lp(R)) ≤ Cε−s eπ|t|/2(1 + |z|) (7)

for all z = s+ it ∈ C
+. (Again, the factor C(1+ |z|) can be omitted in (7) in the

special case p = 2.)
For z, w ∈ C

+ and y ∈ R, we have by (14) in II.3.2 and (2)

[F(Kz,ε ∗Kw,ε)](y) =
√
2π[(FKz,ε)(FKw,ε)](y)

= (1/
√
2π)(ε2 + y2)−(z+w)/2 e−i(z+w) arctan(y/ε)

= [FKz+w,ε](y).
By the uniqueness property of the L1-Fourier transform (cf. II.3.3), it follows
that

Kz,ε ∗Kw,ε = Kz+w,ε. (8)

Therefore, for all f ∈ Lp,

(Tz,εTw,ε)f = Tz,ε(Tw,εf) = Kz,ε ∗ (Kw,ε ∗ f)
= (Kz,ε ∗Kw,ε) ∗ f = Kz+w,ε ∗ f = Tz+w,εf.

Thus z → Tz,ε is a semigroup of operators on C
+, i.e.,

Tz,εTw,ε = Tz+w,ε (z, w ∈ C
+). (9)

For any N > 0, consider the space Lp(0, N) (with Lebesgue measure) and the
classical Riemann–Liouville fractional integration operators

(Jzf)(x) = Γ(z)−1
∫ x

0
(x− y)z−1f(y) dy (f ∈ Lp(0, N)).

It is known that z → Jz ∈ B(Lp(0, N)) is strongly continuous in C
+. Since

‖(Tz,ε − Tw,ε)f‖Lp(0,N) ≤ ‖(Jz − Jw)(eεxf)‖Lp(0,N) (10)

the function z → Tz,ε ∈ B(Lp(0, N)) is strongly continuous as well. For the space
Lp(R+), we have by (10)

‖Tz,εf − Tw,εf‖pLp(R+) ≤ ‖(Jz − Jw)(eεxf)‖pLp(0,N)

+
∫ ∞

N

e−εpx/2|Tz,ε/2(eεx/2f)|p dx

+
∫ ∞

N

e−εpx/2|Tw,ε/2(eεx/2f)|p dx.

For f ∈ Cc(R+), eεx/2f ∈ Lp(R+), and therefore, for all z = s+it and w = u+iv
in C

+, it follows from (7) that the sum of the integrals over (N,∞) can be
estimated by

e−εpN/2Cp
[
(ε/2)−ps eπp|t|/2(1 + |z|)p

+ (ε/2)−pu eπp|v|/2(1 + |w|)p
]
‖eεx/2f‖pLp(R+).
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Fix z ∈ C
+, and let M be a bound for the expression in square brackets when w

belongs to some closed disc B̄(z, r) ⊂ C
+. Given δ > 0, we may choose N such

that
e−εpN/2CpM ‖eεx/2f‖pLp(R+) < δp.

For this N , it then follows from the strong continuity of Jz on Lp(0, N) that

lim sup
w→z

‖(Tz,ε − Tw,ε)f‖Lp(R+) ≤ δ.

Thus, Tw,εf → Tz,εf as w → z for all f ∈ Cc(R+). Since ‖Tw,ε‖B(Lp(R+)) is
bounded for w in compact subsets of C+ (by (7)) and Cc(R+) is dense in Lp(R+),
it follows that Tw,ε → Tz,ε in the strong operator topology (as w → z). Thus
the function z → Tz,ε is strongly continuous in C

+. A similar argument (based
on the corresponding known property of Jz) shows that Tz,ε → I strongly, as
z ∈ C

+ → 0. (Another way to prove this is to rely on the strong continuity of
Tz,ε at z = 1, which was proved above; by the semigroup property, it follows that
Tz,εf → f in Lp(R+)-norm for all f in the range of T1,ε, which is easily seen to
be dense in Lp(R+). Since the B(Lp(R+))-norms of Tz,ε are uniformly bounded
in the rectangle Q := {z = s + it; 0 < s ≤ 1, |t| ≤ 1}, the result follows.) An
application of Morera’s theorem shows now that Tz,ε is an analytic function of
z in C

+. (Tz,ε is said to be a holomorphic semigroup on C
+.)

Fix t ∈ R and δ > 0. For z ∈ B+(it, δ) := {z ∈ C
+; |z − it| < δ}, we have

by (7)
‖Tz,ε‖ ≤ Cmax(ε−δ, 1)e(π/2)(|t|+δ)(1 + |t|+ δ). (11)

If zn ∈ B+(it, δ) converge to it and f = T1,εg for some g ∈ Lp(R+), then

Tzn,εf = Tzn+1,εg → Tit+1,εg

in Lp(R+), by strong continuity of Tz,ε at the point it + 1. Thus, {Tzn,εf} is
Cauchy in Lp(R+) for each f in the dense range of T1,ε, and therefore, by (11),
it is Cauchy for all f ∈ Lp(R+). If z′

n ∈ B+(it, δ) also converge to it, then
Tzn,εf −Tz′

n,εf → 0 in Lp(R+) for all f in the range of T1,ε (by strong continuity
of Tz,ε at z = 1 + it), hence for all f ∈ Lp(R+), by (11) and the density of
the said range. Therefore the Lp-limit of the Cauchy sequence {Tzn,εf} (for
each f ∈ Lp(R+)) exists and is independent of the particular sequence {zn} in
B+(it, δ). This limit (denoted as usual limz→it Tz,εf) defines a linear operator
which will be denoted by Tit,ε. By (11)

‖Tit,εf‖p ≤ Cmax(ε−δ, 1)e(π/2)(|t|+δ)(1 + |t|+ δ)‖f‖p,

where the norms are Lp(R+)-norms. Since δ > 0 is arbitrary, we conclude that

‖Tit,ε‖ ≤ C eπ|t|/2(1 + |t|) (t ∈ R) (12)

where the norm is the B(Lp(R+))-norm and C depends only on p. (The factor
C(1 + |t|) can be omitted in case p = 2.)
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Since Tw,ε is a bounded operator on Lp(R+) (cf. (7)), we have for each
w ∈ C

+, t ∈ R, and f ∈ Lp(R+),

Tw,εTit,εf = lim
z→it

Tw,εTz,εf = lim
z→it

Tw+z,εf = Tw+it,εf.

Also, by definition,

Tit,εTw,εf = lim
z→it

Tz,εTw,εf = lim
z→it

Tz+w,εf = Tw+it,εf.

Thus
Tw,εTit,εf = Tit,εTw,εf = Tw+it,εf (13)

for all w ∈ C
+ and t ∈ R. (In particular, for all s ∈ R

+ and t ∈ R,

Ts+it,ε = Ts,εTit,ε = Tit,εTs,ε.)

Letting w → is in (13) (for any s ∈ R), it follows from the definition of the
operators Tit,ε and their boundedness over Lp(R+) that

Tis,εTit,εf = Ti(s+t),εf (s, t ∈ R; f ∈ Lp(R+)). (14)

Thus {Tit,ε; t ∈ R} is a group of operators, called the boundary group of the holo-
morphic semigroup {Tz,ε; z ∈ C

+}. The boundary group is strongly continuous.
(We use the preceding argument: for f = T1,εg for some g ∈ Lp,

Tis,εf = T1+is,εg → T1+it,εg = Tit,εf

as s → t, by strong continuity of Tz,ε at z = 1+ it. By (12), the same is true for
all f ∈ Lp, since T1,ε has dense range in Lp.) We formalize the above results as

Theorem II.9.2. For each ε > 0 and p ∈ (1,∞), the family of operators
{Tz,ε; z ∈ C

+} defined by (6) has the following properties:

(1) It is a holomorphic semigroup of operators in Lp(R+);

(2) limz∈C+→0 Tz,ε = I in the s.o.t.;

(3) ‖Tz,ε‖ ≤ C(1 + |z|)ε−s eπ|t|/2 for all z = s + it ∈ C
+, where the norm is

the operator norm on Lp(R+) and C is a constant depending only on p
(in case p = 2, the factor C(1 + |z|) can be omitted).

(4) The boundary group

Tit,ε := (strong) lim
z∈C+→it

Tz,ε (t ∈ R)

exists, and is a strongly continuous group of operators in Lp(R+) with
Properties (12) and (13).

We may apply the theorem to the classical Riemann–Liouville semigroup Jz

on Lp(0, N) (N > 0). Elements of Lp(0, N) are regarded as elements of Lp(R+)
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vanishing outside the interval (0, N). All p-norms below are Lp(0, N)-norms. The
inequality (7) takes the form

‖Tz,ε‖B(Lp(0,N)) ≤ C(1 + |z|)ε−s eπ|t|/2 (z = s+ it ∈ C
+). (15)

For all f ∈ Lp(0, N),
‖Jzf‖p ≤ ‖Kz‖1‖f‖p,

where Kz(x) = Γ(z)−1xz−1 for x ∈ (0, N). Calculating the L1-norm above we
then have

‖Jz‖ ≤ Ns

s|Γ(z)| (z = s+ it ∈ C
+). (16)

Since 0 ≤ 1− e−ε(x−y) ≤ ε(x− y) for 0 ≤ y ≤ x ≤ N , we get for z = s+ it ∈ C
+

|Jzf − Tz,εf | ≤ ε
Γ(s+ 1)
|Γ(z)| Js+1|f |,

and therefore by (16)

‖Jzf − Tz,εf‖p ≤ ε
|z|Ns+1

(s+ 1)|Γ(z + 1)| ‖f‖p. (17)

By (15) and (17), we have for all z ∈ Q := {z = s+ it ∈ C
+; s ≤ 1, |t| ≤ 1}

‖Jzf‖p ≤ ‖Jzf − Tz,1f‖p + ‖Tz,1f‖p ≤ M ‖f‖p, (18)

where

M = sup
0<s≤1;|t|≤1

Ns+1
√
2

|Γ(s+ 1 + it)| + C(1 +
√
2)eπ/2.

Given t ∈ R, let n = [|t|] + 1. Then z = s+ it ∈ nQ for s ≤ 1, and therefore, by
the semigroup property (with w = z/n ∈ Q),

‖Jz‖ = ‖Jnw‖ = ‖(Jw)n‖ ≤ ‖Jw‖n ≤ Mn =M [|t|]+1.

This inequality is surely valid in a neighbourhood B+(it, δ), and the argument
of the preceding section implies the existence of the boundary group J it, defined
as the strong limit of Jz as z → it. By (17) and (15), we also have (for z =
s+ it ∈ C

+)

‖Jzf‖p ≤ ‖Jzf − Tz,εf‖p + ‖Tz,εf‖p

≤ ε
|z|Ns+1

(s+ 1)|Γ(z + 1)| ‖f‖p + C(1 + |z|)ε−seπ|t|/2‖f‖p.

Letting s → 0, we get for all f ∈ Lp(0, N)

‖J itf‖p ≤ ε
|t|N

|Γ(it+ 1)| ‖f‖p + C(1 + |t|)eπ|t|/2‖f‖p.
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Since ε is arbitrary, we conclude that

‖J it‖ ≤ C(1 + |t|)eπ|t|/2 (t ∈ R). (19)

As before, the factor C(1 + |t|) can be omitted in case p = 2. Formally
Corollary II.9.3. For each p ∈ (1,∞) and N > 0, the Riemann–Liouville
semigroup Jz on Lp(0, N) has a boundary group J it (defined as the strong limit
of Jz as z ∈ C

+ → it). The boundary group is strongly continuous, satisfies the
identity J itJw = JwJ it = Jw+it (for all t ∈ R and w ∈ C

+) and the growth
relation (19).
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Lp 381
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construction of 57
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122, 147
complete 21, 60, 66, 70, 73
extension of 21
positive 8–9, 12, 34, 36, 54,
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properties 87
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Minkowski
functional 131–2
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Monotone Convergence Theorem 12,
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299, 339 see also Lebesgue

Morera’s Theorem 417
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normal distribution 303, 314–15, 335
normal element 183–5
normal operator 167, 221, 229–30, 235
normed algebra 6, 170
normed space 6, 17, 19, 56, 75,

91, 102–4, 109, 121, 124–6, 141,
150–2, 155–8, 160, 162, 164, 390

completion of 27, 159

Open Mapping Theorem 153, 156–9
operational calculus 228, 237

for a normal element 186
for bounded Borel functions 266–7
for unbounded selfadjoint operators

265–7
operators

bounded 153, 276
closed 159, 259, 272, 274–5
compact 165, 248–51
complementary projection 168
conjugation 129
groups of 281, 418
linear 146, 258
norm 103, 153
normal 167

bounded 263
topologies 161–4
unbounded 258, 260

Orthogonal Decomposition Theorem
33, 232, 273

orthogonal projections 221, 226, 343

orthonormal bases 208–11, 221
orthonormal set 203–5, 211

complete 209
outer measures 59–63, 81

Paley–Wiener–Schwartz Theorem 384,
398, 404, 413

parallelogram identity 30, 32
Parseval

identity 209, 213, 412
formula for Fourier transform 379

partition of unity 77–80, 366
Paul Levy Continuity Theorem 311,

314, 357
Poisson

distribution 302, 356
integrals 217–18
kernel 218
probability measure 168
r.v. 302

Poisson-type distribution 358
polarization identity 31
probability

distributions 298–307
heuristics 283–5
measure 56
space 55, 284–98, 342

product measure 69–73, 92
projections 206–8
Pythagores’ Theorem 203

quasi-distribution function 300, 309–10
quotient norm 160
quotient space 160

R
2-Lebesgue measure 253

Radon–Nikodym derivative 39, 94–5
Radon–Nikodym Theorem 34, 36,

106, 337, 341
random variables (r.v.s) 285–6, 298,

328–9, 349, 356
characteristic functions (ch.f.s) of

288, 307–15, 355–6
distribution 290, 316–17
gamma-distributed 306
hypergeometric 291



“newindex” — 2002/11/21 — page 432 — #8

432 Index

random variables (r.v.s) (cont.)
independent 286–8, 306, 327–8, 331,

334, 351
infinitely divisible 355, 358
Laplace-distributed 305
Poisson-type 359
real 287, 299, 344
sequences of 359–63

reflexive (Banach space) 127–30, 152
reflexivity 127–30
regression curve 344–5
regular

element 171
measure 88, 111–2

regularity of solution 398–400
regularization 364

of distributions 374
rejection region 331
renorming method 235–6
Renorming Theorem 235
resolution of the identity 229, 265–6

on Z 239–43
selfadjoint 226

resolvent 173
identity 174, 260–1
set 172, 259
strong convergence 279–80

Riemann integrals 68–9, 92, 256
Riemann–Lebesgue lemma 76
Riemann–Liouville

fractional integration operators 416
semigroup 418

Riemann–Stieltjes sums 359
Riemann versus Lebesgue 67–9
Riesz–Dunford integral 244
Riesz–Markov Representation

Theorem 87, 100–1, 109
Riesz

projection 247, 250
representation 226, 228

Riesz Representation Theorem 34–5,
111–13, 143, 214, 227, 240–2,
367, 382

Riesz–Schauder Theorem 250
risk function 325–6
Runge Theorem 252

S, S ′ 380–2, 385, 392, 412
sampling

ordered 290
random 284

Schauder Theorem 249–50 see also
Riesz

Schwartz space 376
Schwarz inequality 33, 35, 129, 169,

227, 288–9, 301, 380, 389, 411
selfadjoint 181–3, 207

element 190
operator 145, 237, 255, 262, 282
spectral measure 226, 228–9
subalgebra 143, 145, 215

semi-algebras 57–9, 63–4
semi-continuity 99–100
semigroups 277–8

generator of 275–6, 278
exponential formula for 281
of operators 256
strong convergence 280

semi-inner product 30, 190
semi-measure 57–8, 62, 64–6
semi-norms 373
semi-simplicity space 237–9

for unbounded operators in Banach
space 267–71 see also Banach

separation 130–2
Separation Theorem 132

for topological vector spaces 134
strict 135, 139

sesquilinearity 30
simple Borel functions see Borel
simple functions 11, 13, 27
simple hypothesis 333
σ-additivity 7, 11, 62, 67, 83, 230, 339
σ-algebra 1, 8, 21, 54, 61, 66, 84, 336

generated 2
σ-compactness 88
σ-finite 122, 164

measure 54, 56, 63, 107
positive measure space 35, 39, 74

σ-subadditivity 16, 21, 233, 337
singular function 99
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singular element 171
Snedecor density 323–4
Sobolev’s space 391
space of test functions 367
spectral integral 225
Spectral Mapping Theorems 175,

184–5, 245–6
spectral measure 224, 226

on a Banach subspace 223–4
spectral norm 180
spectral operator 229
spectral radius 173, 184, 257
spectral representation 233–5
spectral set 248
Spectral Theorem

for normal operators 229–31
for unbounded selfadjoint operators

264–5
spectrum 177, 186, 190, 199, 239–40,

248, 268
continuous 173, 231, 260
parts of 231–3
point 231, 260
residual 260

standard deviation (of r.v.) 288
star-algebra (*-algebra) 181
statistic 318
Stieltjes integral 359
Stirling’s formula 323
Stone’s Theorem 282
Stone–Weierstrass Theorem 143–5,

181, 183–4, 210, 233, 238–9
strong operator topology (s.o.t.)

162–3, 222, 256–7
student density 321–2, 331
sub-σ-algebras 362–3
subadditivity 8, 110
subalgebra 141, 142, 144
submartingale 362–3
Submartingale Convergence

Theorem 363
supermartingale 362
support

compact 77
of a function 77
of a measure 92–3

of distribution 368
symmetric subspace 271

operator 262

t-density 321
t-test 335
Taylor formula 312–13, 389
Taylor Theorem, non-commutative 254
Tchebichev’s inequality 291, 295, 297
temperate distributions 376–92
temperate weights 387–9
Tonelli’s Theorem 73, 147, 253, 317,

346, 413
topological

algebra 243
group 113
space 2, 4
vector space 133–5

total variation
of measure 42
of function 98

total variation measure 42, 45
translation invariance 66–7, 119

of Lebesgue measure 121
translation invariant 114, 116–17, 120
translation operators 375
triangular array 356

of r.v.s 355
‘truncated’ r.v.s 354
truncation of functions 52–3
Tychonoff’s Theorem 115, 137

Uniform Boundedness Theorem 153,
155, 196, 256

general version 154–5
uniform convexity 151
uniform norm 5, 78, 91, 103, 109, 143
uniform operator topology 161
uniformly integrable 359
unimodular locally compact group 120
uniqueness of extension 64
Uniqueness Theorem for characteristic

functions 355
unitary equivalence 212
Urysohn’s lemma 77–8, 86, 88, 90, 92,

201 see also Hausdorff
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variance (of r.v.) 288
variable coefficients 400–4
vector-valued random variables

315–24
Vitali–Caratheodory Theorem 100
Von Neumann’s Double Commutant

Theorem 214

weak and strong types 145–9
Weak Law of Large Numbers 293
weak operator topology (w.o.t.)

162–3, 214, 220, 222

weak topology 135–9
weak∗-topology 151, 165, 179
weighted Lp-spaces 389
Weierstrass Approximation Theorem,

classical 143
Wiener’s Theorem 255
Wp,k spaces 387–92

z-test 335
zero hypothesis 324, 326, 331, 335
Zero-one law 298
Zorn’s lemma 123, 140, 234
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